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PREFACE 


Since the discovery of group characters by Frohenius at the end of 
the last century, the development of the theory has been so spectacu¬ 
lar, and the theory has shown such powerful contacts with other 
branches of mathematics, both pure and applied, that the inadequacy 
of its treatment by text-books is rather surprising. Indeed, until the 
publication last year of Murnaghan’s treatise, The Theory of Group 
Representations, there was no book which devoted itself especially to 
the theory, and even Murnaghan’s work was written specifically with 
a view to its applications to quantum theory and nuclear physics. 

It has been my purpose in writing this book to give a simple and 
self-contained exposition of the theory in relation to both finite and 
continuous groups, and to develop some of its contacts with other 
branches of pure mathematics, such as invariant theory, group 
theory, and the theory of symmetric functions. There are three 
introductory chapters on matrices, algebras, and groups, so that no 
specialized knowledge is required of the reader beyond that obtained 
in an ordinary degree course in mathematics. Rather than to 
attempt any exhaustive treatment, it has been my aim to develop 
the nucleus of a theory which wiU bring to notice new problems to be 
solved. 

The bibliography gives most of the original memoirs which have 
gone towards the development of the theory, together with text¬ 
books and authoritative references to relevant theories. I must 
express my debt to Murnaghan’s book (no. 9 in the bibliography) 
and to two books by Weyl (nos. 13 and 14) in compiling this biblio¬ 
graphy. Murnaghan’s book also suggested certain additions to the 
last chapter. 

I have to thank Prof. A. R. Richardson for his suggestions and 
comments concerning the writing of this book, Dr. A. J. Ward and 
Dr. A. C. Aitken for invaluable help m reading the proofs, and 
Mr. H. 0. Foulkes for some corrections to the tables of characters. 

D.E.L. 
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COEEIGENDUM 

p. 23. The regular matrix representation 

This representation will not be simply isomorphic if there exists an element 
X of the algebra for which oa; = 0 for all a of the algebra. The corresponding 
matrix X would be identically zero. A simply isomorphic representation, 
however, may be obtained in any case by adjoining a modulus to the algebra 
before obtaining the regular representation. 



MATRICES 


1.1. Linear transformations 

Consider the set of n linear equations 

~ ®21*l'h®22^2"h*"“f'®2n®n> 


which may be written more concisely 

The coefficients 0 ^, 3 , for the purposes of this hook, are taken to 
be any complex numbers. More generally, they may be taken from 
any prescribed field, but the theory is simplified in the case of the 
complex numbers, owing to the fact that the ?ith degree equation 
in one variable has exactly n roots in this field; and this case is 
sufficient for the purposes of this book. For the more general theory 
the reader is referred to Turnbull and Aitken, The Theory of CaTumiccU 
Matrices (London and Glasgow, 1932). 

The equations (1.1; 1) are said to form a linear transformation 
in n variables. They may be regarded as effecting a mapping of 
an n-dimensional space into itself, i.e., relative to any assigned 
Cartesian coordinate system, the point P' = is made 

to correspond to the point P= {o(^,x^,,...,x^. The point P' is 
uniquely defined by P. This n-dimensional space is called the carrier 
space. 

If the determinant of the coefficients is not zero, the equations 
( 1 . 1 ; 1 ) may be solved for the a:,.’s in the formf 

iTgj = ^ (1.1,2) 

and the point P is also uniquely defined by the point P'. Such a 
transformation is called non-singular; it effects a bi-uniform mapping. 
The transformation ( 1 . 1 ; 2 ) is called the inverse transformation of 
( 1 . 1 ; 1 ). 

t Vide aay standard text-book on algebra, e.g. Ch^tal. 
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1.2. Matrices 

The transformation is completely defined by the quantities 
We therefore associate with the transformation the array of 


numbers 


a 


IV 

hv 


n2> 


^2n 


This array is called a matrix, the matrix of the transformation. We 
write it shortly [aj, where s is the index of the row, and t the index of 
the column from which the given element is chosen. The letters s and 
t will in general be reserved throughout this book to indicate the row 
and the column of a matrix from which a typical element is chosen. 

Two matrices are said to be equal if and only if they are identical, 

K] = M 

if and only if for all p and q. 

ISTow let ^ second transformation with matrix of 

coef&cients \b^. The effect of taking the two transformations con¬ 
secutively in order of definition is clearly to produce a third trans- 
fonnation, _ V ^ t- 

where hp^a^q* 

The matrix of this transformation is [c^J. 

We therefore define the product of two matrices by the rule 

[6^][ag^] “ [2 (1.2; 1) 

Thus if two transformations are taken consecutively, the matrix 
of the combined transformation is the product of the matrices. 

From the usual rule for the product of two determinantsf we see that: 

The determinant of the product of two matrices is equal to the product 
of the determinants. 

It should be noted that the product = [2 

in general equal to [6^][aJ. Multiplication is not commutative. Multi¬ 
plication is, however, associative, and it is easily verified that 

The matrix with unity in each position in the leading diagonal, 
and zero elsewhere, i.e. the matrix [8,^], where 8^,. = 0 (i # j) and 
Ij which corresponds to the identical transformation, is called 

t See Chrystal. 



1.2 


MATRICES 


the THut matrix and will be denoted by J. If it is desired to convey 
the order, of the matrices, it will be written 7^. Clearly 
K]7 = /K] = K]. 

If the determinant of [aj, which we shall denote by is not 
equal to zero, then, as we have stated, there exists an inverse trans¬ 
formation (1.1; 2), and hence a matrix [a^], such that 

WM = KIM = 1 - 

is called the reciprocal of the matrix and is denoted by 
K]"^- In this case the matrix \_a^ is said to be non-singular. 

If, however, = 0, then there is no reciprocal of [aj and the 
matrix is said to be singular. 

In addition to multiplication we define addition for matrices by 

K]+K] = K+y- 

Clearly addition is commutative and associative, and multiplica¬ 
tion is distributive with respect to addition. 


Permutation matrix 

A matrix in which each row and each column has but one non-zero 
element, which is equal to unity, is called a permutation matrix. 
Transformation (see §1.3) by a permutation matrix has the effect of 
permuting the order of the rows of a matrix, and the columns also, 
in the same manner. 


Diagonal matrices 
If in a matrix A = \a^ we have 

ai ,-=0 

the matrix is called a diagonal matrix. It is completely defined by 
the elements in the leading diagonal, namely a^, Oga,—, «««, and we 
shaU use the concise notation 

= diag(a;[2, Ugg,..., 

The notation may be made even more concise, in the case where a 
given element is repeated in consecutive positions, by the use of 
indices to indicate repetitions. Thus 

1 , 

1 , 0 

1 , 

2 , 

0 2 , 

3j 


diag([l]3,[2p,[3]) = 
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The notation dieig{Ai,A^,...,A,) wiU also be nsed when the A^ 
represent square matrices, this signifying that the naatrices are 
placed in symmetric positions about the leading diagonal. 


1.3, The transform of a matrix 

Consider the effect of a change of the coordinate system in the 
carrier space on a transforjnation 

= 2 

Let coordinates of a point relative to the new 

system, with = 

the matrix [cj being non-singular. 

If 2 /^ are the new coordinates of the transformed point, then 

^3? ~ 2 ^PQ 2/fl* 

JSTow let the original point transformation referred to the new* 
coordinate system take the form 

= 2 KiVv 

The coefficients 6^,^ may be found as follows: 

^ 2 ^ 2 ^pQpgryr* 

a,r 

a Q 




(1.3; 1) 


The matrix [6^] is called the transform of the matrix [aj by the 
matrix [cj. 

Clearly [uj is the transform of [6^] by the matrix Matrices 

which are transforms of one another are called equivalent matrices. 
Since they may be regarded as corresponding to the same point 
transformation, but referred to different coordinate systems, equiva¬ 
lent matrices have many properties in common. In fact a very 
powerful method of finding the properties of a matrix is to find an 
equivalent matrix of simpler form, e.g. diagonal, and to find the 
properties of this second matrix. We shall pursue this method in 
the section on the "classical canonical form’. 
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1.4. Rectangular matrices and vectors 

In a set of linear equations 

the number m, of new variables Xp, may differ from the number n, 
of original variables x^. Correspondingly we have a rectangular matrix 
[aj with m rows and n columns. The product of two rectangular 
matrices may be obtained according to the same rule 

(1.2; 1) as for square matrices, but it is necessary that the number 
of rows in [aj should be equal to the number of columns in [J^]. 
It may be convenient to make up the number of rows or columns by 
adding zeros. 

Of particular importance are matrices with one row, or one column. 
These are called vectors. The coordinates of a point in ^-space may 
be formed into a vector [ccj, and the transformation (1.1; 1) may 
then be expressed by matrix multiplication 

a form which lends itself to great neatness of expression. 

A set of r vectors X^*= [x^^ are said 

to be linearly dependent if scalars, i.e. ordinary complex numbers, 
oci, (Xg,..., cxj. can be found such that 

ajXi+a2X2+-*+oi,.X,. = 0. 

Otherwise they are linearly independent. It is clearly impossible to 
find a set of more than n linearly independent vectors of order n. 

A square matrix [a^^] of order may be regarded as composed of 
n column vectors n r j n 

KJ = \Aih 

where = [a^p]. 

If |a^| = 0, the vectors are linearly dependent, since a non¬ 
zero solution of V A 

J^anpocp = 0 

may be found, treated as equations in oc^, condition 

may be expressed: there is a vector [a^] such that = (1* 

If, further, the n vectors are linearly* dependent upon j of 
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the vectors, then there will be n—j linearly independent vectors 
W (1 < q < n—j) suclx that 

W W = 0. 

and the matrix [a^^] is said to be of rank j. 

The condition for this is clearly that all (y+l)-rowed minors of 
the matrix have zero determinant, and hence is the same as the 
condition that the row-vectors [a^] should be linearly dependent 
upon j of these. In this case we have also that (n—j) linearly inde¬ 
pendent row-vectors [j8^] can be found such that 

M[^J = 0 (1 < P < «-i)- 

There is no difficxilty in proving that the rank of a transform of 
a matrix is the same as the rank of the matrix. More generally, if 
X and Y are non-singular matrices, A and XAT have the same 
rank, for if is a rectangular matrix with (n—j) columns and 

then if ~ 

also XATlP'a] = 0. 

1.5. The characteristic equation of a matrix 

Let A = be any square matrix of order and J the unit 
matrix of the same order. If A is a variable scalar, the matrix [A/—.4] 
is singular for certain fixed values of A called the characteristic roots 
of the matrix A. These values may be found by equating to zero 
the determinant [AI—4L | 0 

We obtain the characteristic equation 

a^ being the sum of the determinants of the r-rowed principal 
(coaxial) minors, i.e. the minors in which the indices of the rows are 
the same as those of the columns, and being the determinant 
of the matrix A itself. 

Hence there are exactly n characteristic roots of a matrix of order 
some of which may be repeated. 

The characteristic equation of a matrix has the important property 
that it is invariant for transformations of the matrix. 

Equivalervt nmtrices have the same charcLcteristic equations. 
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The proof is quite simple, for since 

[AI-T-i>ST] = [T-i][AZ-;S][T], 

we have also 

lAJ-T-i/STI = IT-illAJ-zSIlTi 
= \XI^ 8 \, 

1 . 6 . The classical canonical form of a matrix 
(a) All characteristic roots distinct 

Of all the transforms of a given matrix, certain ones may be chosen 
as especially simple in form. These are the ca 7 ^omc<xZ/orm^. Of these 
the most important, and the only one we shall consider here, is the 
classical canonical form, which we now proceed to obtain. We treat 
first of the simpler case when aU the characteristic roots of the matrix 
are distinct. 

Let A == \a^ be a matrix of order n^ with n distinct characteristic 
roots Aj, 

Since [A^/—is a singular matrix, we can find a vector 
such that |-^ I-AJb^] = 0. 

Hence A.\bg^ — [6sr]V 1 ) 

Further, the n vectors [6^,] are linearly independent, for since 
(^-A,7)[6„] = 0, 

if 2 = 0, 

multiplying on the left by (A—A2/)(-4—Ag/)...(J.~'A^I) we should 

«i[M(Ai-A2){Ai-A3)...(A,-A„) == 0. 

Hence = 0, and similarly ag = cxg = ... = == 0. 

Thus, since the vectors [6^] are linearly independent, the matrix 
[6^] is non-singular. Combining all the equations ( 1 . 6 ; 1) in matrix 
form we obtain ^ fa n ru ir\ ^ i 

A\hgi\ — [Oa^JLAgOg^J, 

where 8^^ = 0 (i ^ J), and 8^^ = 1. [A^8^] is a diagonal matrix. 

‘ But since \bj\ is non-singular we may put 

= diag(Ai,A2,...,AJ. 

I. Any rmtrix of which all the characteristic roots are distinct may 
be transformed into a diagonal matrix in which the diagonal dements 
are the characteristic roots of the matrix. 
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This is the classical canonical form of the matrix for this case. It 
is clearly unique, save for the order in which the characteristic roots 
are placed in the leading diagonal. 

From the existence of this form we deduce an important theorem, 
namely 

Every matrix satisfies its own characteristic equation. 

Firstly, the product of two diagonal matrices is obtain by multi¬ 
plying corresponding terms, e.g, 

diag(Ai,A2,...,AJdiag(f^i,/x2,...,/xJ = diag(Ai^i, A^/^av, 

It follows that if A ^ diag(Ai, Ag,..., A„), 

then [^—Ai/][^—A2/]...[-d—A^/] = 0, 

i.e. l^a^/ == 0, 

and a diagonal matrix must satisfy its characteristic equation. 

Secondly, since equivalent matrices have the same characteristic 
equation, and since also they must satisfy the same equation, for 

{T-'^AT)'^ = T-'^A^T, 

it follows that every matrix which can be transformed into a diagonal 
form, e.g. every matrix with distinct characteristic roots, must satisfy 
its characteristic equation. 

Lastly, if ^ is any matrix whatsoever, we can find a matrix Z 
such that A-\-iiZ has all its characteristic roots distinct and satisfies 
its characteristic equation. We now take the limit as /x tends to 
zero, whence A satisfies its characteristic equation. 

1.7. The classical canonical form of a matrix 
(b) Multiple characteristic roots 

Let A = [aj be a matrix of order for which the characteristic 
root Ai is repeated r^ times. Then a vector [a^i] can be found such 
that 

[®rf][“«i] = [“si]Ai. 

If [ofjj] is any non-singular matrix of which the first colu mn is 
Ki], then the first column of ^[ag,] is [agijAj. Hence the first 
column of [tVg£]-i[ag,][o(g(] consists of followed by (%—1) zeros. 
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Let 




in which and t run from 2 to %. 

Now jB has the characteristic root repeated times, since it is 
a transform of A, and hence has the same root repeated (ri—1) 
times. Hence a matrix ^ s^t ^ n) can be found such that 

is of the form 



3.1 

L 0 

Cat \ 


Thus the matrix 


. \ 1 \ 0 ~ 
L'o :X'. 


transforms JB into 


Ai 






Proceeding thus, a matrix K can be found such that 


fAi, 


K-^AK = 


yi2> yi3J 

y 23 > 



rin 

y%n 

yj'}-'^ 


Let be the rectangular matrix which consists of the first 
columns of K, Then 


pAi. 

AKj_ = 


yi2. 

0 


ri8. 

7235 


y±r, 

y 2 ^r^ 


yr,-l.r^ 

Ai J 


Clearly is a matrix with zeros on and below the leading 

diagonal, and = 0. 


Hence {A-XJ^^K^ = K^A^-X^I^J^ = 0. 

Since jff is a non-singular matrix the column vectors of are 
linearly independent. 

Similarly, corresponding to each characteristic root of A re- 

B 
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peated times, we can find a rectangular matrix iQ with n rows 
and columns such that 

AK^ = KiA^y 

“ 12 ’ ^ 13 » 

» 23 » 

where Ai= ••• ( 1 . 7 ; 1 ) 

0 

Let T = [tsJ be the square matrix obtained by putting together 
all the rectangular matrices iQ. There will be n columns since 2 U 
is the total number of characteristic roots, namely n. Also T is 
non-singular; for if ^ 

Z “rW = 


by multiplying on the left by [A—A2l^]^*[A—we obtain 


2! <^rb’8r] === 0, 

r«l 


and we should have all these a,.’s zero, since these vectors are the 
linearly independent column vectors of Similarly, all the a^’s 
are zero, and T is non-singular. 

We have 


AT==T 



0 


0 


A, 


whence T“^AT is a matrix 



A]^ I 

T-^AT = D = 

lA,!. 

0 Llii 


( 1 . 7 ; 2 ) 


== diag(Ai,A2,...,A,) 

in which matrices of the tjTpe A^ ( 1 . 7 ; 1 ) occur in positions about 
the leading diagonal, there being zeros above and below these 
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matrices. The portion of D below the leading diagonal consists 
entirely of zeros. 

One further simplification is possible to obtain the classical canoni¬ 
cal form. Each matrix is transformed so that the only non-zero 
terms are in the leading diagonal, and in the diagonal next aboYe 
this. 

The effect of transforming a matrix by a matrix with unity in 
each position in the leading diagonal, ^ in the pth row ^h column, 
and zero in all other positions, is to add ^ times the pth column to 
the gth column, and subtract ^ times the gth. row from the pth row. 
We shall call this a transformation of type 

We now proceed to transform the submatrix 




to its classical canonical form. 

If we put = XlI^^-\-A\, since is invariant for transformations, 
Ai and A'^ will be transformed together. Hence there is no loss of 
generality if we consider the case = 0. The first column in this 
case consists entirely of zeros. 

Consider, then, a matrix X = \_x^ of order r^, such that ^ 0 
only for p < q. Then X^ == 0. The proof depends upon the equation 
X^ == 0, and transformations may not conserve the zeros on and 
below the leading -diagonal. 

Let be the lowest power of X which is equal to zero. Let 
the first column of X^ which contains a non-zero element be column 
If there is more than one non-zero element in this column, sup¬ 
pose that they occur in rows a©, ao,.... Then transformations of 

type RpoR and therefore upon will reduce all 

these to zero except in row ap. 

From the equation X,X^ = 0, it follows that in X the column 
(Xq contains only zeros. 

Further, we can arrange so that the element in the column of 
X^ is the only non-zero element in the a^th row, for if there is another 
non-zero element, say in column a transformation of type 
will reduce it to zero. The equation X^.X = 0 now shows that in 
X the row contains only zeros. 
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Now consider The oc^th. row of this matrix must contain 

at least one non-zero element since X^~^.X == X^. If the first such 
element is in column then, if necessary, transformations of 
type j will reduce any subsequent element in this row to zero. 

Similarly, there is at least one non-zero element in the column 
of X^-^, and if the last such element is in row oc^, transformations 
of type reduce any other such element to zero. 

From the equation X^“^.X = X^ we see that, in X, row 
contains but one non-zero element, namely in column and from 
X.X^“^ = X^ column of X contains but one non-zero element, 
namely in row (Xq. 

We proceed thus consecutively with X^^ or X*^+^\ 

If each of these has but a single non-zero element in the row and 
in the column a^, these being the only non-zero elements in the 
respective column and row, then the equations X^’X^-*’ = X^^ show 
that the lower powers of X have the same property, and X is trans¬ 
formed so that in the rows each has but a single 

non-zero element, these being respectively in columns a^, ag,..., a^, 
while the row ocp of X contains only zeros. 

A permutation transformation, i.e. one which has the effect of 
permuting the order of the rows and columns, will bring these rows 
and columns to the top left-hand corner of the matrix, and X is 
transformed into the form 

X' 

Pi, 0 , 0 ... 

0 , 0 ... 

0 , 0 , P3 ... 


. Pi 

0.0 

A further transformatibn of by the matrix 

(PiP2y\ 

will bring the value of each to unity. The matrix X' is then 
treated in the same manner. Combining the result with (1.7; 2) 
we obtain 


where X( is of the form 

0 , 

0 , 

0 , 




1.7 


MATRICES 


13 


II. Any niatrix [aj may be transformed info the classical canonical 
form 

^ A, 


^11 


A 


12 



A 


0 



where each submatrix A^^ is of the form 

1 , 0 , 0 , ... 0 

A,-, 1, 0, ... 0 

0 A,, 1 

AiJ 

mth Xi in each position in the leading diagonal, unity in each position 
in the diagonal immediately above it, and with zeros elsewhere. 

Obviously, two matrices with the same canonical form are equiva¬ 
lent, since they are transforms of the same matrix. Purther, we shall 
show that for a given matrix the canonical form is unique save for 
the order in which the submatrices A^^ are arranged in the leading 
diagonal. For this it is only necessary to show that, for a given 
matrix A^ with characteristic equation (A—= 0, the set of 
numbers which are the orders of the submatrices A^p when A^ is trans¬ 
formed into canonical form, is an invariant function of the matrix. 

If Pi is the least index for which 

{Ai^XiIY^ ^ 0 , 

clearly pi is the order of the largest submatrix. 

Again, the rank of is equal to the number of sub¬ 

matrices of order pi. The rank of {Ai—\ is equal to twice 
the number of submatrices of order pi, plus the number of sub¬ 
matrices of order (Pi—IY, and so on. 

Since the rank of a matrix is imaltered by a transformation, these 
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numbers ^re invariant properties of the matrix, and it follows that 
the canonical form is unique. 


1.8. Various properties of matrices 
The reduced characteristic equation 

The equation of least degree satisfied by a matrix A is called the 
reduced characteristic equation. A transform of a matrix clearly 
satisfies the same reduced equation, hence we may obtain this 
equation from the canonical form. 

Every root of the characteristic equation must necessarily be a 
root of the reduced equation, and the following theorem is apparent. 

I. The multiplicity of any rpot in the reduced characteristic equa¬ 
tion of a matrix is equal to the number of rows or columns in the largest 
submatrix corresponding to this root in the canonical form. 

One particular case of this theorem is very important. 

II. If the reduced characteristic equation of a matrix has no 
multiple roots, the canonical form is diagonal. 

The converse is also true, but obvious. 

The spur of a matrix 

The sum of the elements in the leading diagonal of a matrix 
[aj, namely 2 called the spur of the matrix. It is, with a 
minus sign attached, the first coefficient in the characteristic equa¬ 
tion of the matrix, and is equal to the sum of the characteristic 
roots. 

III. The spurs of equivalent matrices are equal. 

Nilpotent matrices 

If a matrix A is such that some power of it is zero, i.e. 

A^ = 0 , 

it is said to be nilpotent. 

Clearly all the characteristic roots of a nilpotent matrix are zero. 

IV. The spur of a nilpotent matrix is zero. 

Idempotent matrices 

A matrix A is said to be idempotent if it satisfies = A. The 
reduced equation has no multiple roots, and hence the canonical 
form of an idempotent matrix is diagonal. We can find T such that 

== diag(F, 
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V. The rank of an idempotent matrix is equal to its spur. 

VI. If Ap are idempotent matrices such that the product 

of any two is zero, they may be transformed simultaneously into dia¬ 
gonal form,. 

Let Aj^ be transformed Into the form diag(l“s Then since 

A^A^ = A^Ai=^ 0, A^ contains only zero elements in the first % 
rows and columns. A transformation not affecting these rows and 
columns will bring -42 into diagonal form, and so on. 


1 . 9 . Unitary and orthogonal matrices 

Let [%] be the matrix of a transformation 

KJ = KM- 

Denote the complex conjugate of a quantity by a bar. Then, if [a^^] 

lea™ the form = 

invariant, [a^] is called a unitary matrix. 

Since [x'] = M[xJ, 

we have also [xj] = [xj[%] 

and thus [x<] = [x,][dj. 

Hence 

= [=^t]K]K]K]- 


It follows that the necessary and sufficient condition that a matrix 
should be unitary, is that 


K]K] = 1= K]- 

( 1 . 9 ; 1 ) 

These conditions may be written 




2«rp“ra= 0 (P ^3)- 1 
r J 

( 1 . 9 ; 2 ) 


An alternative set of conditions obtained fi?om the equation 

K]K] = -^is 

r 

r 

I. The product of two unitary matrices is unitary. 

This follows immediately from the definition. 

II. The characteristic roots of a unitary matrix have modulus unity. 


( 1 . 9 ; 3 ) 
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Then we have also 
so that 


Let Ax be a characteristic root of the unitary matrix [aj and let 

== 

Since [^/][:rJ is an essentially positive form, it follows that A^ = 1, 
and Ax has unit modulus. 

III. A unitary matrix may be transformed into diagonal form by 
another unitary matrix. 

The proof is by induction. We will assume the theorem to be true 
for matrices of order (n—l)^ and prove it true for matrices of 
order n^. 

Let Ax be a characteristic root of the unitary matrix [%] of order 

n^mdht Kfc] = AiM. 

The vector [^^i] may clearly be chosen so that 

2 ^rl ^rl ~ ^ • 

Further, a unitary matrix may be found such that the first 
column is [aj^xl* The columns of such a matrix may be chosen con¬ 
secutively to satisfy equations ( 1 . 9 ; 2). In order to satisfy the 
equations x —Q 

we must find a solution in each case of a set of less than n homo¬ 
geneous linear equations in n variables, which is always possible. 
The whole column is then multiplied by a suitable numerical factor 
to ensure that -• -i 


If [ar^^] is thus chosen, then the first column of the product [a 
is equaLto [Axir^i]. It follows that the first column of 

IS given by h ^ 

Oil — 

=0 (r 1). 

But \b^ is unitary, and thus 

Ai&ip = 0 (i> ^ 1) 

b-yj. = 6,.i = 0 (r ^ 1). 


so that 
and 
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The matrix [6^] is thus of the form 


Axl 0 

'o1^ 


Since [6^ is a unitary matrix of order (n—l)^ it can be transformed 
into diagonal form by another unitary matrix, and since the product 
of two unitary matrices is unitary, the theorem follows, 

A matrix is orthogonal if it leaves the form = 2^1 

invariant. 

If the elements are all real, we may choose the vector [irj to 
be real also, and thus ^ = 2 

IV. A real unitary matrix is a real orthogonal matrix, and con¬ 
versely. 

The necessary and sufficient conditions that a real matrix [aj 
should be orthogonal are 

r 

T 

or, alternatively, 

2®rp«rg=0 (2> ^ ff). j 

From Theorem II we have 

V. The characteristic roots of a real orthogonal matrix are either ± 1 , 

or in ^airs with 6 real. 

Subsequently, by orthogonal matrix we shall mean a real ortho¬ 
gonal matrix. 

An orthogonal matrix cannot in general be transformed into dia¬ 
gonal form by another orthogonal matrix, for the characteristic roots 
are not, in general, real, but it can be so transformed by a unitary 
matrix. 

Let [a^] be an orthogonal matrix of order and let 

be a unitary matrix which transforms into diagonal form, so that 

= diag(ai,..., = D. 

There are four cases. lin = == +1^ we may put 

D = diag(l, 
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and for \a^i\ = — 1, 

D = diag(— 

Ifn~2v, we may put, for == +1, 
D = diag(e*'^, e-^^,.. 


and for |ag,l = — 1, 

D = diag(l, -1, 

Corresponding to the characteristic root 6“^^^ there is a column 
W = of matrix [a,J such that 


Equating real and imaginary parts, 

MK] = [a:;.cos^,.-a:;,sin9iJ, 

MM = M sin ^r+Ar cos 

Clearly taken as a column of the matrix 

corresponding to the characteristic root 

If these two columns are replaced by the columns [V2a:^], [’—V 2 a;y, 
and every pair of complex columns of [%] is similarly replaced, we 
obtain a real orthogonal matrix. 

VI. Any orthogonal matrix may be transformed by another orthogonal 
matrix into one of the four forms 


where 


diag(l,<I>i,$2, 


diag( 



diag(<I>i,..., 


diag(l,—l.Tj,, 

...X-x). 

<E>- = 

cos^„ 

sin^rl 


sin^„ 

cos^&J 

Y = 

O 

§ 

sin^r] 

ir 

_-sin^^. 

cos^J 


The determinant of an orthogonal matrix is clearly ± 1 . A linear 
transformation of which the matrix is an orthogonal matrix of 
positive determinant is called a rotation. 


Hermitian and skew-Hermitian matrices 
A matrix [a^^] which satisfies 

M = [d&]. 
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the bar denoting the complex conjugate, so that 

and in particular is real, is called a Hermitian matrix. 

A matrix [a^] which satisfies 

M = -K] 

so that 

and in particular is a pure imaginary, is called a skew-Hermitian 
matrix. 

The property of being Hermitian or skew-Hermitian is in each 
case unaltered in transformation by a unitary matrix. Let [6^^] be 
unitary. Then the transpose of 

[cj = 

is deaxly • 

If is Hermitian, this is clearly the complex conjugate of [cj], 
and if [a^^] is skew-Hermitian, it is equal to —[cg;]. 

The corresponding real matrices are symmetric matrices which 

w - [».] 

and skew-symmetric matrices which satisfy 

K] = -M- 

The properties of being symmetric or skew-symmetric are un¬ 
altered in transformations by orthogonal matrices. 

jSkew-Hermitian and skew-symmetric matrices are closely con¬ 
nected respectively with unitary matrices, and with orthogonal 
matrices. 

If A is a skew-Hermitian matrix, it is easily verified that 
is unitary. Conversely, if a unitary matrix B is 
given, a skew-Hermitian matrix A can be found such that 
B = [I+AlI-A]-\ 

provided that —1 is not a characteristic root of B, 

The same is true if A is skew-symmetric, and B is orthogonal. 
Again, —1 must not be a characteristic root of B. 

Infinitesimal unitary transformations and infinitesimal rotations 
If the matrix of a transformation is of the form where 

a limit ing process is to be taken in which each element of 
tends to zero, so that squares and products of these elements may 
be ignored, the transformation is said to be infinitesimal. 
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Clearly, if is the matrix of an infinitesimal unitary trans¬ 

formation, then [ej is skew-Hermitian. Conversely, if /+[€«,] is the 
matrix of an infinitesimal transformation, and is skew-Hermitian, 

then /-f [es<] is unitary. 

Again, if /+[esj is the matrix of an infinitesimal orthogonal trans¬ 
formation, [ej is skew-symmetric, and if /-{-[ej is the matrix of an 
infinitesimal transformation and [e^] is skew-symmetric, then 
is orthogonal. 

Let [a^ be any unitary matrix, and let [b^] be another unitary 
matrix which transforms it into diagonal form so that 

= diag(e«®*, 

Put 0 = diag(i0i, id^ . 

and put 0' = 

Clearly 0 and 0' are skew-Hermitian. 

We have readily 

lim [ 7 +^ 0 ] = diag(e^^i,..., 
n--»-QoL ^ J 

and thus 

VII. Any 'unitary 'matrix [a^J 'may be expressed in the form 

r 11^ 

lim /~|—0 , 

u-^cxsL ri J 

where 0 is a skew-Hermitian matrix. 

With orthogonal matrices a similar result is only possible if the 
determinant of the matrix is -fl. 

We transform the orthogonal matrix \a^ by an orthogonal matrix 
[6^] into one of the two forms 



diag(l,«)i, 03 ,...,<I.J, 

or 

diag(<Di,<E)a,...,OJ, 

where 

«!>,= [ 

L-sin^„ cos^jJ 

Put 

I - 1 

» » 

II 

Then clearly 

= lim[/-f io;]". 

w~>oo[_ n J 
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Put 4)'= diag(0,O;....,4);) or diag(<l)i,...,4);), 

and put 4> = 

We obtain 

VIII. An orthogonal matrix [a^ of positive determinant may be 

[ 1 

/-|—<|) ^ where 0 is a sJcew-symmetric 
n 

matrix. 

An infinitesimal orthogonal transformation is called an infinitesi¬ 
mal rotation. An orthogonal transformation that can be generated 
by infinitesimal rotations, i.e. an orthogonal transformation of 
positive determinant, is called a rotation. 


The direct product of two matrices 

If [aj and [bj are square matrices of orders n? and w® respectively, 
then the square matrix of order mV 


in which the pair of numbers s, s' define the row, and t, t' the column, 
is called the direct product of the matrices [bg,] and is denoted 
by [agj]x[bg(]. Any convention may be adopted for the ordering of 
the rows in a direct product, provided that the same convention 
is adopted for the columns. A suitable convention is to take the 
pairs of numbers (s, s'), and similarly {t, t') in ‘dictionary’ order. 

If the square matrices A and C are of order m?, and B and D of 


order n^, then 


{AxBfiCxD) = ACxBD. 


This equation is implicit in the definition of a direct product. The 
direct product of two groups or of two algebras is defined so that 
the elements satisfy this equation, each element in the direct product 
corresponding to a pair of elements in the respective groups or 
algebras. 

It may be verified that in the direct product of two matrices the 
spur is the product of the respective spurs of the two matrices, and 
the characteristic roots of the direct product are the products, in 
pairs, of the characteristic roots of the original matrices. 
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2.1. Definition of an algebra over the complex numbers 

Choose any complex numbers n), and consider 

all ^-tuples a: = of n ordered complex numbers. Then 

if addition, multiplication, and scalar multiplication are defined 
according to the following rules 


( 2 . 1 ; 1 ) 


1^1, ^2,-, V2>-> Vn] = [^l+’7l> ^n+Vn]> 

[^IJ •['’?!> VZ’’"’ Vril 

= [2 2 ym^iVil 

= . 

A being a scalar, i.e. a complex number, the ? 4 -tuples are said to form 
an algebra of order n over the complex numbers. The Ji-tuples x are 
called elements of the algebra. 

More generally, the quantities y^* may.be taken from any 
specified field, when the corresponding 2 i-tuples are said to form an 
algebra over this field. For the general definition of a field, and for 
a very thorough account of algebras over a general field, the reader 
is referred to L. E. Dickson’s Algebras and their Arithmetics (Chicago, 
1923). 

If for any three elements x, y, z of an algebra we have 

{xy)z = x(yz). 


the algebra is said to be associative. The condition that an algebra 
is associative is clearly that 

2 yiiv ypkr ~ 2 yjkp yipf (2-i; 2) 

p p 

for aU i, j, k, and r. 

Comparatively little is known of non-associative algebras, and it 
wQl be assumed that aU the algebras considered here are associative. 
If 


ei = [l, 0 ,..., 0 ], e 2 = [ 0 ,l, 0 ,..., 0 ], ..., c,, = [ 0 ,..., 0 , 1 ], 

then any element x may be expressed in the form x = '^ ifCi, and 
the mtiltipIicationL rule takes the form 

The elements e^, 62 v> are said to form a basis 'of the algebra. 
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2.2. Change of basis and the regular matrix representation 

of an algebra 

If cj, c„ are n linearly independent (over the complex num¬ 
bers) elements of an algebra of order n, then any element x of the 
algebra may be expressed in the form 

a: = , 

Let e^- 2 lijA: 

Then we may define an algebra of the tt-tuples with 

constants of multiplication which is simply isomorphic with 
the original algebra, i.e. corresponding to elements x, y,... of the 
original algebra there are elements x', y’,... of the new algebra such 
that x'-\-y' corresponds to and x'y' to xy, and conversely. 

These are called equivalent algebras. Without reference to the 
individual numbers in an w-tuple, there is no means of distinguishing 
between equivalent algebras, and they may be regarded as the same 
algebra. 

The elements e^, ej,..., are said to form a basis of the original 
algebra, and the change from the expression of a: as ^ or by 
the ?i-tuple [1^1,..., to the form X H or ^n] is called a change 
of basis. 


The regular matrix representation. (See also p. viii) 

Corresponding to the element a: =X 1 form the matrix 

Then the matrix corresponding to a second element y = Vr^r is 

Hence the product XY of the matrices corresponds to the product of 
the elements, a^y == X ^rVpYrpu^u> for 

.XT = [X 

“ [ X '’Ijj Yrpu Ysvi\> 

since from the associative condition (2.1; 2) 

X YsruYupt ~ ^ YrpuYsid' 

The set of matrices is simply isomorphic with the set of elements 
of the algebra, and is said to give a matrix representation of the 
algebra. 

This representation is called the regular matrix representation of 
the algebra. 
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There may be other matrix representations. For example, the set 
of all matrices of order clearly form an algebra of order n^, and 
the matrices themselves form a matrix representation of the algebra. 
But the regular matrix representation is of order n*, and is clearly 
a distinct representation. 

For a different basis of the algebra, we obtain a different regular 
matrix representation, but we shall show that the effect of a change 
of basis is merely to effect a transformation on the matrices X, F 
Let the basis be changed from e^,..., e„ to ei,..., e„, where 

~ 2 
~ 2 

so that 

Let the multiplication rules relative to the two bases be re- 
.p.otively 

Then Y r — 

2^ ^uvw^xo 

^ 2 ^up ^vq 
^ 2 YpQr ^up ^vq 

2 ypqr ^up ^vq Prw ^w> 

SO that 2 ypqr^up ^vqPriu' 

Now let the regular matrix representations of a; = ^ = 2 

corresponding to the two bases be X and X' respectively. 

We have ^ = I == ep, 

and hence ^p = l<^rp^r- 

z' = [2;i;r^] 


SO that 


12 y uvio ^su ^rv ^wil 
L2 ^vy-uvio ^8U ^Wt] 

= [“»<][ 2 

= cw-mi. 

so that X' is a transform of X. 

The characteristic equation of X is invariant for transformations, 
and is thus independent of the basis of the algebra. It is caUed the 
characteristic equation of the element x of the algebra. 
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2.3. Simple matrix algebras 

If in an algebra of order a basis (1 < < n) can be found 

such that ^ ^ 

^jk — ^ik> 

^ij^kp ^0 (j ^ k), 

the algebra is called a simple matrix algebra. It is obviously equiva¬ 
lent to the algebra of matrices of order n^, the element x = ^ 
corresponding to the matrix 

There are an infinity of ways of expressing the algebra as a simple 
matrix algebra, for if P is any fixed matrix of order the element 
X may equally well be made to correspond to the matrix P“i[a;^]P. 
We shall show that the spur of the matrix [a:^] is independent of the 
mode of representation as a simple matrix algebra. 

2.4. Examples of associative algebras 

{a) Let the multiplication table of an algebra of order 4 be 


II 

®2 — ®2 j 

6163 — 0, 

II 

p 

6261 = 0, 

6262 == 0, 

6363 = 61, 

63 64 — 63, 


® 3®2 ~ ^ 4 > 

63 63 = 0, 

^ 3^4 “ ^9 

II 

p 

64 «2 = 0, 

^463 = 63, 

64 64 = 64. 


This algebra is a simple matrix algebra of order 4, the element 
ir = 2 corresponding to the matrix 

^ 2 ] 

( 6 ) If the basis of the above algebra is changed to 
I = 61 + 64 , i = V(—iK—VC—iK* 

J = 62 ggj Jc — l)62+-y^( 1 )^ 3 > 

the multiplication table becomes 

Ji ==: il = i, Ij = jl — j, IJc^M ^ k, 

ij = —-ji == k, jk = ~hj = i^ hi = —ik =j. 

This is the familiar multiplication table of Hamilton's Quaternioris. 
(c) There is an associative algebra of order 2 with multiplication 

table ef = ej, 6163= c| = eaCj = 0. 

4632 
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2.5. Linear sets and sub-algebras 

Let A denote the set of all the elements of an algebra. We shall 
refer to the algebra A, 

If a?!, aig,..., elements of the algebra A, the set of elements 

Oil 0?!+ag 072+— + “r J 

where o:^ are any complex numbers, is said to form a linear 
set. The least number of elements necessary to define the set is 
called the order of the set. 

The sum of two sets JBj, and denoted by is defined as 

the set of elements linearly dependent upon the two sets of elements 
Bi and B^. 

The meet of two sets B^ and JSg, denoted by A is the set 
of elements which belong to both sets. 

Clearly the sum and meet of two linear sets are also linear sets. 

If is a fixed element of the algebra, the set of elements 
where a; is a variable element of the algebra -4, is a linear set which 
may or may not coincide with J.. It is denoted by The linear 
sets Azq and z^Az^ are similarly defined. 

If the product of any two elements of a linear set B of an algebra 
A belongs to the set JS, then the set B clearly forms an algebra, 
which is called a sub-algebra of -4. 

If an algebra A has a sub-algebra B such that if a and 6 are any 
two elements of A and B respectively, then ah and ba both belong 
to B, then B is called an invariant sub-algebra of A. This condition 
may be otherwise expressed; xBy is included in B for all x and y 
belonging to -4, or ABA is included in B. 

If an algebra A has two invariant sub-algebras and B 2 such 
that J5 iA ^^2 = 0, B^+B^ = -4, then A is said to be reducible, and 
to be the direct sum of the algebras B^ and Sg. Any element a; of -4 
may be expressed in the form x = x-^+x^, where belongs to B^ 
and ojg to B^, and if y is expressed similarly as y = yi+y^^ 

xy = a7ij^i+a;2 2 / 2 * 

For the cross-products x-^y^ and x^yx belong to both sub-algebras, 
and hence to their meet, which is zero'. 

2.6. Modulus, idempotent, and nilpotent elements 

If an algebra possesses an element m such that xm = rrm = x for 
every element x of the algebra, m is called the modulus of the algebra, 
and the algebra is said to possess a modulus. 
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The modulus, if it exists, is clearly unique, for if ni and 5 are 
moduli, then ms = s and ms = m, so that 5 == m. The algebra (a) 
in the examples in § 2.4 has the modulus 61+64. The algebra (c) does 
not possess a modulus. 

If an algebra possesses a modulus m, the set of elements 
where ^ is a scalar, is simply isomorphic with the complex numbers. 
Multiplication by is the same as scalar multiplication by We 
may omit the m and treat the elements as complex numbers. 

An element x is nilpotenf if we can find aii index n such that 

x'^ == 0 . 

An element x is properly nilpotent in an algebra A if xy and 
therefore also yx is nilpotent for every element y m A. 

In the algebra (a) of § 2 . 4 , 62 is nilpotent, but not properly nil- 
potent, since == 64, and 64 == e\ is not nilpotent. In the algebra 
(c), 62 is properly nilpotent. 

There is a class of algebras which possess no properly nilpotent 
elements, and it is with these algebras that we are chiefly concerned 
in this book. 

A non-zero element x is said to be idempotent (an idempotent) if it 
satisfies x^ = x. 

An idempotent e of an algebra A is called a principal idempotent 
if there does not exist an idempotent u such that eu ~ ue ^ 0. If 
the algebra possesses a modulus m, this is clearly the one and only 
principal idempotent. For if c is idempotent, m—e also is idem- 
potent, and 6(m—e) = (m~~e)e == 0. 

Any algebra with one idempotent possesses a principal idempotent. 

For if e is idempotent, but not principal, there is an idempotent 
u such that eu = ue= 0. Then e+u is idempotent. If it is not 
principal, then there is another idempotent v! such that 
(e+^^)^t' = u\e-\-u) = 0. 

Continuing thus we must reach a principal idempotent by a finite 
number of steps, the order of the algebra being finite. 

In the case of an algebra without a modulus the principal idem- 
potent may not be unique. Thus for the algebra (c) in § 2 . 4 , is a 
principal idempotent, and so also is 61+^62 for any complex number 

2.7. The reduced characteristic equation 

By comparison with the regular matrix representation of an 
algebra it is clear that in general every element x satisfies its tjharac- 
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teristic equation F{x) == 0, the independent term being taken as 
a multiple of the modulus. In the case when the algebra does not 
possess a modulus, zero is a characteristic root of every element x 
and there is no independent term. 

It may happen that x satisfies an equation of lower degree. The 
equation of least degree with scalar coejBRcients satisfied by an element 
X of an algebra is called the reduced characteristic equation of x. In 
this equation there may be an independent term involving the 
modulus. If there is no modulus, a; is a factor of the equation. 

I. If the reduced characteristic equation of an element x of an algebra 
has p distinct roots, and the algebra has a modulus, and in any case 
if it has p distinct roots other than zero, then there are p linearly 
independent polynomials in x which are idempotent elements of the 
algebra. 

Let the reduced characteristic equation of x be 

Put^i = (a;—ag)®*—and expanding formally in ascend¬ 

ing powers of (a:~ai), let 

Vi = Co+Ci(x—af)+C2(x--aj)^+.,,+c^^^^(x-- 
be the first terms. 

Then % = 1 + (x—a^)<^^^{x), 

where <f>{x) is a polynomial in x. 

But %(a;—= 0 , 

and hence 

Thus Cj = is an idempotent corresponding to the root 

Corresponding to the roots we obtain in a similar manner 

idempotents Cg,.**? These idempotents are linearly independent, 

for, since ^ 

= 0 , 

we have == 0 (i ^ f). 

If the algebra has a modulus, the independent term in such 
expressions is replaced by a multiple of the modulus. If the algebra 
has no modulus, a; is a factor of the reduced equation, and the 
idempotents corresponding to the p non-zero roots each contain 
a factor x, and exist as numbers of the algebra. The theorem is true 
in either case. 
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II. If an algebra has no idempotent every element is nilpotent, and 
hence properly nilpotent, 

III. An algebra without a modulus contains properly nilpotent 
elements. 

If the algebra has an idempotent it has a principal idempotent e. 
Since e is not a modulus, either the set of elements x—ex or the set 
X—xe is distinct from zero. Such a set clearly forms an invariant 
sub-algebra with no idempotent, since e is a principal idempotent. 
Elements of the set are properly nilpotent. 

2.8. Reduction of an algebra relative to an idempotent 

Let e be an idempotent of an algebra A. Then the linear set 
eAe is clearly a sub-algebra. Further, e is a modulus for this sub« 
algebra, for any element x may be put in the form x = ex', so that 
ex = eex' = ex' x. 

Similarly, xe == x. 

If an idempotent e is expressible in the form e = e^+e^, where 
ei and e^ are idempotents satisfying = 6261 = 0, then e is said 
to be reducible. Otherwise it is said to be irreducible. 

An idempotent can be expressed as the sum of irreducible idempotents 
such that the product of any two is zero. For if it is reducible it is 
expressible as the sum of two idempotents with products zero. If 
either of these is reducible it is expressible as the sum of two, and 
so on. The process must end since the order of the algebra is finite. 

If an algebra A possesses a modulus which is an irreducible idem- 
potent, it is either of order 1, or it possesses a properly nilpotent element. 

It possesses no other idempotent e, for otherwise m = e-f (m—e) 
would be reducible. Hence the reduced characteristic equation of 
every element has only one root. If the order of the algebra is greater 
than 1, let a; be any element that is not a scalar multiple of the 
modulus. Then x satisfies an equation of the form 

{x^Xmf = 0 . 

Thus y = a;—Am is nilpotent. The linear set yA is a sub-algebra 
which does not contain the modulus, and hence has no idempotent. 
Every element of yA is properly nilpotent. 

Again, if x is properly nilpotent in eAe, where e is an idempotent, 
it is also properly nilpotent in A. For, since e is a modulus for e^e, 
X — exe, and (xyY' = x{ey€x)^'~^y. 

Hence if eyex is nilpotent, so also is xy. 
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If an algebra with no properly nilpotent element possesses an in'- 
variant sub-algebra^ it is reducible. 

Let m be the modulus of the algebra A, and e the modulus of the 
invariant sub-algebra B, Then B = eAe. The sets {m~-e)Ae and 
eA{m—e) are zero, for they belong to B for which e is a modulus, 
and e(m—e) = {m—e)e = 0 . 

Hence A = {m—e)A(m—e)+eAe, 

and the algebra is reducible. 

If X is an element of an irreducible algebra A with no properly 
nilpotent element, then Ax A = A. 

Otherwise AxA would be an invariant sub-algebra of A. 

We are now in a position to prove the two essential theorems of 
this chapter. 

I. An irreducible algebra over the complex numbers possessing no 
properly nilpotent element is a simple matrix algebra. 

It possesses a modulus m which may be expressed as the sum of 
irreducible idempotents 

where = 0 

The suh-algebra eiiAe^i is of order 1 , since its modulus is an 
irreducible idempotent. Denote by the linear set e^Ae^j. 

The set A^j cannot be zero, or the set Ae^^A would not contain 
the element e^j, and since the algebra is irreducible and contains 
no properly nilpotent element, J. = A. 

Let Cjy be any element of the set A^^. Thus there is an element, 
^he set Aji such that Cjy = Cn- is clearly an idem- 

potent oi A ji, and _ 

Let = Cji ejj. Then the set A^^ is of order 1 only, for if not, 
let be an element of A^j which is not a scalar multiple of e^y. 
Since belongs to A^^ we have 

with A a scalar, and / ^ , 

(%-Ac<y)eyf = 0. 

and multiplying on the right by e^y 

(ajfy—Aeyy)eyy = 0. 

But smce Xyy—Ae^y belongs to ^Cyy, we have (r^y—Aeyy)cyy == aj^y—Acy. 
Hence ry = Aey, and we arrive at a contradiction. 
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Hence tlie set is of order 1 , and the elements e^, 612,. 

621,..., form a basis for, the algebra, and satisfy 

The algebra is a simple matrix algebra. 

II. Every algebra over the comjplex numbers, with no properly nil- 
potent element, is expressible as the direct sum of simple matrix algebras, 

2.9. The trace of an element 

The characteristic equation of an element i.e. the 

characteristic equation of the matrix independent of 

the chosen basis of the algebra. Hence the spur of this matrix, 
2 ^rYiri i® independent of the basis. 

ri 

This spur ^irYiri i® called the trace of the element a; = 

ri 

in the algebra. The traces of elements have the following properties. 

I. The trace of a sum is the sum of the traces. For the trace is linear 
in the coefficients 

II. If an algebra A is the direct sum of algebras and and 
^ = 072+^2 > ulhere x-^ and Xq belong to B^ and B^ respectively, then the 
trace of x in A is the sum of the traces of x^ in B^ and in B^, 

This is seen to be obvious if the basis of A is chosen so that 
Cl,,,,, belong to B^, and belong to B^, 

III. If A has a modulus, the trace of the modulus is equal to the order 
of the algebra. For, taking as the modulus, ~ !• 

IV. The trace of a nilpotent element is zero. For the matrix 
[2 ^rysn] 1® nilpotent, and its spur is therefore zero. 

From the properties of the trace we deduce immediately the 
following. 

V. In a simple matrix algebra the spur of the matrix corresponding 
to a given element x is independent of the particular mode of representa¬ 
tion as a simple matrix algebra. 

For clearly the trace of a matrix of order n^, considered as an 
element of a simple matrix algebra, is w, times its spur. Since the 
trace is invariant for a change of basis of the algebra, so also is 
the spur. 

The invariant properties of the»trace constitute a powerful weapon, 
as will be seen in Chapter IV. 
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3.1. Definition of a group 

A group is a system composed of a set of elements a, b, c,..., and 
a rule for combining any two of them to obtain their ‘product’, 
such that (1) every product of two elements and the square of each 
element are elements of the set, (2) the associative law holds, i.e. 
a(bc) = (ab)c, ( 3 ) the set contains an identity element I such that 
la = al = a for every element a of the set, and ( 4 ) each element 
a of the set has an inverse belonging to the set such that 

00-1 _ a-ia == /.-j- 

If the elements are finite in number, the group is said to be 
finite, and the number of elements is called the order of the group. 
For the present we consider exclusively finite groups. 

The operation of forming the product, or multiplication, is not 
necessarily commutative, i.e. ah and ha may be distinct elements. 
A group in which all multiplication is commutative is called an 
Abelian group. 

If a is an element of a finite group, then o, o^, o®,..., o”,... cannot 
all be distinct. Let o’" = o* (r < s). Multiplying by o-’’ we obtain 

a^-’- = I. 

, If p is the least index for which aP = I, p is called the order of 
the element a. 

A group which consists of a single element a and its powers 
a, a?, a®, ..., aP = I 

is called a cyclic group. A cyclic group is clearly Abelian. 

Two groups G and 0' are said to be simply isomorphic if to each 
element a, b,... of G there corresponds a unique element a', b',... 
of G', and conversely, such that a'b' corresponds to db. Two simply 
isomorphic groups are said to be equivalent. 

t It is siiflaeient to assume in (3) that/o = a, and in (4) that o-'a = I, It follows 
that oa-i = Jao-i = = (o-q-ia-i = 1, and al = aaria = la == a. 

The alternative pair of assumptions al = a, ar^a = I, howev^, is not sufficient. 

They hold for the set of 2-rowed matrices of the form ff’ ^1, where I = 

Lo> Cj LO. OJ 

and these do not fotin a group, elements having, in general, no right-hand inverse. 
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If the elements of a group are just symbols which have no inter¬ 
pretation except as elements of the group, the group is called an 
abstract group. The elements may, however, be quantities or opera¬ 
tions of a special kind such as matrices, rotations, or permutations. 
Such a group is called a special group, and is said to form a representa¬ 
tion of the simply isomorphic abstract group. 

There is no way of distinguishing two simply isomorphic abstract 
groups, and they are said to be the same group. Two simply iso¬ 
morphic special groups may, of course, be distinguished by their 
other properties. They are said to possess the same abstract group. 

3.2. Subgroups 

If in a group of order h there is a set of ^ (< h) elements which 
themselves form a group, the set is called a subgroup. 

Every group which is not cycHc contains a cyclic subgroup, for 
if a is any element of order p, the elements 

a, ..., a^ ^ I 

form a cyclic subgroup. A cyclic group of which the order is not 
prime also possesses a cyclic subgroup, for if the group consists of 
the elements ^ 

and g divides p, then the elements 

a^, a^^, ..., aP ^ 1 

form a subgroup. 

Let (? be a subgroup of order of a group E of order h, and let 
0 consist of the elements 

^2, •..> S,. 

Let Sg be any element of H that does not belong to 0 , and denote 
by l^be set of elements 

No element of (?2 is an element of 0 , or we should have 
also belonging to 0 . 

Let'Jg be any element of H which belongs neither to Q nor to 
(?2j and denote by the set of elements 

T^S^y T^Sg. 

Then no element of 0^ belongs either to G or 0^, for if, e.g., 
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then n = 

would belong to G^- 

Continuing thus until the elements of H are exhausted, H is 
divided into v distinct subsets G, G^, G^,..., G^, each of g elements. 
Thus ^ 

The order of a subgroup is an exact submultiple of the order of the 
group. 

Two corollaries follow without difficulty. 

The order of every element of a group is an exact submultiple of the 
order of the group. 

For the element defines a cyclic subgroup of the same order. 

A group of composite order has a subgroup. A group of prime order 
is cyclic and has no subgroup. 

If 3 \, T^,..., are any elements of a group H, then the set of 
elements formed by multiplying them together in any way forms a 
group, which is either iff or a subgroup of H. It is the subgroup of 
H of least order which contains the given elements. This is called 
the group generated by the elements T^,.,., T^. 

The cyclic subgroup a, = J is the group generated by the 

element a. 

3.3. Examples of groups 

Let ABC be an equilateral triangle. Consider the rotations which 
bring the triangle into coincidence with its original position. 

If the rotations are allowed only in the plane of the triangle, these 
are three in number. There is the rotation I which leaves the 
triangle unchanged. There is a rotation 8 which brings the vertex 
A to the position of B, B to the position of G, G to the position 
of A; and a rotation 8^ which brings A to G, C to jB, and B to A. 

We define thus a cyclic group of order 3 with elements 

S, 8 ^ = I. 

If, however, rotations are allowed in planes perpendicular to the 
plane of the triangle, so as to interchange the two faces of the 
triangle which may be regarded as a flat figure in three dimensions, 
three other rotations are possible. There is a rotation T which 
interchanges the vertices B and ( 7 , leaving A unaltered; the rotation 
8 T = TS^ interchanges A and ( 7 , leaving B unaltered; and the 
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rotation S^T ^ T 8 interchanges A and B. We have thus a group 
of order 6. 

The definition of the product of two rotations is here taken to be 
the result of their consecutive operation. A convention as to order 
is needed, and we assume that the rotation corresponding to a 
product ST is obtained by taking a rotation T followed by a rota¬ 
tion 8 . 

The rotations in the plane, of a regular n-sided polygon into itself, 
form a cyclic group of order n. The group of rotations, which 
includes also rotations in perpendicular planes, is a group of order 
2 n, called the dihedral group of order 

Each of the regular solids has its group of rotations. 

A set of transformations in the complex variable may form a 
group. Consider the six fractional transformations . 

— l/(2:+l), w^--{z+l)jz, 

w = Ijz, w = —“2;—-1, w = ^zl{z+l). 

Define the product of two transformations as that transformation 
obtained by their consecutive operation, with the same convention 
as to order as for rotations. Then these six transformations form a 
group which is easily shown to be simply isomorphic with the 
dihedral group of order 6. 

The set of six matrices 


[1, O' 


■ 0, 1 ■ 


r-i, - 1 ] 

k 1. 

> 

-1, _1 

j 

L1, 0 J 

[0, 11 


■-1, -r 


- 1 , 0 ] 

U> oj 

> 

. 0, 1 . 

f 

L-i, -iJ 


with the usual rule for multiplication, form a group simply isomor¬ 
phic with the above group of bilinear transformations and the 
dihedral group of order 6. 

Lastly, consider the set of rearrangements of three symbols cx, 
y. Denote by I the operation of leaving them unchanged; by 
the operation of replacing a by ^ by y, and y by a; by ;S'3 the 
operation of replacing by y, y by and j8 by a; by /S4 the interchange 
of j8 and y; and by 8 ^ and Sq respectively the interchanges of y and a, 
a and jS. Then these six operations form yet another group simply 
isomorphic with the difiedral group of order 6. 
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3.4. Permutation groups 

A rearrangement of the order of n symbols is called 

a 'permutation. In a permutation 8 let take the place of 

the place of and so on, until finally takes the place of 
If is any other symbol whose position is changed, let take the 
position of that of and so on, until takes the position 

of 0^5^. Continue thus until every changed symbol has been taken. 
In this way the permutation 8 may be specified by the notation 

The unaltered symbols may or may not be mentioned at the 
end, according as the terminology is or is not required to convey 
the totality of symbols on which the permutation operates. The 
permutation by which {a, 6, c, d, e,/} is replaced by {c,d,e,6,a,/} 
would thus be represented by 

(aec){bd)f or {aec){b.d). 

The set of replacements denoted by is called a cycle 

of order p. The mid of the orders of the cycles, including the cycles 
of order 1, i.e. the unchanged symbols, is equal to the number of 
symbols, n. 

If 8 and T are two permutations, the product 8 T is defined to 
be the permutation obtained by operating first with the permutation 
T and then with 8 , so that, e.g., 

(ab)(abc) = (ac), 

(abc)(ab) = (6c). 

The rule for finding the product of two permutations expressed 
in this terminology is readily explained from the first of these 
examples. In the first bracket a is followed by 6, in the second 
bracket 6 is followed by c. Hence in the product a is followed by c. 
Similarly, since the brackets are interpreted cyclically, so that the 
first symbol may be regarded as following the last, in {ab) b is fol¬ 
lowed by a, in (a6c) a is followed by 6. Hence, in the product, 6 is 
unchanged. Similarly, c is unchanged in (a6), and leads to a in {ahc). 

A set of permutations on n symbols, which forms a group, is 
called a permutation group of degree n. 

The set of all possible permutations on n symbols forms a group 
of order n!, called the symmetric group of order n\, oi the symmetric 
group of degree n. 
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Every permutation group of degree n is either the symmetric 
group of order ra! or a subgroup of this group. 


3.5. The alternating group 

A cycle of order 2 is called an interchange. Any permutation may 
be expressed as a product of interchanges, for each cycle (a a ... a ) 
may be expressed as the product 

i^Ux i^ai i^ai * • * (^tzi °^ap) * 

Further, if an initial order is assigned to the symbols, 

every interchange, and consequently every permutation, may be 
expressed as a product of interchanges on consecutive symbols, e.g. 

( 0 ^ 30 : 6 ) = (a3<3^4)K«5)K^6)K«5)Ka4)- 

Now let any permutation S change (ai, ag,..., into 
and denote by (f)(S) the product 

{s<r). 


If T corresponds to an interchange on two consecutive symbols. 


we have 




one term of the product being changed in sign. 

S is called a positive or a negative permutation according as (^(5) 
is positive or negative. Clearly is positive. 

If a positive permutation is expressed as a product of interchanges 
on consecutive symbols, these must be even in number, since the 
sign of <l> is changed by each such interchange. Similarly, a negative 
permutation must be the product of an odd number of interchanges. 
The following result is therefore apparent. 


The product of two positive or of two negative permutations is positive; 
the product of a positive and a negative permutation is negative. 

It is easily verified that if the number of cycles of even order is 
even, the permutation is positive; if it is odd, the permutation is 
negative. 

The positive permutations clearly form a group which is caUed 
the alternating group. The order of this group is one-half of the order 
of the corresponding symmetric group, namely i{nl), for if T is any 
fixed negative permutation, for every positive permutation S there 
is a negative permutation TS, and conversely. 

The names symmetric and alternating are also applied to the ab¬ 
stract groups simply isomorphic with the corresponding permutation 
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groups, and, generally, to any simply isomorphic group. Thus we- 
say that the dihedral group of order 6 is the symmetric group of 
that order. The corresponding alternating group is the cyclic group 
of order 3. 

3.6. Classes of conjugate elements 

Let and T be any two elements of a group. The element 

= T-'^Sx T is called the transform of 3 ^ by the element T. Clearly 
3x is the transform of ^2 ^7 Two elements which may be 

transformed into one another are called conjvgate dements. 

Two elements which are transforms of the same element are 
transforms of one another, for if 

S^^T~^SxT, S^^U-^8xU, 

then 8^ = U-^TS^ T^W = (T-W)-^8^ T-W, 

The complete set of elements 8^, 8^. which are conjugate to 

a given element is called a class of conjugate elements, or simply a 
class of the group. The number r of such elements is the order of 
the class. In every group the identity element I forms a class of 
order 1. 

Let jEf be a group of order h, and 8^ an element of a class p of 
order hp. Suppose there are g elements of H, T^, Tg which 

commute with /S^, i.e. such that 

8 xT,^TA, Tr^8xT,^Sx. 

Let 82 be any other element of the class p. There is an element V 
which transforms 8^ into 82- Then the g elements 2^ U each trans¬ 
form 8x into 82, for 

{T^ U)-^8xT^ U = U'-^TT^8xTi U ^ U = 82. 

Again, if V transforms into 82, 

(VU-^)-^8x = UV~^8x = U82 = 8x, 

and Fi7“i commutes with 8^, and is one of the elements 2^. 

Hence there are exactly g elements of H which transform Si into 
82, and in general exactly g elements which transform 81 into any 
other element of the class p. Since there are h elements of H by 
which 81 may be transformed, it follows that 
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and we have 

I. The order of any class is an exact submultiple of the order of 
the group. 

If is a fixed element of a class p, and T runs through the h 
elements of the group, the h elements T-^8T consist of the class p 
repeated hjh^ times. 

In the case of the symmetric group of permutations on n symbols, 
two operations which have the same number of cycles of the same 
orders are conjugate, for if 

= Ki a:i2 ... aii,)(a2i ... ^ 20 )-^ 
and S2 = (Pxi A2 •*. 

then the operation which replaces {an ... otgi ... ...} by 

{Pii P12 ••• Ap ^21 •••} transforms >8^2 Clearly any transform 

of a permutation has the same number of cycles of the same orders, 
and the classes of the symmetric group are defined by the number 
and orders of the cycles. Each of these sets of cycles may in turn 
be associated with a partition'\ of n, i.e. with an expression of as 
a sum of positive integers. 

II. The number of classes of the symmetric group of order n\ is 
equal to the number of partitions of n. 

As an example, the symmetric group of order 6 has three classes. 
The first consists of the identity, which has three cycles of order 1. 
The corresponding partition is 3 = 1 + 1+1, which is written (1,1,1) 
or shortly (P). The second class contains the three substitutions 

(oiiOig), (ofias), (a2a8)- 

There is one cycle of order 2 and one cycle of order 1, and the 
partition is (2 1). The third class comprises the substitutions 

(ociOc^oQy 

corresponding to the partition (3). 

It may be verified that there are five classes of the symmetric 
group of order 4!, corresponding to the partitions (1^), (1^ 2), (1 3), 
(4), and (2^), and of orders 1, 6, 8, 6, and 3 respectively. 

The order of the class 2®» 3®» ...) of the symmetric group of 
order nl may be found as follows. To any permutation of the n 
symbols there corresponds a substitution of this class, obtained by 

f See Chapter V. 
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converting the first symbols into cycles of order 1, the following 
2^2 symbols, in pairs, into cycles of order 2, and so on. Two distinct 
permutations, however, may lead to the same substitution, for a 
cycle of order r may be written commencing with any symbol of 
the cycle, and, further, the cycles of equal order may be permuted 
amongst themselves. There are thus ways of permuting the 

symbols in the cycles of order r without changing the corresponding 
substitution. 

Altogether 1®!%! 2®*da! ... permutations of the n symbols 
each give the same substitution of the class. Since there are nl 
permutations of the n symbols, it follows that the order of the 

hp = 3“»a3! .... (3.6; 1) 

The elements of a class p of a group H do not necessarily belong 
to one class in a subgroup (?.. For it may be that none of the elements 
of H which transform /S^ into belong to 0 . In this case Sj^ and 82 
belong to different classes in the subgroup. Thus one class of a group 
may separate into any number of classes in a subgroup. Or, again, 
it may happen that there are no members of a class of the group 
which belong to the subgroup. On the other hand, one class of the 
subgroup must correspond to one and only one class of the group. 
For the elements of the subgroup 0 all belong to the group H, and 
if an element of G transforms into /S2, this element is also an element 
in H, and 8^ and 82 are conjugate in H, 

If a class consists of one element only, this element is called a 
self-conjugate element. 

A self-conjugate element commutes with every element of the 
group, and, conversely, an element which commutes with every 
element of the group is self-conjugate. Every element of an Abelian 
group is self-conjugate. 

3.7. Conjugate and self-conjugate subgroups 

Let a group*JT have a subgroup Q consisting of the elements 

***5 

Let T be any element of H. Then the elements 
T-^8^T, T-^ 82 T, ..., T-^8,T 
clearly form a group, for 

{T~%T)(T-^8^T) = T-^8i8jT. 
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THs group may coincide with O, Otherwise it is called a transform 
of the group 0 , and may be denoted by T-^OT. G and T-^OT are 
called conjugate subgroups of JET. 

The complete set of subgroups conjugate with a given subgroup 
is called a class of conjugate subgroups. 

If a class of conjugate- subgroups consists of the one group G 
only, then O is called a self-conjugate subgroup of H. If 8 is any 
element of (?, and T any element of H, then T-^ 8 T must belong to 
Gif G is self-conjugate in H. 

Each self-conjugate subgroup O of order ^ of a group H of order 
h, defines another group of order v = hjg called the quotient group. 

Let /Si, /Sg,..., 8 g be the elements of G, Then, as shown in § 3.2 
we can find v elements of H, such that the sets T^G, 

Tg O include all the elements of H. 

Suppose that belongs to Tj^Q, so that belongs to G. 

Let Ui and Uj be any other pair of elements from and T^O 
respectively, so that Tf and belong to (?, and hence also, 

since Gis self-conjugate, Then 

TfW,. UmTr^U,)U, = {T,T,)-W, U, 
belongs to G, and and belong to the same set Tj^ G. 

Take v elements with multiplication table 

Fj- = 

whenever belongs to Tf^G. These elements form the quotient 
group denoted by HjG. 

The quotient group HjG is multiply isomorphic with the group 
H, the element F^ corresponding to the g elements of the set G. 
If and Uj are any pair of elements of H corresponding to IJ and 
F^ respectively, then Uj corresponds to F^ F^. 

3.8. The representations of an abstract group as a permuta¬ 
tion group 

Let G he a subgroup of order g of a group H of order h. Let 
Tj, Tg,..., T^hev — hjg elements such that 

T^G, T^G, ..., T,G 
include the h elements of H. 

Let U be any element of H. If-^ UT^ belongs to 5 } G, then the set 
TJT^ G is identical with the set G, for if 8 is any element of G, 
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TfWT^ belongs to G, and hence also Tf^T^S,. so that UT^S 
belongs to T^G, 

Hence the sets 

UT^G, VT^G, UT^Q 

are the same as the sets T^G, T^G^,.,, TyO, except that the order 
may be different. We thus obtain a permutation P-of the sets, 
corresponding to the element XJ, The permutation Q of the sets, 
corresponding to another element V of H, replaces UT^Ghj VUT^O, 
Hence the product QP of the permutations replaces 0 by VUT^ 0 
and corresponds to the product VU, 

The permutations of the sets are isomorphic with the elements 
of the group H, and form a re/presentation of the group Has a permuta¬ 
tion group, corresponding to the subgroup (?. 

This representation will be simply isomorphic if each permutation 
corresponds to a single element U of H, If it is not simply isomor¬ 
phic, there is an element U of H which does not permute the sets. 
Thus UT^ G will belong to G for all i, so that belongs to 

G, Since may be replaced by any element of the set G, it 
follows that the transform of U by any element of H must belong to 
ff. The elements of the class of H to which U belongs must generate 
a self-conjugate subgroup of H which is either G or a subgroup of G, 
This necessary condition for multiple isomorphy is also sufficient. 

The necessary and sufficient condition that the isomorphy of the 
permutation representation of a group H corresponding to a subgroup 
G should be simple, is that neither O nor any subgroup of 0 should be 
self-conjugate in H. 

The set which consists of the identical element only may be 
regarded as the limiting case of a subgroup of H. There is a corre¬ 
sponding permutation representation of degree h, in which the h 
elements of the group H themselves are permuted. The isomorphy 
is necessarily simple. This representation is called the regular per- 
mutation representation of the group. 

Transitive permutation groups 

A transitive permutation group is one which contains a permutation 
replacing any given symbol by any other; in an r-ply transitive group 
any set of r symbols may be replaced simultaneously by any other 
such set. In an intransitive group the symbols are divided into transi¬ 
tive sets, the symbols pf each set being permuted amongst themselves. 



IV 

THE FROBENIUS ALGEBRA 
4.1. Groups and algebras 

A SIMILARITY between the properties of groups and algebras, espe¬ 
cially the property of non-commutative multiplication, suggests a 
connexion between the two theories. In fact, if we take an abstract 
group, and further define operations of addition and scalar multiplica¬ 
tion, we obtain a special type of algebra which is called after Fro- 
benius, the founder of the theory, a Frobenius algebra (1)4 

Let /Si, S,^ be the operations of a group H. Then the algebra 
with basis e^, eg,..., e,, and multiplication table 

^iCj = whenever 8 ^ 8 ^ = 8 ^., 
so that if/S4.= /Sf„ 

Yiik — 0 if 8 i 8 j ^ /Sj,, 

is called the group algebra^ or the Frobenius algebra of the group. 

There is a logical distinction between the elements of the group 
and the basal elements of the Frobenius algebra. Henceforward, how¬ 
ever, we shall use the same symbol 8 ^ for both purposes. No logical 
confusion arises, as the basal elements do in any case form a repre¬ 
sentation of the group, and the exposition is thus made simpler. 

It is necessary to distinguish between an element of the algebra^ 
which is any element of the form 2 ^ group element, which 

must be one of the basal elements of the algebra 8 ^. 

We replace by 8 q, and use this symbol to denote the identical 
element of the group. From the multipHcation table we obtain 

Vioj = Yjii ^ 

We thus obtain the following result. 

The trace of 8^ is h, and the trace of every other group element is zero. 

Thus the trace of X = ^ ^ 

Theobem. The Frobenius algebra of a group is expressible as a 
direct sum of simple matrix algebras. 

This is the important theorem of this section. The proof follows 
immediately from the following lemma. 

Lemma. The Frobenius algebra of a group contains no properly 
nilpoteni element, 

t Bold-face numbers refer to notes at end of book. 
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Let Z = 2 element of the algebra, and let 

where li is the conjugate complex number of ii- Then the trace of 
X2, namely ^2 ^{fi. is clearly a positive number. It follows that 
XX cannot be nilpotent, and X cannot be properly nilpotent. This 
proves the lemma, and, consequently, the theorem. 

Elements which commute with every element of the algebra 

Let the group H contain p classes, Cj,. (^_i, of which 0^ is 

the class containing the identity. We shall use the word daaa and the 
symbol also to denote the sum of the elements of the class. 

Let Si be any group element of the class of order h^. Then, from 
§ 3.6, if Sj runs through the h elements of H, the h elements Sf'^S^Sj 
consist of the class Cp repeated hlhp times. Hence 

2 Sf^SiSj = hCpihp. 

i 

Thus, if X is any element 2 of the algebra, 2 Sf'^-XSj is a linear 
function of the classes. ^ 

If an element X of the algebra commutes with every element of 
the algebra, then fj-r^ XS = X 

and ^'^Sf'^XSj^X. 

It follows that Z is a linear function of the classes. Conversely, 
a linear function of the classes commutes with every element of the 
algebra. 

An element of a Frobenius algebra which commutes with every other 
element of the algebra is a linear function of the classes, and, conversely, 
a linear function of the classes commutes with every element of the 
algebra. 

Such elements form a linear set of order jp. 

Let the Frobenius algebra be equivalent to the direct sum of g 
simple matrix sub-algebras Fp Fa,..., F^, and let the modulus of the 
sub-algebra F^ be 

The only matrices which commute with every matrix of order n^ 
are the scalar multiples of the unit matrix. Thus, if an element 
commutes with every element of the Frobenius algebra, its repre¬ 
sentation in each sub-algebra is a scalar multiple of the modulus, 
and the element may be expressed in the form 
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scalar. The order of the linear set of such elements is q, and it follows 
that p = q. 

The number of simple matrix sub-algebras in the Frobenius algebra 
of a group is equal to the number of classes. 

The classes can clearly be expressed linearly in terms of the moduli 
of the sub-algebras, and conversely. 


= (4.1; 2) 

Denote the class containing the inverses of the elements in the 
class Cp by CJ,-. By substituting from (4.1; 1) and (4.1; 2) respectively 
weh*™ = 

= (4.1; 3) 

Now the trace of (7^ is hh^ if a = p', but zero otherwise. Also 
the trace of is where is the degree of the matrix sub- 
algebra, i.e. the number of rows or columns. 

Taking the trace of (4.1; 3), we have 


of 


(4.1; 4) 

Again, taking the trace of (4.1; 2) and remembering that the trace 
Co is A, but the trace of every other class is zero, we have 


fm = h<f>^), (4.1; 5) 

Substituting in (4.1; 4), we obtain 

whence (4.1; 1) may be rewritten 

Cp = lhp4>p^eM^ (4.1; 6) 


4.2. The group characters 

The Frobenius algebra is equivalent to the direct sum of p simple 
matrix sub-algebras. Any group element Si may thus be expressed 
as a sum of elements in each of the sub-algebras. These are called 
the representations of Si in the various sub-algebras. There are an 
infinity of ways of expressing each sub-algebra as a simple matrix 
algebra, but the spur of the matrix is independent of the mode of 
representation (§2.9, Theorem V). 

DEEHHTioisr. The spur of the matrix representation of'Si in the sttb- 
algebra 1} is called the characteristic of Si, and is written 
set of characteristics of the h group elements corresponding to the sub- 
algebra is called a group character, and is written 
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Since the hp elements of a class Gp are transforms of one another, 
the matrix representations in a given sub-algebra have the same 
spur. Hence the characteristics of the hp elements are equal. This 
value will be referred to as the characteristic of the class Gp, and may 
be written called the degree of the character. 

There are thus distinct numbers which are the characteristics 
of the ^ classes corresponding to the p sub-algebras. These numbers 
may be arranged in a square table which we call the table of characters. 
It will be seen from Chapter IX that almost all the properties of 
a group may be deduced from this table of characters. 

The group characters satisfy very important orthogonal relations, 
which we proceed to obtain. 

The spur of the representation in of the class Gp is evidently 
hp x^f. Hence the trace of this element, which is the trace of Gp, is 

KfV- 

From (4.1; 4) we obtain 

so that (4-2; t) 


Substituting in equations (4.1; 2), (4.1; 6), we obtain 

In the left-hand side of the equations 

0 


(4.2; 2) 
(4.2; 3) 


= 

substitute from (4.2; 2) and take the trace. Remembering that the 
trace of Gp is hhp if <t = />', and zero otherwise, we have 


and 

Thus 


= I 


(4.2; 4) 


Again, substituting from (4.2;3) in OpC„ and taking the trace, we 

= ifa = p', 

= 0 otherwise. 

Hence Mx^fxP = K , 

‘ (4.2; 5) 

V ,.(«„«) — A /_ -M I 
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Equations (4.2; 4) and (4,2; 6) constitute the orthogonal relations 
referred to above. 

Example. Consider the symmetric group of permutations on the 
thtee symbols oc, y. The six elements of the group include the 
identity J, the three elements 


0 

which form the class (21), which we will denote by C^; and the two 

(a^y), (ay^) 


elements 


which form the class (3), which we shall denote by Cg. 

The multiplication table of the classes, which are, of course, oom- 
mutative, is as follows: 


d = 3Co+3Cg, d G^ = 2(7i, Cl - 2C,+C^. 

Hence, clearly, the moduli of the three simple matrix algebras of the 
Frobenius algebra are respectively 

\{G,-G,+G,), 

these being the irreducible idempotents of the algebra of the classes. 
The six elements 


a: = (a^)+ {M'+ (/“) +i°‘M+ (“V/S)], 

y = i[-^—(^y)—(y“)+(«^y)+(“y ^)]5 

(ay)—(«^y)]. 

222 = i[/+(ay)-(«i8)-(«yjS)], 

2i 2 = J[(^y)—(ay)+(ay^)—(a^y)]. 

221 = i[(^y)—(a^)+(a^y)—(ay^)] 
form a basis for the Frobenius algebra, and satisfy 
= £r, == y, xy = yx == 0, 

= ZijX = yZi^ = Zi^y = 0 , 

ZfjZjj^ = ^ik) ^ij^kp “ ^ (j ¥=^ ^I kip == I, 2 ). 

The Frobenius algebra is thus exhibited as the direct sum of three 
sub-algebras, two being simply isomorphic with the complex num¬ 
bers, and the third beinH a simple matrix algebra of order 4. 
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Now putting z = %i+Z 22 j the modulus of the third sub-algebra, 

^ „ .. _ , ^ . ,. „ r^n. ^2!^ _ 


denote ^21~^^22 ^22 ^3^ ^ TheH we CSbU 

L 2X) 22J 

solve the above equations for the group elements in terms of x, y, 
and z. 


/ = a:+2/-fp jjz, 
(«j3) = a:-yH-P’ “J]z, 
(^r) = *-y+[^ 

(a^y) = “Jjz, 

(ay^) J~J’ ^jz. 


(ya) = X— 7 J+ 


The characters are the spurs of the matrix coeificients of x, y, and 
iSj and may be expressed in table form: 


Class 

(1*) 

(2 1) 

(3) 

Order 

1 

3 

2 


1 1 

1 

1 


1 

i -1 

1 


2 

I 0 

-.-1 


It is easily verified that these characters satisfy the orthogonal 
relations (4.2; 4) and (4.2; 5). 


4.3. Matrix representations and group matrices 

If to each element 8^^ of a group there corresponds a matrix Mi 
such that = Mj^ whenever = 8j^, the matrices. 1/^ are said 
to form a matrix representation of the group. 

The matrices need not all be distinct. To several elements of 
the group may correspond identical matrices, so that the representa¬ 
tion is not simply, but multiply isomorphic with the group. For 
example, may be the one-rowed unit matrix for every element 
of the group. But to each group element 8i there must correspond 
a unique matrix M^. 
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The matrix which corresponds to the general element 

2 Frobenius algebra is called a group matrix. It exhibits 

in the form of one matrix the complete matrix representation of the 
group. Each element of the matrix is a linear function of the 

Clearly the sets of linear substitutions to which the matrices 
correspond form a representation of the abstract group as a group 
of linear substitutions. The theories of these two types of repre¬ 
sentation are equivalent. 

Since the Erobenius algebra is equivalent to the direct sum of p 
simple matrix algebras, to each group element there corresponds 
a matrix in each sub-algebra. The p sub-algebras thus give p matrix 
representations of the group. We shall show that every irreducible 
matrix representation of the group is equivalent to one of these p 
representations, and every representation is equivalent to a direct 
sum of these representations, each being repeated any number of 
times, or omitted. 

If X is a group matrix of order n^, and T is any fixed matrix of 
order then T^^XT is also a group matrix, for 

T. T = T, 

and the matrices T are simply isomorphic with the matrices 

M,. 

The group matrices X and T’-'^XT are said to be equivalent, aijd 
the corresponding matrix representations are said to be equivalent. 

If a group matrix X is equivalent to a matrix of the form 

where X^ and X^ are square matrices, X is said to be reducible. 

If, also, it can be arranged so that the rectangular matrix T in 
the top right-hand corner is zero as well as the rectangular matrix 
in the bottom left-hand corner, then X is said to be completely 
reducible. 

In this case and Xg are group matrices, and X is said to be 
equivalent to the direct sum of the group matrices X^ and Xg. 

The group matrices corresponding to the representations obtained 
in the Erobenius algebra are obviously irreducible, for as the corre¬ 
sponding sub-algebra is a simple matrix algebra, the elements of 
the group matrix will be linearly independent. As we shall show 




(4.3; 1) 
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that the general group matrix is equivalent to a direct sum of irre¬ 
ducible group matrices corresponding to representations obtained in 
the Frobenius algebra, it will follow that for finite groups reducibility 
imj^Ues complete reducibility. 

We assume therefore that in (4.3; 1 ), 7=0, and by reducible we 
shall mean completely reducible. 

The matrix representation corresponding to X is also said to be 
reducible, and equivalent to the direct sum of the representations 
corresponding to and X^, 

Now let X = 2 Jnatrix. 

If the determinant |Z| is identically zero, let Mq be the matrix 
corresponding to the identity. Since 

Ml = Jfo, 

Mq may be transformed into diagonal form. After transformation let 
ifo = diag(l^ 

Since X = M^XM^^ X has now a square matrix of order in the 
top left-hand corner bordered by n—r rows and columns of zeros. 
Clearly we may ignore the zeros and consider only the square matrix 
of order The determinant of this matrix is not identically zero, 
for the coefficient of ^ is unity. We assume henceforward that X is 
a square matrix of non-vanishing determinant, in which the coeffi¬ 
cient of is the unit matrix. 

Let €i, 62 ,..., €p be the moduli of the simple matrix sub-algebras 
of the Frobenius algebra. Let mg,..., m^ be the corresponding 
matrices in the representation, some of which may be identically 
zero. 

Since cf = and cy = 0 {i ^ j), we have also 
m? = m,*, (i ^ j). 

It follows from § 1 . 8 , Theorem VI, that the matrices m^, mg,..., 
may be transformed simultaneously into diagonal form. Let us 
assume them to be so transformed, and that 

m^ = diag(l“i. O’*-®!), 
mg = diag( 0 ®!, 1 ®*, O’*”®!-®*), 


Now if X is any number of the Frobenius algebra, 

X = '2 €iXe.i. 
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Hence X = ^ m^Xm^. 

It follows that X is of the form 

Xi 0 


X = 


0 


and X is equivalent to the direct sum of the group matrices X^, 

X2J..., Xp. 

We consider now one of these group matrices X^. In this repre¬ 
sentation the matrix corresponding to ^ is the unit matrix, and the 
matrix corresponding to (j ^ i) is identically zero. 

Let the corresponding sub-algebra of the Frobenius algebra be a 
simple matrix algebra of orderwith basal units (1 < a, jS < / ) 
such that 






Let the corresponding matrices in the representation corresponding 
to the group matrix X^ be 


Now €i = eii+e 22 -|-...+e// 


and consequently I = ^ii+022+—+^//- 
Also i/jfj = = 0 {j ^ k). 

Hence the matrices transformed simultaneously 

into diagonal form, and since they may be transformed into one 
another,, they are of equal rank v such that 


fv = r. 

We will assume that after such a transformation 


^22 = diagCO*', 


Since = ^aa^ap^pp> clear that the matrix has non¬ 
zero terms only in the rows for which has unity in the leading 
diagonal, and in the columns for which if/^p has unity in the leading 
diagonal. 
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The element 2 of the Frobenius algebra may be expressed in 

the form 2 = 2 

where rj belongs to sub-algebras other than F^. Hence 

Jj^i =: 2 

and this may be expressed as a matrix with matrix elements 


Aqi being the v-rowed square matrix picked out from from the 
rows for which has unity in the leading diagonal, and the columns 
for which i/;^ has unity in the leading diagonal. 

The matrices satisfy 


Af^^Apy 

A^^ 



Now let Y = diag(^ii,-42n*”>^/i)> 

so that F-i = diag(4ii,.4i2>-*r>^i/)- 

Then Y-^X,Y AM 

= [M 

which by a rearrangement of rows and columns becomes 


[y 

[y 

0 


0 



and is equivalent to the representation of the simple matrix 
algebra F^ repeated v times. 

Any group matrix X is equivalent to a direct sum of the irreducible 
group matrices which correspond to the simple matrix sub-algebras of 
the Frobenius algebra^ each of these group matrices being repeated any 
number of times^ or omitted. 

The spur of X is a linear function of the ^’s, say 2 
spur of the irreducible group-matrix corresponding to F^ is 2 

Hence 

The coeiEcient v^, being the number of times the representation is 
repeated, is a positive integer. 

Any linear function of the characters with positive integral coeffi¬ 
cients is called a compound character. 
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The spurs of the matrices in any matrix representation of the group 
is a compound character of the group, the coefficient of any simple 
character being the number of times the corresponding representation is 
repeated in the equivalent direct sum of irreducible representations. 

Given the compound character ^{8^), the coefficients the simple 
characters may be foimd as follows. 

Let (j>{8f) — Vi ■)^%8j). 

Then 2 

= hvi, 

so that , 

= (^- 3 ; 2 ) 

Given any group H of order h, there is a regular permutation 
representation of degree h (§3.8) which may be regarded as a group 
of linear substitutions, and a corresponding representation by per¬ 
mutation matrices. The corresponding group matrix is called the 
regular group matrix. The spur of the regular group matrix is clearly 
For the corresponding compound character ^ we have 

<f>(S^ = 

(j>{Si) = 0 

If^4 = 2nx<«,then hvi = 2hx^<f>p 

= 

The regular group matrix is equivalent to the direct smn of all the 
irreducible group matrices^, each being repeated as many times as the 
degree of the character. 

Schur (2) has developed the theory of group matrices from a stand¬ 
point independent of the Frobenius algebra. He defines a group 
character as the set of spurs of the matrices in a matrix representa¬ 
tion. He proves the orthogonal properties directly, and obtains the 
complete set of independent irreducible representations by the reduc¬ 
tion of the regular group matrix, proving the completeness of the 
set so obtained by means of the orthogonal relations. 

It is necessary in this development to prove specifically that 
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reducibility implies complete reducibility, a theorem which is effec¬ 
tively equivalent to the theorem that a Frobenius algebra possesses 
no properly nilpotent element. 

His method is capable of extension to continuous matrix groups, 
to which the method of the Frobenius algebra is not. An account 
is given in Chapter XI. The proof given there that reducibility 
implies complete reducibility is applicable to finite groups. We 
give now Schur’s proof of the orthogonal properties for finite 
groups. 

Let X = 2 = [2 irreducible group matrix of 

order p. Let X' = 2 = [2 ^st] independent irredu¬ 

cible group matrix of order < p. We suppose it to be bordered by 
rows and columns of zeros if the order is < p. 

Firstly, if P is a constant matrix such that PX = XP, then P 
is a scalar multiple of the unit matrix. If P is not of this form, then, 
transforming the matrices so that P is in canonical form, it is imme¬ 
diately apparent that X is simultaneously reduced, contrary to 
hypothesis. 

Secondly, if P is a constant matrix such that PX = X'P, then 
P is non-singular and X and X' are equivalent. 

If P is non-singular, then X and X' are equivalent, since 

X == P-^X'P. 

If P is singulaTj let its rank be r. Then there is a matrix Q of rank 
/—r such that pg __ ^ 

Thus PX(3 = X'Pe = 0. 

Now if P is a singular matrix, we can find a non-singular matrix 
A such that P^ == AP is idempotent. Transform P first into canonical 
form. For each submatrix in the canonical form corresponding to 
a non-zero characteristic root there is a reciprocal. For a zero 
characteristic root we may multiply the submatrix by a permutation 
matrix which will reduce it to the form diag(0,The result 
foEows readily. Similarly, we may find a non-singular matrix B 
such that == QB is idempotent. 

Then PiXQ^ = 0, 

and transforming P^ and simultaneously into diagonal form. X 
is thereby reduced, contrary to hypothesis. 
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Let U = be a fixed matrix of order/2, and let 

(4.3; 3) 

= (4.3; 4) 

each, summed for all operations of the group. 

Now MfWM^ = 2 

= F, 

since, as Mi runs through all the operations of the group, so does 
MiMj- Thus F commutes with each of the matrices and hence 
with the group matrix X. Since X is irreducible, F is a scalar 
multiple of the modulus. 

In a similar manner 


and hence K = 

so that 2 = 0. (4.3; 5) 

Let Mfi = [ajj-i = [4], and let 8« = 1, = 0, i ^j. Then 

equation (4.3; 3) may be -written 

2W]WK] = W. 

so that 2 = ^^pv> 

-where i is a scalar. 

Put p = V, and sum for all p. Since 

= Ka> 

we have A 2 

Tb V ^ 

so that 

Hence a«) = ^ V v,^ 

igr J 

Equating coefficients of Ug^ we have 

|a«)a«=|s^8^. 

Hence if x character of the group corresponding to the repre¬ 
sentation, so that j ^ ^( 0 ^ 

then 2x(>Si)x(-S^-") = 2«^><^ = 27 S<r^*r = A■ (4-3; 7) 

•£ iQT J 


'^qq ''pv 


(4.3; 6) 
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Similarly, from the equation 

we obtain (4.3; 8) 

and (4.3; 9) 

A generalization of the orthogonal relations is easily obtained by 
this method. We have 

2= S2 /= (4-3; 10) 

Similarly, 2 == ^- (4.3; 11) 

4.4. Characteristic units 

An idempotent element A of the Frobenius algebra of a group 
is called a characteristic unit (3). 

Let ^ = 2 where is an element of the simple matrix algebra 
Vi. If the rank of A^ is r^, it can be transformed into the form 

Ai = diag(F<, 

The characteristic unit A is associated with the compound character 

A characteristic unit associated with a simple character is 
called a primitive characteristic unit. It is a primitive idempotent of 
the sub-algebra F^. 

I, A primitive characteristic unit corresponding to the character 
has an aggregate of h^Xp^jh elements from the class Op. 

Since all primitive idempotents of the same simple matrix algebra 
have the same canonical form, they are transforms of one another, 
and have the same aggregate of elements from each class. But the 
modulus of the sub-algebra, may be expressed as the sum of 
primitive idempotents, and from the equation 

the theorem follows. 

Clearly, from the representation in diagonal form, any charac¬ 
teristic unit may be expressed as a sum of primitive characteristic 
units. The corresponding compound character will be the sum of 
the corresponding simple characters. ‘ 

II. A characteristic unit corresponding to any character simple 
or compound, has an aggregate of hp<f>ptlh elements from the class 0^. 
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III. Two characteristic units corresponding to the same character ^ 
are transforms of one another. 

They have the same canonical form in each sub-algehra. 

IV. The product of two primitive characteristic units is either zero, 
nilpotent, or a multiple of a primitive characteristic unit. 

If the characteristic units belong to different sub-algebras, then 
the product is zero. If they belong to the same sub-algebra, the rank 
of each of the two corresponding matrices is unity. If the product 
is not zero, it must be of rank unity also. Its reduced characteristic 
equation must be a quadratic with one zero root, i.e. 

—Are = 0. 

If A = 0, it is nilpotent. If A 7^: 0, it is a multiple of an idempotent. 


The relations between the characters of a group and 

those of a subgroup 

Let the group H of order h have a subgroup Q of order g. Any 
matrix representation of the group H is clearly also a matrix repre¬ 
sentation of the group (?, for the matrices corresponding to the sub¬ 
group Q are a subset of the matrices corresponding to the group H. 

By taking the spurs of the matrices of a simple matrix representa¬ 
tion of H, it follows that every simple character of i? is a character, 
simple or compound, of 0. 

Let represent any simple character of H, and any simple 
character of O. Then 

= (4-5; 1) 

Now let Cp be any class of H, of order h^, and let g^ of the elements 
of this class belong to G , forming the classes of of orders 

gp^,... respectively. 

Equation (4.5; 1) holds for each of these classes, so that 


W. thus have J 

Cp. denoting the class of the inverses of the elements of the class Cp^. 
Summing with respect to all the classes of G, we obtain 

( 4 - 5 ; 2 ) 

the right-hand side being summed for all the classes of (?, being 
the class of H which contains the elements of the class 0^^. 

4632 
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Hence 




the last summation being confined to the classes of G which corre¬ 
spond to the given class of H. Thus 



Taking the inverse classes, and combining the two equations, we 
obtain Frobenius’s formulae (4) expressing the relations between the 
characters of a group and those of a subgroup. 






(4.5; 3) 


the last summation being with respect to those classes Cp^, Cp^,... 
of G into which the class Cp of H separates. The coefficients are 
positive integers and are the same for both equations. 

The fact that 2 hgp^ ^^19^ ^ compound character of H, i.e. a 

linear function of the characters of ff yrith. positive integral coefficients, 
may be deduced otherwise from the concept of characteristic imits. 

A characteristic unit of a subgroup G is necessarily a characteristic 
unit of H, as it is idempotent, and the group algebra of G* is a sub¬ 
algebra of the group algebra of H. 

But a characteristic unit of Q corresponding to the character 
has an aggregate of gp^^^^lg elements from the class Op^ of G, and 
a characteristic unit of H corresponding to the character has an 
aggregate of hpX^p^jh elements from the class Op. 

the summation on the left being with respect to the classes Cp^ of 
G which correspond to the same class Cp of H, and the summation 
on the" right being with respect to the simple characteristic units 
of H of which the given characteristic unit of Q is the sum. The 
result follows. 



THE SYMMETRIC GROUP 
5.1. Partitions (1) 

The theory of partitions being so intimately connected with the 
symmetric group, it is appropriate to commence this chapter with 
a brief section concerning these. 

If w = 

is an equation in positive integers, then the set of numbers 
(Ai, Aj,..., A^), which we shall denote shortly by (A), is called a partition 
of m. No account is taken of the order of the parts, which for con¬ 
venience are usually written in either ascending or descending order. 
Collecting parts of equal magnitude, repetitions may be indicated 
by the use of indices. If there are a parts equal to 1, 6 parts equal 
to 2, c parts equal to 3, etc., the partition may be written (1“ 2*’ 3®...). 

The number of partitions of a given integer n is thus seen to be 
equal to the number of solutions of the equation 

n = u-[-26-1-3c-{7... 

in positive or zero integers, and hence is easily seen to be the 
coefficient of a:” in the expansion of 

1/(1—a:)(l—a:2)(l—a:®)(l—a:*)... to 00 . 

We have shown in § 3.6 that the number of classes of the sym¬ 
metric group of order n\ is equal to the number of partitions of n, 
the class of permutations which have a cycles of order 1, b cycles 
of order 2, etc., being associated with the partition (1“ 2* 3®...). 

Since there are as many characters of the symmetric group as 
classes, these also may be associated with partitions. The partitions 
associated with the characters, however, are usually written with 
the parts in descending order, e.g. 

(A) = (Ai, A^,..., Aj,), Ai > Aa > A3 > ... > A^. 

The concept of conjugate partition is here of great importance. 

The partition (A^,..., Aj,) is associated with a graph'\ which is formed 
as follows. Assuming that A^ > Aj > ... ^ Ap, form the graph by 
placing Aj nodes in the first row, A 2 nodes in the second row, and so 

t The ‘Ferrers-Sylvester’ graph of the partition. An example is given on p. 60. 
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on, with finally nodes in the ^th row. In each row the first node is 
placed in the first column, the other nodes being placed consecutively 
one column later. 

If now the rows and columns of the graph are interchanged, we 
obtain another graph, the graph of the partition 
(p—(p—2)V2 “Vi,.,., 1^1 

This is called the conjugate partition of (A) and is denoted by (A). 

The diagonal of nodes in a graph beginning at the top left-hand 
corner is called the leading diagonal. The number of nodes in the 
leading diagonal is called the rank of the partition. Frobenius (2) uses 
the following nomenclature for partitions which brings into promi¬ 
nence the association between conjugate partitions. 

Let r be the rank of a partition, and let there be^u^ nodes to the 
right of the leading diagonal in the ith. row, and nodes below the 
leading diagonal in the ith column. Then the partition is denoted by 


Clearly 


/di, a2,...,u,.\ 

Wlj i^2?***3 ^r/ 

<^1 > >...> a,., 


> 62 >...> 


The conjugate partition is 

lbvb„...,bA 

\a^,a2,...,aj 

As an example, the graph of the partition (6,4,3,1^) of 15 is 


The nodes in the leading diagonal are in heavier type. The conjugate 
partition is (5,3^,2,1^). The rank is 3, and in Frobenius notation 
the partition is denoted by 

/5,2,0\ 

U,i,o;- 

This partition should not be confused with the partition ^ ^j, 
which is the partition (6,4,2,1^) of 14^ this being a partition of rank 2. 
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The partitions of n are ordered as follows. Let 

be two partitions of n expressed in Frobenius's nomenclature. W© 
shall say that if the first term a.^ such that 

^ a'l is such that a.i > or if a-^ = and r > r\ 

We shall say that the partition is of lesser order than 

v>v->KI 

(«!,...,a^) > or if 

and {b[,...,b'^) > (bj^,...,b^). 

We shall say that the partition [^i’***’^**] is of strictly lesser order 
than ), if and also 

Wl>***> ^rv 

one of the alternative signs being an inequality. 

If (A) and {y) are partitions of n, and (A) is of strictly lesser order 
than (/x), it is clear that the conjugate partition {p) is of strictly 
lesser order than (X). 

If (A) is a partition of n, and another partition (/x) is obtained from 
it by decreasing one part and correspondingly increasing a smaller 
part, there is no diffictilty in seeing that (A) is of strictly lesser order 
than {fjb). 

Separations of a partition (3) 

If the parts of a partition are divided into distinct sets, each part 
itself being undivided, we obtain a separation of the partition. Each 
set is called a separate. 

Thus the partition (1® 2^ 3®...) may be*^^separated into 
(lax 2^^^ 3^*...), (1®* 3^*...), (1®* 2^* 3^*...), ..., 

provided that ^ i ^ f ^ 

== 

5,2, Frobenius’s formula for the characters of the symmetric 
group (4) 

Frobenius gives a remarkable formula which exhibits the charac¬ 
teristics of the symmetric group as coeflB.cients in a series of 
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expansions, one for each class of the group. The proof given here 
follows very closely the original proof given by Trobenius. It is 
divided into two parts. In, the first part series are given whose 
coefficients are compound characters, and in the second part these 
are separated into the simple characters. 

H is the symmetric group on n symbols. Gp is the class (1“ 2^ 
namely with a cycles of order 1, j8 of order 2, etc. The order of the 

class C'p is ^ n!/l“a! 2^^! SVy!.... (5.2; 1) 

Each character is associated with a partition (A) = (Aj, Ag,..., A^). 
Corresponding to this partition form symmetric groups 0^ 

respectively on distinct sets of Aj, Ag,..., A^ of the n symbols. Denoting 
by Oi also the sum of the elements of the group 0^, is clearly 

idempotent. Hence 

0, ... GJX^l X^\ ... A^! 

is a characteristic unit of H, To obtain the corresponding compound 
character, we find the aggregate of elements from the class (7p. 

Any element 8 of which appears in must be the 

product of elements 8^, 8,^,,,., in the respective groups, and the 
cycles of 8 are the sum of the cycles of 8^, aS' 2 ,..., 8j^. Of the a cycles 
of order 1 in 8, let appear in 8^, ol^ in 8^, etc., and of the ^ cycles 
of order 2, let appear in jSg iR 8^, and so on. Then we have 

== A^, 

“l+a2 + <^3+— = OL, 

^ 1 +^ 2 +^ 3 +*-- = 


We obtain thus a separation of the partition (1“ 2^ 3^...) such that 
the separates are partitions of Ai, Ag,,.., A^ respectively. Eor each 
separation the number of elements in O^O^O^.., is the product of 
the orders of the respective classes in 0^, etc., i.e. 



Aa! 


(5.2; 2) 


The total aggregate of elements from the class Gp in G^G^G^.,, 
is obtained by summing this expression for all the appropriate separa¬ 
tions of the partition. 

The compound characteristic is, from § 4.4, Theorem II, hjhp 
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times, the aggregate of elements from the class in the characteristic 
unit, namely 


= n\ 


l“at! 2^^!. 
■ n\ 


1 


A,! 


Aa! 




2 


f'- 


aj! a2! 0(3!... 


summed for aU separations of the partition such that the separates 
are partitions of A^, \ . 

If are independent variables with m not less than p, 

the number of parts in the partition (A), then the above sum is the 
coefficient of 

in the product 


ix^+x^+...+xJ«(xl+xl+...+x^)P{xl+xl+...+xl^^^^^ 

Let /S',. = ^ xl, and corresponding to the class C'p form the product 
S^=^StSPsy.,,. ( 5 . 2 ; 3 ) 

Then = 2 ^ 2 * (^*2; 

the summation being with respect to all partitions (A) of n, and also, 
as in the usual nomenclature for monomial symmetric 

functions, with respect to all permutations of the suffixes without 
duplication for the interchange of sufiBxes which correspond to equal 
indices. is the compound character of the symmetric group 
corresponding to the characteristic unit • 

Ifm^n, the power sums Si, S^ are algebraically indepen¬ 
dent, and the products 8^ linearly independent. The matrix of 
coefficients corresponding to the q classes and q partitions is 
non-singular, so that the q characters are linearly independent- 
The q simple characters must be linearly dependent upon these. 

Before proceeding to the separation of the simple characters in 
the general case we illustrate by an example for the case of the 
symmetric group of order 3!, and deduce the simple characters by 
the use of the orthogonal properties of the characters. 

^3 = 2 ^ 1 * 
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Hence the compound characters are 


Class 

(P) 

(2 1) 

(3) 

Order 

1 

3 

2 


1 

1 

X 

^(21) 

3 

1 

0 

^<i*) i 

6 

0 

0 


^(3) = ^(3) ig clearly simple. We have 

so that includes the character x® once, 
simple, for we have ^ ^ ^(21)2 = c. 

Similarly, 'L^xf' 

and is simple, for 

i^pxr'=6. 

Hence we obtain the table of simple characters. 


Class . 

(P) 

(2 1) 

(3) 

Order. 

1 

3 

2 

x'” 

1 

1 

!•. 

i 1 


2 

0 



1 

~1 

1 1 


This procedure is not practicable except for the groups of small 
orders. Fortunately, Frobenius has crowned his work by a formula 
which separates the simple characters in the general case, 

^{Xl,...,x^) = Y[{x-x^) {r<s) 

\p I rv^m —3Lor>77l—2 <7* 

The expression is an alternating function of the variables, that is, 
the effect of an interchange of two of the variables is to leave the 
expression unaltered in magnitude, but changed in sign. One term 
only is given throughout for such alternating functions, with a sum¬ 
mation sign, it being understood that all permutations of the suffixes 
are taken, and of the alternative signs, the negative sign is taken 
for a negative permutation. 

The product is also an alternating function. In the 
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development the coefficient of any term with two equal indices is 
zero, since the interchange of the suffixes corresponding to two equal 
indices would change the sign of the coefficient, but also leave it 
unaltered. Thus, arranging the indices in descending order, we may 

= (5.2;S) 

A 

with Ajl ^ Ag ^ ... ^ A^, 

and Ai-f-A 2 +...+A^ = n. 

The summation as before is with respect to all permutations of 
the suffixes, with the alternative sign, and also with respect to all 
partitions (A) of n. 

Each coefficient is a linear function of the compound charac¬ 
teristics with positive or negative integral coefficients. Hence 
is a linear function of the simple characters with positive or 
negative integral coefficients. . 

If = 

then a ;? »•&’)'• 

The remainder of the proof consists in showing that the value of 
this expression is h, so that = ±1- for one partition (/t), and is 
zero for all others. Since it will be apparent that is positive, 
it will follow that is a simple character. 

Take a second set of m independent variables Vm- 

^r=X yi’ P"* • 

i 

Consider the sum 

the last expression being summed for aU solutions of 

Summed for all values of n from 0 to oo, with an appropriate 
restriction on the variables to ensure convergence, the value of this 

exp[S^Z^+iS^Z^+^S^Z^+..,l 


sum IS 
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Substituting 8^ = 2 Z, = 2 Vi and multiplying out, the value 
of the bracket becomes 

-log(l—a;i 2 /i) -log(l -Xi y^)-- -log( 1 yj. 

It follows that the given sum is the reciprocal of 

( 1 — Xiyi){i 

Lemma. 

- ^(^r)^(2/r) 

1 ^aVt TI(^ ^pVa) 

On multiplying each pth row of this determinant by XI (1— 

the determinant becomes of the form |/,(a;s)[, where/((a:)- is a poly¬ 
nomial of degree n— 1 whose coefficients involve the y^’s but not the 
ajy’s. Clearly A(a;,) = A(a:i,a: 2 ,...,ajJ is a factor, for the determinant 
is an alternating function of the a;/s. Further, since elementary 
transformations will reduce the degrees of consecutive columns to 
n—\, n—2, n—3, etc., the degree of the quotient by this factor is zero 
in the XfS. If the further factor A(y,.) is removed, the quotient is in¬ 
dependent of the a;,.’s and of the y,’s, and the proof of the lemma follows 
readily, the numerical factor being found by comparison of acoefficient. 

But Ifil—x^yt) = 2 

0 

Hence = 2 

The indices are necessarily distinct, since we deal with an 

alternating function of both sets of variables. If we assume that the 
indices are in descending order, the summation must be taken for 
aU permutations of both sets of suffixes, the minus sign being taken 
if one permutation only is negative. 

Putting r, we have 

= 2 ( 6 - 2 ; 6 ) 

with 

The summation on the left is with respect to aU partitions of all 
positive integers, i.e. with respect to all classes of all the symmetric 
groups. 
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Now substitute in (5.2; 6) the expression for Sp^{x^) given in 
(5.2; 6), and a similar expression for Z^b.[y;). Equating coefficients 
it follows that t 

= o ((A)#(;x)), 



Hence is equal to ± a simple character. We shall see in the 
next section that is equal to the number of lattice permutations 
of which is necessarily positive, so that we shall assume 

now that the sign is positive. 

Equations (5.2; 7) also show that the jp characters correspond¬ 
ing to the p partitions (A) are distinct characters, and these are the 
complete set of characters of the group. Putting == x^p\ obtain 

Sp A(x^) = 2 ±(^* 2 ; 8 ) 

This is Erobenius’s formula for the characters oi the sym¬ 
metric group. 

5.3. Characters and lattices (5) 

Let (A) = (Ai, Ag,..., Aj,), (A^ > Ag ^ ... > A^), be a partition of n. 
Consider the permutations of the n factors of the product 

If amongst the first r terms of any such permutation the number 
of times occurs > the number of times occurs ^ the number of 
times ajg occurs, etc., for aU values of r, this is called a lattice per¬ 
mutation (6). 

As an example, the lattice permutations of oi^x^Xq are 

^2 ^2 ^ 3 ’ ^2 ^3 

X^X2a:^XQXj^, Xj^X2X^xl. 

Now consider graphs which consist of nodes arranged in rows and 
columns. A graph is said to be regular if in any row which contains, 
say, r nodes, these occur in the first r columns, and in any colu mn 
which contains, say, r nodes, these occur in the first r rows. Thus the 
graph of a partition is a regular graph, and, conversely, every regular 
graph is the graph of a partition. 

If to a regular graph one node is added so that the resultmg graph 
is also regular, this is called a regular application of a node. 
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The number of ways of building the gra'ph of the partition (A) of n 
by n regular applications of nodes is equal to the number of lattice 
permutations of 

Corresponding to any lattice permutation, commencing at the first 
term, whenever occurs place a node in the rth row, in the first 
vacant column. Since the permutation is lattice the graph is regular 
at every stage. Conversely, for each method of building the graph 
the corresponding permutation is lattice. 

By way of illustration, there are six ways of building the graph 
of the partition (3 1^), which correspond to the six lattice permuta¬ 
tions of x\x^x^ given above. These are, using numbers instead of 
nodes so as to indicate the order of application, 


1, 2,3 

1, 2,4 

1, 2, 6 

4 

3 

3 

5 

6 

4 

1, 3,4 

1, 3,6 

1, 4, 6 

2 

2 

2 

5 

4 

3 


An immediate corollary of the theorem is that if /xg,..., yfj 

is the partition conjugate to (A), then the number of lattice permuta¬ 
tions of is equal to the number of lattice permutations 

of The proof is obtained by interchanging the rows and 

columns of the graph. 

I. If (A) = (Ai,..., A^) is a partition of n^ then f^^'> = equal to 

the number of lattice permutations of o^x\^..,x^p^ which is equal to the 
number of ways of building the graph of the partition (A) by n regular 
applications of nodes. 

We use Frobenius’s formula for the characters of the symmetric 
group, and pick out the coefficient of 
duct A{x^,X 2 ,...tXp)S^, 

We take the expression A(a;i,...,a;^) == 2 
multiply by ^ times. At any step, since the 

function is alternating, the coefficient of any term in which two 
indices are equal is zero. 

Again, since at each stage we multiply by a linear function of the 
xfs, the order of magnitude of the indices in any term can never 
change unless we pass through a stage where two indices are equal. 
At this stage, however, as we have seen, the coefficient is zero. 
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Hence, to pick out the required coefficient we need consider those 
terms only in which the order of the indices is decreasing. We con¬ 
sider thus the coefficients at each step of the terms 

We obtain the terms at the next step by multiplying these terms 
consider those terms only which still satisfy 

It is clear that the terms in the product 

must be obtained by this process, and for each term we obtain a 
lattice permutation of ^ 

and the theorem is proved. 

Now for a class containing a cycle of order r, /SJ must be replaced 
by /Sy. The order of magnitude of the indices may now change with¬ 
out passing through a stage in which two indices are equal. 

Consider the term 


Multiplying by 8^ we consider that term obtained by multiplying by 
If two indices become equal, the coefficient will be zero as 
before; hence we assume them aU to be different. Suppose 


We obtain the term 


—a^Qr+i-l 


There will be a corresponding term in which the order of the 
suffixes is the natural order, a negative sign being attached if i is 
even. This is the term considered at the next stage. 

We express the above in terms of lattices as follows. 

The addition of r nodes to a regular graph is called a reguLat 
application of r nodes if the nodes are added to any row until they 
are exhausted, or until the number of nodes in this row exceeds the 
number in the preceding row by one, the nodes being then added 
to the preceding row according to the same rule, and so on until the 
r nodes are exhausted, provided that the final graph obtained is 
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regular. If the number of rows involved is even it is called a negative 
application, if odd, a jpositive application. 

II. If (A) ~ (Ai, Ag,..., A^) is a partition of n, and p denotes the class 
of the symmetric group with cycles of orders ag, 
obtained from the number of methods of building the graph of the parti¬ 
tion (A) by consecutive regular applications of ag, ag,.*. nodes, by 
subtracting the number of methods which contain an odd number of 
negative applications from the number of methods which contain an 
even number of negative applications. 

As an example of the practical use of the theorem we find the 
value of the character for the class of the symmetric group 

of order 20!, which contains one cycle of order 15, two cycles of 
order 2, and one of order 1. The possible graphs, using numbers in 
the place of nodes to indicate at which step the nodes are added, 
are the following: 


1.1.1.1.1.1.1.1.1.1.1.1.1.1.1.4 

2,2 

3.3 

1 . 1 . 1 . 1 . 1 . 1 . 1 . 1 . 1 . 1 . 1 . 1 . 1 . 2 . 2.4 

1.3 
1,3 


1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,4 

2,3 

2,3 

1,1,1,1,1,1,1,1,1,1,1,1,1,.3,3,4 

1,2 

1,2 


The first and second graphs contain respectively 0 and 2 negative 
applications, and each contributes +1 to the characteristic. The last 
two graphs each contain one negative application, and these each 
contribute —1. Hence for this class 


Various results follow immediately from Theorem II concerning 
the characters of the symmetric group. 

III. = 1 e/very class. 

There is but one row and one method of building the graph. 

IV. Xp = +1 for a positive class, 

== — 1 for a negative class. 

There is but one column and one method of building the graph. 
Each cycle of even order contributes a factor —1. 

Now interchanging the rows and columns of a graph, it is clear 
that to each regular application of r nodes to a given graph there 
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corresponds a regular application of r nodes to the conjugate graph, 
the role of the rows and columns being interchangeable in the defini¬ 
tion of regular application, save that the order of application would 
be reversed. Further, in any regular appfication of r nodes the 
number of rows involved plus the number of columns involved is 
equal to Hence, if r is odd, the application of r nodes to a 

graph and the corresponding application of r nodes to the conjugate 
graph are positive or negative applications together. If r is even, 
one is positive and the other negative. Corresponding to a given 
class p, for every method of building the graph of a partition (A) 
there is a method of building the graph of the conjugate partition 
(p). For a positive class the methods will contribute +1 or —1 
together, and for a negative class one will contribute +1 and the 
other —1. 


V. If (fjb) is the partition conjugate to (A), 

^ y(A) (1«) 

Ap Ap AO • 


5.4. Primitive characteristic units and Young tableaux 

Let be the coefficient of (A^ > Ag > ... > Xp) in the 

product Sp as defined by the equation (5.2; 3). Now the simple 
characteristic coefficient of in the 

product 2 

It is clear that is a linear function of the compound characters 
of the form ,= ^(X)+ ^ 

in which the coefficient of is imity, and only such partitions (fx) 
occur as are obtained from (A) by increasing larger parts and corre¬ 
spondingly decreasing smaller parts. From §5.1 the partition (ft) 
is of strictly lesser order than the partitions (A). 

Hence, solving these equations for the <I/X\ we have 

(5.4; 1) 

where again the partition (p) is of strictly lesser order than (A). 
Denoting a conjugate partition by a tilde, we have also 

(5.4; 2) 

in wHch the partition (P) is of strictly lesser order than the parti¬ 
tions (X). 

It follows from § 5.1 that (A) is of strictly lesser order than (y). 
Hence for every pair of partitions (A) and (p) either or is zero. 
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We now proceed to construct a series of primitive characteristic 
units corresponding to each invariant sub-algebra of the Frobenius 
algebra of the symmetric group. 

We shall use the term symmetric group on r symbols to denote the 
sum of the group elements of the symmetric group which permutes 
these symbols; and the term negative symmetric group for the same 
thing with a minus sign attached to each negative permutation. 

Now in the graph of the partition (A) of n, replace the n nodes 
by the symbols cxa,..., ol^ taken in any order. The result we shall 
call a Young tableau. They were first used by Youngf in his papers 
on Quantitative Substitutional Analysis. Frobenius;|; adapted the 
results to his study of Group Characters. 

Now take the product P of the symmetric groups on the A^ symbols 
in each ith row of the Young tableau. From §6.2, P/A^! A^!... A^! is 
a characteristic unit corresponding to the compound character 

If (X) ^ (Xi,X2,.-j is the partition conjugate to (A), then there 
are X^ symbols in the ith column. The product of the symmetric 
groups on the symbols in the columns is a multiple of a characteristic 
unit corresponding to the compound character 


Hence, if N is the product of the negative symmetric groups on 
the symbols in the columns, iV/XilXg! ...X^! is a characteristic corre¬ 
sponding to the compound character 


and none of the characters coincides with a character 
Thus the product ... A^! X,!...\! 


is equal to the product of two primitive characteristic units each of 
which corresponds to the simple character since the corresponding 
sub-algebra of the Frobenius algebra is the only sub-algebra common 
to the two characteristic units. 

The product PN is, firom § 4.4, Theorem IV, either zero, nilpotent, 
or a multiple of a primitive characteristic unit. It is clear that the 
coefiRcient of the identical element in PN is unity, since the quantities 
P and N have the identical element and no other group element in 


t Young (74), Part I. 


t Frobenius (35). 
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common. Hence the trace of PN is not zero, and PN is neither zero 
nor nilpotent hut a multiple of a primitive characteristic unit corre¬ 
sponding to the character 

From § 4.4, Theorem I, a primitive characteristic unit correspond¬ 
ing to the character has an aggregate of elements from 

the class <7p, so that the coeflSlcient of the identical element is 

Hence the required primitive characteristic unit is 

(5.4; 3) 

1. If P is the product of the symmetric groups on the symbols in 
each roWy and N the product of the negative symmetric groups on the 
symbols in each column of a Young tableau corresponding to the parti¬ 
tion (A), then fOopNjh 

is a primitive characteristic unit corresponding to the character 

The order of the factors P and N could be reversed; f^^WPfh is 
also a primitive characteristic unit. 

As an example, for the symmetric group on four symbols a, jff, 
y, 8, corresponding to the partition (3,1), there is a Young tableau 

(f'l- 

We have 

P = I+{oiP)+(.(xy)+{^y)+{acpy)+{ayp), 

N = I-(<xS), 

PN = I+(aiS)+M+()3y)+(a)8y)+(ayi8)-(aS)- 

—(o£^S)—(ayS)— (fiy){<xS)—(ocpyS) —(ay^S). 
Since = 3, and h — 24, the primitive characteristic tmit is 

^PW = iPN. 

The aggregates of elements from the classes 

(i*), (1*2), (13). (4), (2*) 

in the characteristic unit are respectively 

h h 0 . -h -I 

The orders of the classes are 

1, 6, 8, 6, 3. 

4632 F 
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Hence by multiplying the aggregates by hfhp we obtain the simple 
character which takes the values 
3, 1, 0, ^1, 

The characteristic unit f^^WN/h we shall call a Young tableau 
unit. Corresponding to a tableau A, the tableau unit will be denoted 
by (J.). In future the factor will be understood to be com¬ 
bined with the P, so that we shall write (A) = PN. 

II. The product of two Young tableau units corresponding to different 
partitions is zero. 

For the characteristic units belong to different invariant sub¬ 
algebras. 

The Young tableau units have one fundamental property which 
we proceed to obtain. 

Let denote the symmetric group on p symbols which include 
a and jS. Clearly = Z^{ol^) = ((x^)Zj^, so that in particular 

= m+mzx. 

Let denote the negative symmetric group on q symbols which 
also include a and jS. Then, similarly, 

Yi = 

Hence = iZi[7+(c^)][/-(«j8)K = 0. 

The following theorem follows immediately. 

III. If {Af) ^ P^N^ arid (Aj) P^N^ are two Young tableau units 
such that two symbols in the same row in A^ are in the same column in 
A^, then N^P^, Pj^i, ct'n.d (Af}{A^) are zero. 

Following the method of proof of this theorem, an alternative 
proof of Theorem II can be obtained, and the whole theory can be 
developed without reference to Frobenius’s formula for the characters 
of the symmetric group. 

There are n\ tableaux that can be built corresponding to any 
partition (A). Of these we choosetableaux, which we call standard 
tableaux. 

If any assigned order is given to the n symbols on which the symmetric 
group operates, then a tableau in which the order of the symbols in each 
row and in each column follows the assigned order is called a standard 
tableau. 

If the tableau is built by adding the symbols in their assigned order, 
it is obvious from §• 5.3, Theorem I, that— 
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IV. Corresponding to a partition (A) there are exactly standard 
tableaux. 

These tableaux are ordered in the following manner. Let A 
and B represent two standard tableaux such that the symbols in 
the ith row and jth column are and respectively. Consider 
the sequences 

%1> %AiJ ®21V*J ^2 Aj,j %1> ^pApj 

^12>* ^lAi? ^2A,> ^31j***j ^pAp' 

Let be the first symbol in the first sequence such that a^^ ^ b^^. 
Then if a^^ precedes b^^ in the assigned order, the tableau A is said 
to precede the tableau B, 

V. If (A), (B) are two standard tableau units corresponding to the 
same partition, and A precedes B, then (B)(u4) = 0. 

Let a^j and 6^ be the elements in the ith row, jth column of A 
and B respectively, and let % be the first symbol in the sequence 
^lA^j ^ 2 iv 5 such that a^^ ^ b^^. Thus a^^ precedes b^^. The 
symbols in the first (i—1) rows and the first (j—1) symbols in the 
ith row of the two tableaux are identical. Hence the symbol a^j 
must appear in jB in a later row than the ith. Since a^j precedes 
b^j it must appear in an earlier column than the yth. Suppose, then, 

Then the elements % — b^^, a^^ = bj^ appear m the same row in A, 
and in the same column in B, so that {B)(A) = 0. 

Let the standard tableaux corresponding to the partition (A) 
be J-i, A^,..., A^w, whereprecedes Aj ifi< j, and let [Af) = 

Thus for i < y, = 0, and in particular N^P^ = 0. 

It usually happens that there is also at least one pair of symbols 
in the same column in A^ and in the same row in Aj. If this is the 
case NiPj = 0 also. 

If this is true for every pair of tableaux, a simple matrix repre¬ 
sentation of the sub-algebra is easily obtained. 

Let be the permutation which transforms the tableau A^ into 
the tableau Ap so that 

Pi^ij == 

Also cr^j oyjfe = CTijc^ 
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% = Pi^i, 

% = Pi<TijIfj. 

^ij ^jk ~ Pi Pj ^jk 

~ ^ij^jkPk^kPk^k 
== (^ihPkP^k 
== Pi<^ik^k 
= ^iky 

= 0. 

The simple matrix representation is evident. 

Unfortunately some cases occur in which there is no pair of ele¬ 
ments in the same row in Aj and in the same column in A^. Thus 
for the partition (3 2) for the symmetric group on five symbols 
“ 2 , as* ^ 4 , ot&, taken in that order, 


‘"G 


«2 

^6 

0^3 


We have = 0, but ^ 0. We cannot choose and 
Pg^ as diagonal elements in our simple matrix representation 
because P^JN^Pg JV^ ^ 0. 

To meet such a case, an extra factor is introduced into all 
tableau units. The diagonal elements c^, ^ 22 ,..., are defined in 

e — P N 

^22 ^ 

and generally e„ - JMiPiNi, 

where Mi = i—e^j—egg—...— 

0 for i < j, clearly 


Since 




a Hi 


and 

Thus 


= 0 (*<j), 

tiiMi — 6(1. 

e% = MiPiNiPiNi 
= MfPiNi 



6.4 


THE SYMMETRIC GROUP 


77 


Lastly, 

^22 ...— 

= 0 (i<i). 

The exact form of is of importance. The factor rnsjy be 
taken as unity unless there is a tableau preceding such that 
the set of symbols in each row of appear in different columns of 
If there is such a tableau, then, clearly, a rearrangement of each 
column of A^ wiH bring the symbols which are in the first row of 
Aj into the first row of Ai\ and similarly for every subsequent row. 
That is, there is a substitution 8^ belonging to which will trans¬ 
form Ai into a tableau (not standard) in which the symbols in each 
row, except for order, are the same as the symbols in the correspond¬ 
ing row of A^. A further permutation Tp belonging to Pp will trans¬ 
form this tableau into Ap Hence 

where Si belongs to Ni and 3} to Pp 

Clearly T^Pj== Pp 

and NiSi = ±Np 

the sign being + or — according as Si is a positive or a negative 
permutation. 

Let 0^^ = +1 or —1 according as Si is a positive or a negative 
permutation. 

Hence Ni Ci^ P^ = 0^^ Ni Pp 

If, corresponding to Ap there is only one tableau Ai such that 
NiPj ^0, and further Mi = 1, we shall have 

MiP^N^^(l-PiNi)P^N^ 

= P^Nj-PiNiP^N^ 

= ( 1 — d^aij)PjNj. 

Thus we may take Mj—1 — 

If there are several such tableaux Ai, assuming first that Mi—1 
in each case, 
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Allowing for the factors when these are not unity, we see that 
in the general case 

= 1 — 2 2 2 222 ^lk^ki^ij^lj+--y 

i i k ^ TT 

the summation being first with respect to every tableau such that 
NiPj ^ 0, and for each i, with respect to every tableau Aj^ such that 
0, and so on. Since ah <,i <. j, the series terminates. 

VI. If the standard tableaux Aj^^ A^ are in the assigned 

order, and if is f^^yh times the product of the symmetric gron]p$ on 
the symbols in the rows of A^, Ni is the product of the negative symmetric 
groups on the symbols in the columns of A^, cr^j is the permutation which 
transforms A^ into Ap and is defined by equation (5.4; 5), then the 
equations e,^^ (5.4;6) 

give a simple matrix representation of the sub-algebra. 

To find the matrix in the sub-algebra which corresponds to a 
given permutation 8, it would be necessary to solve h equations. 
Fortunately these can be solved for the general case as follows. 

Let % = 2 1, 

and let <5* = 2 

where <f>j^ belongs to other sub-algebras. 

Then the trace of 

== trace of ^ a^8^^8j^ 

= ha% 

== trace of 2 
Hence = ha^lf^\ 

VII. The matrix corresponding to the group element 8^ in the sub- 
algebra of the Frohenius algebra corresponding to the partition (A) is 
[6^], where hf is the coefficient of in the expression 

hM,P,a^NJf\ 

As an example ‘we consider the sub-algebra corresponding to the 
partition (2^) for the symmetric group on the four symbols oc, P, 
y, 8. There are two standard tableaux 
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Hei^%"e have 


12 Pi = /+(a;8)+(y8)+(aj8)(yS), 

12P, = i+(ay)+(;S8)+(ay)(^8), 

■^1 = (“r)—(^S)-h(Q:y)(^8), 

= /—(a^)—(yS)+(0£^)(y8). 

We may take — M^= 1. 

Theorem VI gives 

12 eii = /+(a^)+(y8)+(a^)(y8)—(ay)—(o^y)—(ayS)— 

—(a^yS)—(^8) — (a8^)—(^Sy)—(a8y^)+(ay)(^S)+(aSjSy)+ 

4-(o!y^S)+(a8)(^y), 

12622 = /+(ay)+() 8 S)+(ay) 088 )-(aj 8 )-(ayj 8 )-(aj 8 S)-(ay; 88 )- 

— (y8)—(aSy)—(^yS)—(a8^y) -Ha^)(y8)+(a8y^) -f (a^yS)+(aS) ()Sy), 
12 ei 2 = (^y)+(ay^) + (^y8)-t-(o£y8^)—(oi^y)—(ay)—(a^y8)— 

—(ayS)—(^8y)—(aSy^)—(^8)—(oS^)+(a^8y)+(aSy)+(o^8)+(a8), 
12621 = (^y)4-(a^y)+(^8y)+(a8^y)—(ay^)—(a^)—(ay^8)— 

— (a^8)—(jSyS)—(a^8y)—(yS)—(aSy)+(ay8j6)+(aSj8) + (ay8)+(oS). 

Krom Theorem VII, picking out coefficients, we obtain 


I, (aj8)(y8), (a8)03y), (ay)(jS8) are represented by 
(a^), (yS), (aS^y), (ay^8) 

(ay), (^8), (a^yS), (aSy^) 

(a^y), (ayS), (a8^), (^8y) 

(^y), (a8), (a^8y), (ayS^) 

(ay^), (a^8), (^y8), (aSy) 



Young tableaux with repeated symbols 

If a substitutional expression is multiplied both on the left and 
on the right by a factor [/+(ajS)], the result will be symmetric with 
respect to these two symbols a and jS, i.e, the symbols may be inter¬ 
changed without altering the result. This applies especially to the 
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characteristic -units defined by Young tableaux. Two Young tab¬ 
leaux which are identical save that the symbols a and jS are inter¬ 
changed will lead to the same resulting expression. It is sometimes 
convenient in such circumstances to write the tableaux with identical 
symbols, say two a’s in the positions of the a and We say that 
the symbol oc is repeated in the Young tableau. 

The writing of a tableau thus with a repeated symbol is purely 
conventional, and the identical symbols must not be treated as the 
same symbol, e.g. from the tableau 



to obtain the corresponding substitutional expression the jS’s must be 
formally distinguished by suffixes or otherwise. It would be inoorredt 
to obtain the product (c^)][/_ (c^)] = 0. 

Similarly, if the substitutional expression is to be multiplied on 
the left and on the . right by the symmetric group on r symbols 
ai, ocg,..., these symbols in the Young tableau may be replaced 
by the symbol a repeated r times, since interchanges amongst these 
symbols will not affect the result. 

One result is immediately obvious. 

If a symbol is repeated in the same column of a Young tableauy 
the resulting substitutional expression is zero. 

It is convenient to arrange the order of the symbols used to decide 
which tableaux are standard, so that the repeated symbols are 
consecutive. We can then refer to standard Young tableaux with 
repeated symbols. 

If two tableaux and Aj become identical when the given 
symbols are made identical, then clearly and become equal. 
The factors and may, however, be very different, but inspec¬ 
tion shows that-Jf^PjYi and must become equal also. For 

suppose that Nj^Pi ox Nj^P^ ^ 0. Then i < i and h < and since 
PiNi^ and P^N^ become equal, then Pj^Nj^P^N^ and Pj^Nj^P^N^ become 
equal also. It follows that M^P^N^ and M^P^N^ become equal. 

It will be shown later that the matrix of a given sub-algebra, 
which corresponds to the direct product of symmetric groups on 
fxi symbols respectively, has rank equal to the number of 

non-zero standard Young tableaux that can be built with h symbols 
which are repeated P 2 J***> times respectively. 



VI 

IMMAlsTANTS AND /S-FUN'CTIOlSrS 

6.1. Immanants of a matrix (1) 

Let [djj] be a matrix of order n^. Let S denote any permutation 
ejL, eg,..., of the numbers 1, 2,..., n. We denote by the product 

There are clearly nl products corresponding to the n! permuta¬ 
tions of the symmetric group. 

Let be the character of the symmetric group of order n\ 
corresponding to the partition (A) = (Ai,A 2 ,...,Ap) of m,. 

The, immanant of the matrix [a^j] corresponding to the partition (A) 
is denoted by and is defined by the equation 

the summation being with respect to the n\ permutations of the sym¬ 
metric group. 

Since the character is unity for every operation of the group, 
and the character is +1 for a positive permutation and —1 for 
a negative permutation, the permanent and the determinant of a 
matrix are special cases of immanants. 

kI = 

The matrix of order 9 has thus three immanants, the per¬ 
manent, the determinant, and 

~ CJ22 <^33 %2^23%X %3^21^32* 

Matrices of orders 4^, 5^, and 6^ have respectively 5, 7, and 11 
immanants. 

It is well known that the determinant of a matrix has the remark¬ 
able property that it is equal to the determinant of any transform 
of the matrix. The same is not true in general of any other immanant, 
but every immanant has the following property: 

I. If \A is any matrix and JB is a permutation matrix of the same 
order, then |j^|(A) _ 

If -B is the permutation matrix corresponding to the permutation 



82 IMMANANTS AND/Sf-FUNCTIONS Chap. VI 

Tj then the effect of transforming 4 hy B is to replace each product 
Pq by the product Since 

the immanant is unchanged. 

6.2. Schur functions 

We consider now an application of the preceding theory to the 
theory of symmetric functions. 

Consider the symmetric functions of n quantities 

These symmetric functions are usually associated with the equation 
whose roots are aj, namely 

By actual multiplication it is clear that the coefficient a^, of (—l)^a:^“»‘ 

is the sum of the products of r different quantities a^. 

It is more convenient to associate the symmetric functions with 
the equation whose roots are the reciprocals of the quantities 
namely 

f{x) ~ JJ {1—oL^x) = = 0. 

( 6 . 2 ; 1 ) 

It is then possible to take a limiting case as the number of roots 
becomes infinite. 

By formal division ljf{x) may be expanded in a series of ascending 
powers of a:, ^ 1/JJ (l-o«,x) 

= ,,m * ( 6 . 2 ; 2 ) 

Hence, by comparing coefficients, \ is the sum of the homogeneous 
products of degree r of the quantities aj, cxa?--? 

The quantities a^, and are clearly symmetric functions, and are 
called respectively the elementary symmetric functions and the 
homogeneous product sums of a 2 ?—? “n- There is a third type of 
symmetric function of some importance, namely 

t=i 

Part of the theory of symmetric functions concerns the formulae 
which connect these three types of symmetric function. 
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Since 

1 =f(x)F(x) = (1— 
we have, by comparing coefi&oients, 

dj. = 0. (6.2j3) 

Again, log/(a:) = 2 log(l—Or*)- 

Hence, the dash denoting differentiation, 

= X -ar/(l—“r*) 

= — 2 (ar+o;?a;+o<?a;S+-) 

nx)=-f(x)^8,af-\ 
a^—2a2 a;+Sag 4^4 — 

= (1—...)(/Sl+>S2^^+>S^ 

By comparison of coefficients we obtain 

ra^ = (6.2; 4) 

These relations were first given by Newton: 

/S^—= 0, 

8^ 8i(i-^’-\-^(i2 == 0, 

8^—8^a^+8^a^—?,a^ == 0, 


8j. —= 0. 

Solving these equations for the a,.’s in terms of the by means 
of determinants, we obtain 

rlcir=m ( 6 . 2 ; 6 ) 

where ’8i, 1 

8,, 8^, 2 



[^r] = 


^S> ^2> 3 


(6.2; 7) 


. . . . r—1 

L4, 4-l> ^r-2. j 

In a similar manner 

F'(x)IF(x) = 

J-'Cx) = J'(a;) 

'h-i^^'h^x-\-Zhi^x^-\-... = (l+^a:+A2a:®+...)(>Si+'^2*+^*®+—)i 

r\ = 5i Vi+^2 V2+-+'^r- (6-2; 8) 
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These relations are due to Briosohi: 

= 0 , 

^3Hh^2^1“l“^1^2—^^3 ~ (6.2j 9) 

= 0» J 

Hence /S^, —I 

-2 

f S^, 3 

^r-V — 5^11 

Now every non-zero product as defined in § 6.1, obtained from 
the matrix [Zj] corresponding to a positive permutation S, must 
contain an even number of terms from the diagonal above the leading 
diagonal, and corresponding to a negative permutation, an odd 
number. Hence the effect of changing the sign of every term in 
this diagonal is to change the sign of every product corresponding 
to a negative permutation >S, and thus to interchange the permanent 
and the determinant of the matrix. 

Hence t\\=\Zj.\. (6.2; 10) 

Equations (6.2; 6) and (6.2; 10) suggest that other immanants of 
the matrix [Z^] besides the permanent and the determinant may be 
of interest. We therefore define the Schur functions, or, as we shall 
call them, /^-functions (2), from the immanants of the matrix [.ZJ. 

Definition. If (A) s (A^, A2,..., A^,) is a partition of r with the parts 
in descending order, the 8-function {A} = is defined by 

tu equation ^ 

Equations (6.2; 6) and (6,2; 10) give 

( 6 . 2 ; 12 ) 

Let p be a class of order h^ of the symmetric group of order r!. 
We find an expression for the sum of the products 2 obtained 

p 

from the matrix [ZJ corresponding to the h^ permutations of the 
class p. 
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IMMANAKTS AND ^-PUISrCTIONS 

Firstly, let p = {PvP 2 >>**iPi)} let the orders of the 

cycles be all different. One permutation of this class is obtained by 
cyclically permuting the jSrst symbols, then the following p^ 
symbols, and so on. The corresponding product is 

The only other permutations of this class which give non-zero 
products are obtained in a like manner, but by permuting the 
orders of the cycles, p^. 

Hence 2 ... 

P 

where ^ = ^2 ^IPx{Pi+P 2 )-il>i+Pz+-+Pi) 

summed for the i\ permutations of the suf&xes. 

It can be shown by induction that 

2 VPliPl+Pz)-iPl-^P2+-+Pi) = VPlPi-Pi- 

Assuming it true for i, we have, summing for the (^+1) combinations 
of the (t+1) suffixes i at a time, 

2 VPl(Pl+P2)-(Pl+P2+-+Pi+l) 

1 r_ Pi Pz 

PlPi...Pi+-\,Pl+P2+-+Pi+l Pl+P2-\--+Pi*X 

+ ••• + - f -1 = 1/Pli’2--Pi+1- 

+ • * * +Pi’+1 J 

Hence ifcp = 

If, however, p contains cycles of equal order, let it be the class 
(1« 2^ S'"...), where (Z+6+c+...= i- AH the i\ permutations of the 
cycles are not now distinct, but consist of the i\ja\b\c\.,. distinct 
permutations repeated a! 6! cl... times. 

Thus the value rl/piP^—Pi = r!/l®2®3^... 

is a!6!cl... times JCp, and 

Jcp = r!/Pa!2*'6!3^c!... 

= hp, 

the order of the class p, from (3.6; 1). 
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(6.2; 13) 


where Sp is as defined by equation (5.2; 3), and we arrive at the very 
important formula ^ A, xf% (6-2; 14) 

The expression of the /S-functions in terms of the symmetric 
functions may.now be read from the tables of characters of the 
symmetric groups. 

Conversely, the products of the may be expressed in terms of 
/S-functions as follows. From (6.2; 14) we obtain 


= -sr, 




SO that 




(6.2; 15) 


Thus from the table of characters of the symmetric group of order 3! 


Class . . 

<1») 

(2 1) 

(3) 

Order. . 

1 

3 

2 

x'*> 

1 

1 

1 


2 

0 

-1 

x«'> 

1 

-1 

1 


we obtain 


6Aa 


6(3} =.^i+3*S',^2+25f3, 

6 ( 21 } = 2Sl-2Ss, 

6^3 = 6 { 1 ®} = Sl-ZS^S^+2S^, 

i >Sf| = {3}+2{21}+{l»}, 

;S^;S3 = {3}-{13}, 

^3 = {3}-{21}+{13}. 

It follows that if the number n of the quantities from which 
the symmetric functions are formed is greater than r, then there are 
exactly sufficient ^-functions corresponding to partitions of r to 
express the general symmetric function of weight r without ambi¬ 
guity. If, however, n <r, the quantities 8^ are algebraically depen¬ 
dent, and thus the products 8^, and hence the /^-functions of weight 
r, are linearly dependent. We shall show that this linear depen¬ 
dency manifests itself in a remarkably simple manner, the /S-func- 
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tions corresponding to partitions into more than n parts being 
identically equal to zero. 

6.3. Properties of/S-functions 

Expressions as quotient of determinants and as determinants 
From Frobenius's formula (5.2; 8) 

we obtain 

2 \ = 2 ±\ ag* 

p/x. 

i 

, y zh TT 

Hence (A} = _2 

i 

In each case the summation is taken with respect to all permuta¬ 
tions of the suffixes, the negative sign being taken for a negative 
permutation. 

Hence {A} = (6.3; 1) 

The numerator and the denominator of this quotient are alter¬ 
nating functions of the a’s, or alternants; i.e. they are unaltered by 
a positive permutation of the a’s, but are changed in sign by a 
negative permutation, A quotient of two alternants must, of course, 
be a symmetric function. From such a definition /^-functions have 
been studied by Jacobi, Trudi, Naegelsbach, and Kostka long before 
group characters were discovered by Frobenius, and Muir refers to 
these functions under the name bi-alternants (3). Jacobi, and inde¬ 
pendently Trudi, expressed this quotient as a determinant in which 
the elements are the symmetric functions Naegelsbach expressed 
the same quotient as a determinant in which the elements are the 
S 3 mimetric functions Later Kostka proved Trudi’s and Naegels- 
bach’s theorems for himself in a more elegant manner, and obtained 
further properties of the functions, constructing tables connecting 
the functions with other symmetric functions. Schur (4) was the first 
to define the functions with any reference to group characters, and 
hence they are named after him. 

We obtain first tjae Jacobi-Trudi equation. Denote by (a, 6, c, 
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the sjTDametric function of the quantities and denote 

(1,2,3,..., by so that Then it is easily verified that 

and also 

In the determinant subtract the fixst row from every 

subsequent row, and remove the factor (q:^— a^) from the 5th row. The 
element in the 5th row, <th column becomes, for 5 > 1, 

Subtract the second row from every subsequent row and remove 
the factor (ag—-cxa) from the 5th row (5 > 2). Since 
(1,5),.—(1,2),, == (oig—a2)(l,2,5),.^i, 
the element in the 5th row, ith column, for 5 > 2, becomes 

(1, 2, 5);^^4.,^_^_2- 
Continuing thus we obtain 

= IT “i) 

i<j 

Now consecutively, for 5 = 2,3,4, etc., add 0 :^ times the 5th row to 
the (5— l)th row. is replaced by Similarly, 

add ag+j^ times the 5 th row to the ( 5 —l)th row, and continue thus 
The upper suffix of each term is thus raised up to n, so that 

|aA,+™-<| = JJ 
i<J 

By reversing the order of the rows the right-hand side becomes 

XT (“i—«^)l\ +s-<l* 

i<? 

It is convenient in this determinant, to interchange the rows with 
the columns. Hence 

g («<-«,)I, 

and we obtain {A} = = 1 V»+«l- (6-3; 2) 

The second equation of this is the Jacobi-Trudi equation. 

Now suppose n If ir is any symmetric function of weight r, 
it can be expressed without ambiguity in terms of the functions 
/S?i, expression replace S^, /S 4 , /Sg,... respectively by 

—S 2 , —/S 4 , The result is another symmetric function of 

weight r which we denote by x. Clearly, if y = :r, then x = y. 
Then from (6.2; 14) and Theorems IV and V, § 5,3, 

== (Xfj^y tty. = 
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and more generally if jex = is the partition of r con¬ 

jugate to (A), 

M = {A}. 

Hence {A} = ^ 

s+<l 

If (ju.) is the partition conjugate to (A), then 

{A} = (6.3; 3) 

The proof is extended to the case n <Zr hj putting superfluous 
roots equal to zero. 

This equation (6.3; 3), or rather the equation obtained on replacing 
{A} by the appropriate quotient of alternants, is equivalent to the 
equation of Naegelsbach and Kostka. 

Symmetric functions of the form (5) 

The above equations connect 5^-functions with alternating func¬ 
tions and with the symmetric functions a^, and We now show how 
to express symmetric functions of the type 2 in terms of 

/S-fxmctions. 

Since there are exactly sufficient /S-functions of weight r (for 
n'^r) to express the general symmetric function of weight r, we 
can always express 2 hi the form 

By the following method we can evaluate the coefficients 
Since from (6.3; 1) 

{A}A(«i,...,aJ = 2 

we have 
Hence 

where is the coefficient of product 

2 A(ai,..,, ocj. 

Though the number of terms in A(ofi,...,o£^) may be very large, 
we can pick out the required coefficients very easily as the following 
example will show. 

4632 G 
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Example. To express 2 Here we 

must have n ^ 5, We take the simplest case n = 5, We have to 
pick out the coefficients in the product 

(2 “i “2 o^3)(2 “4)» 

the second summation covering all permutations of the suffixes 
(including the omitted suffix 5), taking a negative sign for a negative 
permutation. In the product we need only consider terms with all 
indices different. 

We set out the calculation first and follow with the explanation. 


4, 3, 2, 1, 0 



3. 1, 1 

4, 3, 5. 2, 1 

1, 1, 1, 1, 1 

+ 

1, 3, 1 

5, 3, 2, 4. 1 

1, 1, 1, 1, 1 

+ 

1, 1, 3 

5, 4, 2, 1, 3 

1, 1, 1, 1, 1 

+ 

3. 1, 1 

4, 6, 3, 2, 0 

2, 1, 1, 1 

— 

3, 1, 1 

7, 4, 3, 1, 0 

3, 1, 1 

+ 

1, 3, 1 

6, 6, 3, 1, 0 

2, 2, 1 

— 


We set down in the first row of the first column the indices in the 
right-hand term of the product, namely 4, 3, 2, 1, 0. We have to 
add to these the indices 3, 1, 1 in any order so that the five indices 
resulting are all different. In the first instance we may add any of 
these to zero. In the second row we add 1 to zero. The sum is 1, 
and since this index must not be repeated, either the other 1, or the 
3 must be added to 1. Following this principle we obtain the second 
and; the third rows, and if 3 is added to zero, the fourth row. The 
other possibilities are given in the last three rows. 

In the second column we give the corresponding sums of the 
radices, namely 1, A 2 +^ 2 .—2,..., A^ in some order. In the 

third column these are arranged in descending order and the num¬ 
bers 4, 3, 2, 1, 0 respectively subtracted, giving the numbers A^, 
Ag,..., A,^. In the fourth column a + or — sign is given according as 
the second column is a positive or a negative permutation of the 
descending order. 

Hence ^ = {3 l^}-{2n}+ 3{is}. 

Values of the /S-functions of oc^ when the weight r > n 

If the weight r > n, the products 8^ and hence the >S-functions 
are not lineariy independent. This dependency manifests itself in 
the simple manner indicated by the following theorem. 
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II. An S-function of weight r corresponding to a partition of r into 
more than n parts is identically zero. 

It is sufficient to prove it for the case when the number of parts 
exceeds the number of variables by one. The extension to the more 
general case is obtained by putting some of the variables equal 
to zero. 

Let (A) == (Aij..., A^,) be a partition of r into p = n+l parts. Con¬ 
sider the ^'-function {A} of aj, ^ which we shall put 

^n+l = 0 . 

We have {A} = 

The determinant in the numerator has in the (ri-l-l)th row powers 
of only, which are zero since = 0. But if the variables 
ag,..., oc^ are all distinct and not zero, the denominator, which 
is the product of the differences, is not zero. Hence if = 0, 
then {A} = 0. The equation {A} = 0 is clearly an identity in the 
variables 6,nd remains true if some of these are equal, 

or are zero. 

This proves the theorem. 

The multiplication of /^-functions (6) 

An account of jS-fonctions would hardly be complete without a 
set of rules for multiplication. We set out the rules in the form of 
three theorems, namely III, IV, and V which follow. 

III. The product of two S-functions of weights r and s respectivdy 
is equal to the sum of integral multiples of 8functions of weight r-{-s. 

To prove the theorem we require the following lemma. 

Lemma. An isomorphism exists between the multiplication of 8- 
functions and the multiplication of corresponding characteristic units 
involving different sets of symbols. 

Consider the product of two /S-fiinctions {A}{/x-} of weights r and 
s respectively. Corresponding to {A} consider any characteristic unit 
of the symmetric group on the r symbols 

*•*« Pr> 

which corresponds to the simple character and corresponding 
to {jti} a characteristic unit of the symmetric group on the a symbols 

Pr+l’ ^r+2» •*“» A*+«» 

which corresponds to the simple character 
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The direct product of these groups is a subgroup of the Bjinmetric 
group on the r-j-s symbols. The product of two operations of these 
symmetric groups will have the sum of the cycles of the two opera¬ 
tions. Hence if the operations belong to classes p and respectively, 
and the product to the class p" of the symmetric group of order 
(r+^)!, then 


Sj, being defined by equation (5.2; 3). 

Since from § 4.4, Theorem I, a characteristic unit corresponding 
to the simple character has an aggregate of operations 

from the class p, the proof of the lemma follows. 

The proof of the theorem now follows immediately, for the product 
of two characteristic units, which are commutative, since they corre¬ 
spond to substitutions on different sets of symbols, must in the 
nature of the case be a characteristic unit. 

We shall use as characteristic units those which correspond to 
standard Young tableaux corresponding to the given partition. 

IV. The S-functions obtained in the product {X}xhr are those which 
corr^pond to the Young tableaux that can he built by the addition of 
r identical symbols to a tableau corresponding to the S-function (A), 
no two identical symbols appearing in the same column. 


We use oL for the r identical symbols, and for convenience number 
them ai, aa,..., c^. 


anri corresponding to the partition (A), 

f symmetric groups of the rows 

-B is a iiegative symmetric groups of the columns. 

5 ^ a tableau with one row containing the r symbols a.. <v . 

The coixespondmg characteristic units are 


TW 


and 


ijW- 


if algeli. sitid to be equiTalent 

The tteorem i. tbi, if ^ demooetmte tbat 
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the summation on the right being taken over the tableaux C defined 
in the theorem, being the corresponding character. 

The modulus of the invariant sub-algebra corresponding to 
of the Frobenius algebra of the symmetric group of order ( 7 z+r)! 
is equal to 

iEP)]. 




(ra+r)!‘ 


the summation being taken over the xa^ standard tableaux D, 
corresponding to x^”). The assigned order of the symbols needed to 
decide which tableaux are standard is any order of the n symbols 
of Ji that would make A a standard tableau, followed by the r 
symbols of B taken in the same order. 

Since the identical element of the group, and also the modulus of 
the sub-algebra, are unaltered by transformations, we may multiply 
both sides of the above equivalence by this modulus and equate 
coefficients of the identical element. The right-hand side becomes 

(n+r)V 

where is the number of tableaux G which correspond to 
From the method of definition, each of the tableaux C is 
standard. 

Now suppose that the row of r symbols in the tableau B is divided 
in the tableau C into t rows containing respectively a^, CLt of 
these symbols. Corresponding to one tableau G, there will be 
(r!)/(ai!a 2 !..-a^!) standard tableaux D which pan be obtained by the 
rearrangement of these symbols, the symbols in each row stiU being 
in the assigned order. The tableaux D that do not correspond ia 
this way to a tableau C will make the product (J.)(jB)(D) zero, from 
Theorem III. 

Consider the coefficient of the identical element in the product 
(J.)(J5)(D). The tableau A contains only the first n symbols, and 
the tableau B only the last r symbols. Hence the only significant 
terms from the tableau D are those that contain no cycles involving 
both sets of symbols. Thus the required coefficient will be unaltered 
if we replace the tableau D by that portion of it which contains the 
first n symbols, which portion must be identical with A if the product 
is not to be zero, and multiply by the symmetric groups on the %, 
agvj symbols from tableau B, 
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The coefficient of the identical element in the product 

1 vl*') 




must therefore be 




ajli 


(n+r)! r\ 

If we sum for the (r!)/(%!...fl^^!) tableaux D which eorrespond to 


each tableau C, we obtain 




(ti+r)! 

for each tableau G. The theorem follows. 


V, The 8 -functions appearing in the product {Ai,..., A^}{)ai,..., are 
those which correspond to the Young tableaux that can be built by adding 
to a Young tableau corresponding to {A}, identical symbols a, jitg 
identical symbols jS, p.3 identical symbols y, etc., subject to two conditions : 

Firstly, after the addition of each set of identical symbols we must 
ham a regular Young tableau with no two identical symbols in the same 
column. 

Secondly, if the total set of added symbols is read from right to left 
in the consecutive rows of the final tableau, we obtain a lattice permuta¬ 
tion of . 

It follows from Theorem IV that the >S-functions in the product 

correspond to all tableaux that can be built in accordance with 
Theorem V subject to the first condition only. 

Again, taking {A} = {0} == 1, we have from Theorem III 

where {ja'} is summed for all /S-functions, excepting only {y}, which 
correspond to standard Young tableaux that can be built with 
ju-i a’s, P2 y’s, etc. As an example, from the tableaux 



we deduce that 


= {2 P}+{2*}+2{31}+{4}. 



6.3 


IMMANANTS AND N-FXJNCTIONS 


95 


Hence we have 

{m ={A}v W-- 2 w)- 

We will assume the theorem to be true for the products {A}{/x-'} 
and prove it for the product The principle of mathematical 

induction then allows us to deduce the truth for all cases, since the 
partitions of n may be ordered so that for each partition {fj.} the corre¬ 
sponding partitions {/x'} all precede {fx}. 

The proof is obtained by showing that for any tableau built 
according to the first condition of Theorem V which gives^ a non¬ 
lattice permutation of there corresponds a tableau built 

according to both conditions of Theorem V for a product 
and conversely. 

For a given non-lattice permutation of consider first 

the a’s and the jS’s only. Number the a’s and jS’s in the order of 
their appearance. 

If Pg precedes and succeeds it is said to be of index s—t, 
and is said to be of positive, zero, or negative index according as 
s—t is positive, zero, or negative. 

If the a’s and j8’s exhibit the lattice property, there is no j8 of 
positive index. 

Otherwise take the first j8 of greatest (positive) index and replace 
it by an a. This step is reversible, an essential part of the argument, 
for the proof depends upon an exact 1:1 correspondence. To reverse 
the step we renumber the a’s and ^’s, and take the last of greatest 
zero or positive index and replace the a immediately foUowmg it by 
a j8, unless aU jS’s are of negative index, in which case we replace the 
first a in the permutation by a 

Now take a Young tableau M corresponding to {/x} with a’s in 
the first row, jLX2 jS’s in the second row, etc. When a ^ is converted 
into an a in our permutation, the last symbol in the second row of M 
is moved up to the end of the first row. 

The process is repeated both with the non-lattice permutation 
and with the tableau M until there is no of positive index, i.e. as 
far as the a’s and jS’s are concerned the permutation exhibits the 
lattice property. 

Next the j 3 ’s and y’s only are considered, and each y is given an 
index relative to the ^’s. If necessary the first y of greatest positive 
index is converted into a jS, and at the same time a symbol is moved 
from row 3 to row 2 of M, 
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This step may destroy the lattice property of the a’s and jS^s. 
If so, the first j8 of index + 1 , which may or may not be the symbol 
converted from a y to a is converted into an a, and at the same 
time a symbol is moved from the second row to the first row 
of M. 

The process is continued consecutively with the y’s, S’s, etc., 
until we arrive at a lattice permutation of and the Young 

tableau M now corresponds to the partition (/x'). 

To establish the 1:1 correspondence between the tableaux satis¬ 
fying the first condition of Theorem V but yielding non-lattice 
permutations, and the tableaux obtained in the various multiplica¬ 
tions it is only necessary to show that the first condition of 

Theorem V remains satisfied in the transformed tableau. 

Consider any two consecutive symbols in a given permutation 
of . If these two symbols are in natural order, e.g. aj8, 

ay, ^y, they are said to form a positive step; if in reversed order, a 
negative step; if they are the same symbol, a zero step. Then accord¬ 
ing to our method of transformation it will be seen that a negative 
or zero step never becomes positive, while a positive step always 
remains positive. This is sufficient to ensure that the first condition 
of Theorem V is always satisfied, and the proof of the theorem is 
complete. 

Example. To form the product of 

{431}x{22l} 

we add to the tableau corresponding to {4 3 1 } the symbols a^jS^y. 
Eor convenience we replace the symbols of the tableau {4 3 1} by 
O's. The corresponding tableaux are 


0 0 0 0 a a 
0 0 0 
0 y 


0 0 0 0 a a 
0 0 0 jS 
0 y 


0 0 0 0 a a 
0 0 0 jS 
0 


0 0 0 0 a a 
0 0 0 j8 
0 
iS 
y 


0 0 0 0 a a 
0 0 0 j8 
0 P y 


0 0 0 0 a a 
0 0 0 
OiSjS 

i.y 


0 0 0 0 a oi 
0 0 0 j8 

0 p 
ly 

0 0 0 0 a a 
0 0 0 
0 p 
p 

Ly 
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"0 0 0 0 Qt aT '0 0 0 0 aT fO 0 0 0 a"! fO 0 0 0 a 
000 000a;8 OOOa^ OOOa/S 

0)3 lOjSyJ Oj3 0 y 

r J [y J 
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Hence we obtain 

{4 3 1}{22 1} == {6 5 2}+{6 5 1^}+{S 4 3}+2{6 4 2 l}+{6 4 P}+ 
+{6 3 22}+{6 3 2 P}+{6 3^ l}+{5^ 3}+2{52 2 1}+ 
+{52 P}+2{6 4 3 l}+2{5 4 22}+3{5 4 2 12}+ 

+{5 4 l4}+{5 .32 2}+{5 32 l2}+2{5 3 2^ 1}+ 

+{5 3 2 P}+{42 3 2}+{42 3 12}+2{42 2^ 1}+ 

+{4 32 2 l}+{4 3 2^}+{4 3 22 l2}+{42 2 l^}. 

6.4. Generating functions and further properties of S- 
functions (7) 

Convention for /^-functions with parts in non-descending order (8) 

In the expression of a partition (A) of n, the order of the parts is 
of no consequence. In the definition of the /S-function 

■{A} = “{A^j A2J...5 Apj-, 

however, it was assumed that the parts were expressed in descending 
order, i.e. A^ > A^ > ... > A^. 

It is convenient to define the /S-function {A} = {A^, Ag,..., A^} when 
the above inequality does not hold, not by the simple rearrangement 
of the parts in descending order, but by the equation 

{Ai, Ag,..., Ap} = 1 • 

The parts A^ must be integral, but need not be positive. 

Every /^-function so defined is either zero or equal to an AS-function 
expressed with the parts in descending order, with a possible change 
of sign. To reduce such an /S-function to this form we have the 
following three rules which are easily verified. 

1. In uny 8-function two consecutive, ^arts may be interchanged 
provided that the preceding part is decreased by unity and the succeeding 
part increased by unity, the S-function being thereby changed in sign, 
i.e. 

{Ai,..., A^, A^-f-i, A^+2> • * * 5 Ap} 

= —1? A^+l> A^+2>‘“j^p}* 

2. In any 8-function if any part exceed by unity the preceding part 
the value of the 8-function is zero, i.e. if 

^ A^+i = ^+1> 

{A} = 0. 
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3. The value of any S-function is zero if the last part is a negative 
number. 

Examples. 

{ 2 , 4 , 6 , - 1 , 2 } = -{ 2 , 5 , 6 ,- 1 , 2 } 

= { 2 , 6 , 5 , 1 , 0 } 

= -{4,3,5,1,0} 

= {4,4,4,1,0} 

= {4M}. 

{4,3,6,1,3} = -{4,5,4,1,3} 

= 0 

by reason of rule (2). 

{6,3,8,-~2,l}= 

= 0 

by reason of rule (3). 


Generalization of the definition of /^-functions 

Hitherto we have associated the /8-functions of n quantities 
oLi, with two series, namely 

fix) = n = i-{i}a;+{iv--+(-ir{i’’K+- 

and 

Fix) = 1/n (l-oc^x) = l+{i}x+{2}x^+...+{r}x-+.... 
Henceforward we choose the second series as the basic series. The 
/8-functions are then regarded as those associated with the series 
F{x). The concept of the /S-function is then generalized as follows. 
We take as the basic series any series of the form 

= ( 6 . 4 ; 1 ) 

irrespective of convergence or divergence. We define S,. as the 
coefficient of in the formal quotient 

F'{x)IF(x) == 2 SrX^-\ ( 6 . 4 ; 2 ) 


the dash denoting differentiation. 

With these values for the the /8-functions are defined by the 


usual formula 




(6.4; 3) 


The /8-functions of weight w do not depend on the values of 8^. for 
r '>w, and hence depend only on the first w coefficients \ in F{x). 
Since a polynomial can always be found of which the reciprocal 
coincides with F{x) for the first w terms, all the properties of the 
/8-functions so far demonstrated for the reciprocal of a polynomial 
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must also hold for the general series F(x), with the exception of 
those properties which involve the roots. In particular {r} = 

Some special cases are of interest. In the first case we may retain 
the equation F{x) = 1/JJ (1—but make the number of the roots 
become infinite, 2 ^4 being supposed convergent for all i. In this 

r 

case the relations between the /S-functions and the quantities oc^. are 
also applicable, the equations connecting the /^-functions with 
symmetric functions of the form 2 holding true. The equa¬ 

tion expressing the /S-function as a quotient of determinants then 
involves the limit of the quotient as the number of rows and columns 
becomes infinite. 

Secondly, F{x) may be of the form 

F{x) = n 

In this case the functions and are interchanged, and each 
/S-function with the conjugate /S-function, there being a change of 
sign also when the weight is odd. The number of the quantities oc^ 
may become infinite provided that 2 <4 is conv^gent for all i. 
Thirdly, the rational fraction is important, 

r=i •r—1 

In this case = 2 2 i®r • 

^ and q may become infinite provided that 2 4 2 Pr < 2 C>n- 

vergent for all L 

Lastly, the effect of an exponential factor is worth noticing. If 

F{x) = 

then 8y = r, 8^ = 0 {i ^ r). 

Hence if g{x) ^ 

and F{x) = JJ (l--Pr^)/Tl 

then 8n = na„+ 2 2 

For a meromorphic function of genus i, for n > i, 8^ is the sum of 
the nth powers of the reciprocals of the poles minus the sum of the 
nth powers of the reciprocals of the zeros. The exponential factors 
may be adjusted to give any assigned values to /SJ^, 8^,,,., 8^. 

Generating functions in one variable 
Given that F{x) = 1+ 2 

the equation llF{x) = 1+2 
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may be regarded as a generating function for the quantities This 
immediately suggests the problem of finding generating functions 
for the other /S-functions. 

One difficulty is that the number of /S-functions of weight w is 
equal to the number of partitions of w, and a simple method of 
associating all partitions of all numbers with powers of a variable, or 
products of powers of variables, is not obvious, unless an infinite 
number of variables is taken. It is possible, however, to obtain 
generating functions if we restrict ourselves to partitions of a definite 
form. 

Consider the /S-functions 

where Pi fixed numbers 

We have, for n > 

-’Wi (6.4; 4) 


Now consider the product F{x),g{x)i where 


x\ 


1 






1 

II 



(&.4;5) 


i+l> 



The coefficient of for n 

>Pi> is 

clearly 

from 


(6.4;4). Hence F{x).g{x) may be regarded as a generating function 
for /^-functions of the form 

L F{x).g{x)^ where P{x) is a 

n^Pi 

polynomial of degree < 

The exact form of P{x) is of interest. If w. < the coefficient 

of ia s|jj ]2 equal to {n’—i,Px>-->Pi} parts are not in descend¬ 

ing order and the usual rule must be used to reduce them to descend¬ 
ing order. 

If we can find j so that 

n—i+j == pp 

the coefficient of x'^ is clearly zero. 
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A special case is of particular interest. If 

^51=^52= ... =i)i = r+l, 


then 


P{x) = 

n==0 


F{x)g{x) = P(a;)+0(a;^+^‘+^), 

F{x) == P{x)lg{x)+0{(f'^'^^'^), 

where F{x) is a polynomial of degree r, and g{x) a polynomial of 
degree i. The nomenclature 0(x'^) is used to denote any sum or 
infini te series of powers of x for which the indices ^ n. 

This is the rational fraction with numerator and denominator of 
degrees r and i respectively which, expressed as a power series, 
coincides with F{x) for the greatest number of terms. It has been 
extensively used by Pad6 and others in the study of continued 
fractions (9). 

A generalization of the Pad4 continued fraction presents itself. 


II. P{x) arid g(x) may he chosen so that g{x) is a polynomial of degree 
i, and P(x) a polynomial of degree less than or equal to iri which 
the coefficients of i arbitrarily assigned powers of x are zero, and 

F{x) = 

If the missing indices are (a^ > ag > ... > a^), then take 

p^ = OL^—j+h 

and define gr(a3) and P{x) by (6.4; 6) and Theorem I. 

The generating function for the conjugate AS-function 

1”} 

may be obtained from Theorem I, by replacmg/(ci;) by Ijfix) and also 
replacing each term \ by a^. The coefficients of odd powers of x then 
carry an extra minus sign. 


Generating functions in more than one variable 
Another generating function may be found which gives aU the 
/S-functions which correspond to partitions into not more than parts. 
Consider the function of p variables 

<l>{Xi, Xp) == P{^r) X^,,.., Xp), 

r*=l 

Xj,) = IJ {x^—x;) (r < a) 


where 
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9 ^ is an alternating function of the variables. Consider the coefficient 
of (A^ ^ Ag ^... ^ Ap). There is a term in <f> corre¬ 

sponding to each term in the expansion of the determinant for 
A(% 5 .->^ 35 )- Let x\^x\k,,x^ be any term of this expansion. To obtain 
jj^A,+p-i texm must be multiplied by JJ and the 

coefficient is r tx i 

± 11 

Hence the coefficient of JJ in ^ is 

I^a,— 8+/ 1 A2> • * • > Aj,}. 

Hence we have 

III. 

XI F{x;) = 2 ±{Ai,A2,...,Ap}a^'+»-ia^*+»-2...a;^. 

The summation is taken for all partitions into not more than p 
parts, and for aU permutations of the suffixes of the x'b, the minus 
sign being taken for an odd permutation. 

Replacing F{x) by 1/F{x), we obtain the conjugate result, namely 

IV. 

Hxi,x^,,,,,Xp)/JJFix,) 

where the summation on the right includes all partitions in which none 
of the parts exceed p in magnitude. The term takes a minus sign for a 
negative permutation of the suffixes when the weight of the coefficient is 
even, and for a positive permutation when the weight is odd. 

An important variant of these two theorems is obtained as follows. 
Denote 5^-functions of the quantities x^, x^,,.,,x^ by 

{cr; Ai,A 2 ,.,.,Ap} -or {x; X}, 

Then we have 

2 = {x; Ai,A2,...,Ap}A(vri,.,.,a;^). 

Thus, from Theorems III and IV, 

JlF{x,)^{x^„,„x^) = [ 1 + 2 X}]A{x^„..,x^), 

F{x;) = [1± A}]A(iBi„..,a:^). 

Hence we have 

V. 


nW = i+2{AK=*^:A}. 
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(X) denotes here, and elsewhere in this book, the partition con¬ 
jugate to (A). Of the alternative signs, the minns is taken when the 
Weight is odd. 

This result may be compared with one mentioned by MacMahon,f 
easily obtained by direct multiplication: 


where 

nw = 

K) = 

1 + 2%;^A)> 
Kx^x,—Kpf 

and 

P(X> = 

2 xl^X^K..X^i>. 

If 

F{x) = 


then 

n^(^r) = 



r,8 


a product symmetrical with respect to the two sets of quantities 
a^, 0 : 2 ,..., and This essential symmetry is brought out 

by the form of Theorem V, but not by the form given by MacMahon. 
Again, comparing the two results, it follows that, if 

W = 2 V)> 

2a».. = 2%{A}. (6.4; 6) 

where the coefficients are the same in both equations. 

This equality was noticed by Kostka, J who constructed tables of 
the coefficients. 

/S'-functions associated with a product 
Let F{x) =f{x)g{x), 

where f(x) = 1+ 2 

g{x) == J+ 2 
F(x) = 1+ 2 

Some formulae expressing the symmetric functions associated with 
F{x), in terms of those associated with/(a:) and g{x) respectively, are 
well known. Thus 

^ 2 

and 

We now obtain a general formula expressing any /S-function 
associated with F(x) in terms of the /S-functions of f{x) and g(x), 

t MacMahon, Combinatory Analysis (1915), vol. i, 56 et seq. 
j See Mnir, Theory of Determiramts, 4 (1923), 146. 


IKK- 
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Denote the ;S-fiinctions of F{x), f{x), and g(x) respectively by {A}, 
{A}', and {A}". 

Clearly TI= n/(a:.) IT 

Hence, from Theorem V, 

1+ I {AXa;; A} = [1+ 2 {A}>; A}][1+ X {AHa:; A}] 

= 1+2{TO>:AK*;m} 

where is the coefficient of {v} in {A}{/i}. 

Hence we have 

VI. H = 2fl'vvmMr- 

The coefficients may be found by the mtdtiplication theorem 
for >S-functions. 

Examples. The /S-functiohs associated with (1— are known. 
We have {A} = 

where (J^) is the product of the first A^ terms from each ith row of the 
set of numbers 


m, 

m+l, 

m+2, 

m+3, 

rw—l, 

m, . 

m+l, 

m+2, 

m—2, 

m—1, 

m, 

m+l, 


and (A) is a partition of n. 

By substituting in Theorem VI for the ^-functions of 

various identities may be obtained. 

Denote the product r(r+l)(r+2)...(r+i—1) by [r]^. When we put 
{v} = {p}, Theorem VI gives 

y=0 

which is Vandermonde’s theorem. 

Putting {v} = {2)®}, we notice that {p®} appears only in products of 
the form {r, 5 }{p—5,p—r}, and then with coefficients unity. 

Hence, {p®} = 2 {>•,«}'{>-«, 

We have = (r+5)!(r-5+l)/(r+l)!s!. 


4632 
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whence, from Theorem VI, 

[OT4-7t]j,[m+m—l]j, _ [m]Jw—l]8Mp-a[w— l]y_y(r—1)^ ’ 

^ (r+l)!fi!(53—54-1)!(5 j— r)! 

This may be simplified, and, on replacing m, n, p by x, y, n, we 
may write it in the form 

[®+&']n[aJ+2/-l]a 

= [yUy- i]n+ Mx[^- iM2/]«-x[y- i]»-x+ 


+22|^^[a;]i[2/]„[y-l]„_i 

+ ^^”"2 ^ i]x[y]n-x[y- J]«-2+•••] + 




+ 


+ 


+ 


+(«+l)[a;]„[y],^. 

Picking out the coefficient of in this and denoting 

a;(a;—l)(a;— 2 )...(a:—i+l) 


by (x)i, we obtain 


r( 2 n)y-x _ ^21 f(xx 4 -l) 
(w)r-x (n—r+2).l 


(r-2)*+ 


r[r—X)(n-\-l)n, 
^(m.—r+2)(n—r+3).1.2 


{r-^f+ 


r(r-l)(r-2)(xx+l)w(«—1) 
r+2)(n—r+3)(»—r+4)1.2.3^ ^ f 

+... to or |(r4-l) terms. 


A generalization of the above to products of the form 


[»+2/Ua:+y- 1]^ 

is easily obtained by considering the iS-function {p*}. We obtain on 
the right an i-dimensional series. 
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Another interesting identity is obtained by taking 

{v} appears with coethcient unity in products of the form 

{l+r, r, 19-s} and {1+r, l*}{l+p—r, la-s-^}. 

Hence, from Theorem VI, 

{1+p, 19} = {1+p, 18}'+{l+p, 19}"+ 

+ 2 {1+n 19-»}"+ 2 {l+?-5 !*}'{!+!>-?■, 19-*-!}". 

Remembering that = (I’+Q')!/?’!?!, we deduce the identity 

lx+y—q]p+g+i 

GP+2+1)J>!2! 

^ [9J-gL+g+i , y V' [a;-4+sH-i[y-g+^+lL-H7-r-«-i I 

I \y ^]p+g+i 

'^(i5+g+i)i>!3r 

2' excludes tke case r = p, s q. 

One deduction from Theorem VI is of particular interest. If 
g(x) = l/f(x), then F{x) =f(x)g{x) = 1. Clearly ah the yS'-functions 
of F(x) are zero. If we denote an /S-function off{x) by {A}, Theorem 
VI gives, for any fixed /^-function {j/}, 

2 (-l)"’g+v{AKA} = 0> 

where w is the weight of {/x}. 

If ^v} == {p}, this gives the weU-known result 

Tip 2 ^2 ^jp— 

Another result analogous to this may be obtained as follows. 

Let <?i = n/(/^r)===i+2{^K^;%"^ 

where (A) is a partition of n. 

Then d<f)ldp = 2 A}p^"^. 

But = 

where (/x) is a partition of m. Consequently 


= 2 (-i)”^amv{a}{aK^; i'}p”‘+»-". 
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Again, log = 2 log/Cpa^i-). 

and, by diflferentialAng, 

i ^ = V 

^ dp ^fipXr) 8(px^) 
rn 

-lSnZ„p-^ 

n 

summed for aE partitions of the form (p, 1®), where p+q = n. 
Hence 

2 (—i)”^a/xvW{f) = — (i)®4 if M == (p> 1®). 

= 0 otherwise, 

'where (A) is a partition of Uj {yC) a partition of m, and (v) a partition of 

k = m+n = |)+g. 

Isobaric determinants 

In the expression of the /S-function as a determinant, 

{A} = 

the suffixes of the A’s increase by unity in passing from one column 
to the next, but they decrease by arbitrary steps, depending on the 
particular AS-function chosen, in passing from one row to the next. 

The more general determinant in which the suffixes in the columns 
differ by arbitrary leaps, as well as in the rows, has received con¬ 
siderable attention from Naegelsbachf and others, and AitkenJ has 
given a theorem of duality connecting such determinants with the 
corresponding determinants involving the a,.’s. 

Provided that the leap in the suffixes on passing from one column 
to the next is the same in each row, all terms in the development of 
the determinant will have equal weight. Hence they are termed 
isobaric determinants. 

We now consider the theory of these determinants, obtaining a 
generating function for them, the expression for them as a sum of 
S^-functions, and a proof of Aitken’s theorem. 

t See Muir, Theory of Determinants, 3 (1920), 144. 

t Aitken, Proc. Edinburgh Math. Soc. (2), 1 (1929), 55, and (2), 2 (1931), 164. 
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The determinant may be written 

{A///,} 1 > 

where (A) denotes the partition (A^, Ag,..*, A^) and (fj) the partition 
(Ai > Ag > ... > A^, ftj > ^2 > — > f^n)> deter¬ 
minant having n rows and columns. 

Consider the determinant with n rows and columns, 

=>^s—yt 

This is an alternating function of and also of y^, 2/n- 

The coefficient of JJ is clearly 

l^A»+an -t+n-s+f-p+l 1 > 

or, if we put = q—oL^^u 

j^A#— 

for the special value q = p— n—1. 

This result is unaffected if all the numbers A^ and iij, are increased 
or decreased by the same amount. Hence 

VII. The coefficient of JJ 

. ^\^^f{^s)-y^tf{y^\ 

^ ^s—yt 

Thus ^ may be regarded as a generating function for the quantities 
{A/p,}. 

Now the coefficient -fxr-n+r ig clearly 

\xS‘+^-‘f(x^)\, 

■which, is a generating function for the quantities {A/^i} when (/x) is 
fixed. 

= 2 =*=») 

where is coefficient of {A} in the product {v}{fi}. 

Hence the coefficient' of JJ a^«-rj^-i-/*r-n+r in ^ is 2?v;aH- 
Using Theorem VII, we obtain 



110 


IMMANANTS AND ^-FUNCTIONS 


Chap. VI 


VIII. {AM = = 2 

As an example of this theorem consider the determinant 


^4» ^7 


^2? ^6 
1, ^jl^j 

This may be expressed as if (A) = (5, 4, 3) and {fj) = (P). 

Now {5, 4, 3} appears in the product {v}{P} with coefficient unity 


if either 


Hence 


{v} = {4, 32}, {42, 2), or {5, 3, 2}. 

:= (4, 32}+{42, 2}+{5, 3, 2}. 


^4) ^5? ^7 

^2, ^3, ^5 

1 , A 3 


Aitken’s theorem may now be deduced immediately. The conju¬ 
gate /S-functions, being the ^-functions of the series l//(—x), ob¬ 
viously obey the same multiplication law as the /^-functions them¬ 
selves. Hence coefficient of {X} in the product {i^}{/X}. 

Thus, denoting conjugate partitions and >S-functions by a tilde, we 
have 

IX. {Va} = 29'.-ma{®')= 

This, expressed differently, is Aitken’s theorem. 


A third type of generating function for /S-functidns 
We now obtain a generating function for all /^-functions which 
correspond to partitions in which not more than m parts are greater 
than n in magnitude. 

The simplest case, when m = n = 1, presents no difficulty. 

Clearly, 

Hence the coefficient of x°^y^ in 

[f{x)-f(y)]l(x—y)fiy) 

= [2Ma;^-^+a^-V+-+y’-M][i+2 (-i)%i2/'] 

is (~l)^[A’a+iajg—= (—l)^{l+o(, 1^}; 
this proves the theorem. 
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We next consider the general case when m = We require 2m 
variables ^ ^ . 

^l» ViJ 2/2j***j Vmi 

and obtain a generating function for 


(6.4; 7) 

Expressing the /S-function, given as the coefficient of the typical 
term in (6.4; 7), as a determinant in terms of the A^’s, we consider 
the Laplace development in terms of the first m rows. 

The minor obtained from the first m rows and the i^th, 4^hj..., 
i_th columns is tz i 

The conjugate minor is a determinant of the form 


J^a*—/3*-s4-iK 

where is the number of terms J that are greater than or equal 
to and oLg is the number of terms /Xj—m+j greater than or equal to s. 
Erom Theorem IX (Aitken’s theorem), 


Hence 


I j j -f 1 {♦ 


= 2 i l^A,+f, I I • 

Now consider the determinant 


|/(a:s)-/(y<)| 

^B—Vi 

The coefficient of JJ is 

Hence the coefficient of JJ in 


^a—Vt 


JJ/(yr) 


is 2 i I^A,+i(l If**- f** 


XI. 


g«)—/(y<) 

^B-vt 


n/fe'r) 


= 2 JJa^yJf'. 


Throughout these equations when alternative signs are indicated, 
the factor"—1 is introduced for a negative permutation of the suffixes 
of the ic’s, or of the ^’s, and again if the total degree in the y’s 
decreased by |n(n—1) is odd. 
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The left-hand side of the equation of Theorem XI may be written 

f(Xs)-M) 

(^a—yi)f(yt) ’ 


which by Theorem X is equal to 

|2(-l)^{l+a,l^K2/?|. 

Picking out the coefacient of JJ and equating to the correspond¬ 

ing coefficient on the right-hand side of Theorem XI, we obtain 

xn. 


This expresses any jS-function as a determinant in which the ele¬ 
ments are >S-functions of the form {p, 1«}, and may be compared with 
the formulae expressing S'-functions as determinants in which the 
elements are respectively of the form A, or {r}, and a, or {!'■}. 

For example, 


A45 



A7, 

Ag 


^3) 

A4, 


Ag 

{4, 3, 2M}- 1, 




h 


1, 







1, 

K 




®7> 




1 , 


a2» 


1 , 


{4,1"}. {2,1"} 

{4,n {2,1"} 


(6.4; 8) 


A further generalization is obtained later. 

It is of interest to substitute in Theorem XII the known /S-functions 
of the function f(x) == (l—a;)'"’". The factors involving m, m+1, 
m— 1, etc., may be taken out of the columns and rows, and correspond 
exactly on the two sides of the equation, but we are led to a formula 
for xoi degree of the character corresponding to the S^-function. 


^ __ 

n! A,!/x,!(A,+;.,+ l) 

_ n\ 

_ _ A(Aj^,..., A^)A(/Xi,..., _ 

This formula was obtained otherwise by T’robenius.’j* 
t I’robeniusf 33), p. 516. 
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The case still remains to be considered of the generating function 
for /S-functions which correspond to partitions in which not more than 
m parts are greater than n in magnitude, and m 

Consider first m>n, say m = n+oc. We take %~\-m variables 

Denote by the determinant 

in which s runs from 1 up to m, t' jfiom 1 up to a, and f from 1 up to n. 
The coefficient of n x^yp' is clearly 

1 I 1 * 

Thus the coefficient of Y[x^*yfm the quotient 

KtnlUMr) 

is 

= {Ai-~a+l, A2^a+2,..., A^+71, 

Hence we have 

XIII. 

n/(yr) 

= 2 i{^i—^"Hlj ^2—XI 

The case in which n '> m can be obtained from this by substituting 
I If {x) for f{x). Put a = 71—m. 

XIV. 


1 ^e—Vs / 

= 2 ±{^+^*+1. \+oc+2,..., \:+n, U ^V^- 

Theorems XJJLI and XIV are a generalization of Theorems HI, IV, 
X, and XI, which may be obtained from these by putting respectively 


n = 0 in Theorem XIII, 

m = 0 in Theorem XIV, 

'fn = n = I in either theorem, 
m = n in either theorem. 
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In the same manner in which Theorem XII is deduced from 
Theorem XI we obtain 

XV. 

{Ai-a+1, A2-a+2,..., X^+n, wf'-, 

XVI. 

{Ai+cx+1, A2+a+2,..., X^+n, nf*., 

== If'-}!. 

As an example, besides the determinant forms given in (6.4; 8), 
(4, 3, 2*, 1} may be expressed 

^4j ^6j ^6- 

^3> 

Ij ^1) ^2 j {3, 1} 

1, h„ {2,1} 

By considering the >S-functions associated with (1—a:)“®, we obtain 
a generalization of Frobenius’s formula (6.4; 7). 

XVn. If a partition (Q of w is expressed in any way in the form 
{Ai+a+l, A 2 +a+ 2 ,..., Xj^-\-n, mm-, (n—lf"~f*»“^}, 
where a = n—m is a positive, zero, or negative integer, then 
w\ A(Ai,..., A„,) A(/ii,..., /4„) 


«6> ®6. {2, 1®} 


(4, 3,2M}= 3 , a4, {2,1*} 

1 , ( 2 . 1 } 


X^^> = 


JJ A,! JJJJ {\+i/.g+l) 


Extension to rational fractions of the formula for the fif-function as a 
quotient of determinants 

As in (6.3;1), if f{x) = ij fl {l—oc^x), then the corresponding 
iS-functions {A} satisfy 

I o I 

Again, if g{x) — JJ and {p) is the conjugate partition of 

r=«i 

ifjL), th^n the corresponding /S-functions satisfy 

We seek an extension of these results to the case when 
F(x) = i^{l-Pr^)l-^il-oc,x). 
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Denote ^-functions of F{x), f(x), and g{x) respectively by {A}, {A}', 
and {A}". Then, from Theorem VI, we have 

Consider first the particular case when p = = 2, and {v} = {2®}. 

We have 


-‘I’ 


Px, 


a®, 



+ 


a® 

“2 

P 23 






+ 

“ 1 . 

1 

Pi, 

Px 

+ 

a|, 

^1 

PI, 

1 

a|. 

1 

PI, 

JS 2 


0£2 

PI, 

1 


1 

1 

Pi, 

Px\ 

+ 


1 

Pi, 

Pi 


I 

1 

Pi, 

P 2 1 

OC^y 

1 

Pi, 

PI 

“l. 

rv^ 


1 







a®, 

ai, 

Ol-2f 

1 







iSf. 

Pi> 


1 







PI 

PI 

^2> 

1 








Thus {v} — A(ai, ag, p 2 )l^i^v ^ 2 )* 

This result is easily extended to the case 


for the jS-funotion {p®}. 

Clearly 

{35®} = 2 {^ 1 ’ 

Hence 

where (fi) is the partition conjugate to (f»~Ag,p-“Ag_i,...,p—A^). 
(fji) may be expressed in the form 

{gP-\ (g-— (g— 

whence it is clear that the indices in the second determinant are the 
indices omitted from the first determinant. Hence 
XVIII. For the function 

F{x) = ^{l-^x)/fl{l-oc,x), 

Otg) ^_p) = A(odj,..., ^jp). 
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Another proof of this theorem could be obtained by showing that, 
if the partition (A) has q parts greater than or equal to p in magni¬ 
tude, and j 

then {A} = 0, 

for {A} = 2MW> 

and, since an /S-function of p—1 quantities corresponding to a parti¬ 
tion into p or more parts is zero,t for each term in the sum either 
{v}' = 0 or {p}" = 0. Hence, if a,. = then {p«} must be zero, and 
{p«} contains a factor XI Elementary considerations com¬ 

plete the proof of the theorem. 

More generally, it has been fotmd possible to express any /S-function 
corresponding to a partition into equal parts, of a rational fraction, 
as a quotient of determinants, as the following three theorems will 
show. 

Consider first the case when {v} = {p«}, and 

rs*i > r«l 

An exact repetition of the reasoning which leads to Theorena XVIII 
enables us to show that 

{p9}A(aj.,...,ag+i)A0i,...,^3,+t) = 2 (— 

In the product of determinants on the right, the indices are taken 
from the numbers 


p+g'-fi—1, p-l-g-|-i_2,..., 3, 2, 1, 0. 

The first p+q numbers appear as indices in one of the determinants 
only, and the last i numbers appear as indices in both determinants. 
Hence we have 


XIX. If 

r=i / 

then the corresponding 8-functions satisfy 




^p^+i-i I j 

iSf-HT+i-'i 0 [^-<'1’ 


tTi which t TV/ns from 1 to p-\-q, o/nd t' chni t" run from \ .to i. 


t See p. 91. 
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There remains the case when the difference between the number of 
poles and the number of zeros of the rational jfraction is not equal to 
the difference between the number of parts and the magnitude of 
each part in the partition. The results for this case are'easily deduced 
from Theorem. XIX. 

First put == 0. The last row contains only unity in the last 
column and zeros elsewhere. The determinant is equal to the minor 
of this element in the last row, last column. The factors 
Pp+i-i, which will no longer appear in the product of the differences 
of the j9’s if is omitted, may be taken out as a factor from the 
corresponding rows. This process may be repeated if more of the 
quantities pj. are zero. Hence 

XX. If 

r=l ‘ r=l 

the value of 

is given 'by the determinant in Theorem XIX if the rows involving 
struck out, and all the indices of the ^*s are 
decreased by j, the columns with negative indices being struck out. 

In an exactly similar manner we may obtain 

XXL If 

r=l ' r=i 

then the value of 

{p®}A(aj,..., j) Pp+i) 

is given by the determinant in Theorem XIX if the rows involving 
are struck out, and all the indices of the as are 
decreased by j, the columns with negative indices being struck oul. 


Example. If F{x) = 
then we have 


a2ir)(l--a3ar). 



af, 

«!. 


otf. 




at, 

< 4 , 

a|, 

^2 

{ 3 ^}A(a 3 ^, ^25 ^ 2 ) — 


a|> 



03 


Pi 

iSf, 

^ 1 . 

^ 1 , 

1 


Pi 


jSf, 

^ 2 , 

1 


<4^ 

«!. 

af, 


1 


oct 

a® 

“ 2 , 



1 

{2®}A(o:j^, «£» P 2 ) ^ 

<4> 


“39 

039 

1 



iSf. 

Pl^ 

1 , 



^2* 


P2> 

1 . 
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{P}A(ai, oc^y ocq)MPv ^2) == 


{l}A(ai, ag, oi^)A(Pv i®2) = 



rv2 


1 , 




1 , 




1 , 

i3?, 

PI, 

Pv 


j8i, 

PI, 



«!> 

a|, 

OCi, 

1 , 

0? 

«!> 

OL^y 

1 , 



a3» 

1 . 

PI 

Pi, 



PI, 

Pi, 




For partitions into unequal parts no corresponding simple result 
has been found, even for the most simple /S-function {2,1}. 


6.5. Relations between immanants and fi^-functions (10) 

Let [erj be a matrix of order n^. 

I. Corresponding to any relation between S-functions of total weight 
n, we may replace the S-functions by the corresponding immanants of 
complementary coaxial minors of \a^ provided that every product is 
summed for all sets of complementary coaxial minors. 

It will be sufficient to prove the theorem for the product of two 
>S-functions. 

Let /), p', p‘ denote respectively the classes 

(l«^2^^3«^...) 

of the symmetric groups of orders n!, r!, and 5 !, for which 

r-\-s = n, 
a'^-a" == a, 

6'+6" = b, 


The orders of these classes are respectively h^y h^*, where 
hp = ti!/(l®a! 2^6! 3®c!...) 

and the values of hp^ and hp^ are given by similar expressions. 

W] complementary coaxial minors of [aj 

of orders r^ and s^ respectively. 

Defining the product obtained from the matrix [a^] as in § 6.1, let 
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denote the sum of the products corresponding to the hp permuta¬ 
tions of the class />. 

Let Cp.=^2Ps 

denote the corresponding expression obtained from the minor [a'^] 
and the class p\ and ^ 'e r»/^ 

/>' 

for the minor and the class p''. 

Then the product will give hp^hp^ of the Tip terms in the 

expression Cp. 

If now we sum for the combinations of complementary coaxial 
minors, we shall obtain 

j ^ b\ ^ 

rlsl^ rlsl l^'a'l2WL,. 1«V'!2^V!... 

terms which consist of the expression Cp repeated 
a! 6! 

a'!a"!6'!6"I-^ ?T7! 

times, corresponding to the 

a\ b\ 

ways in which the cycles of a permutation 8 of the class p may be 
separated into two separates which correspond to the classes p and 
p^ respectively. 

Thu. {6.6;l) 

P 

But since — S„, 


= S,, 


we have 




, vv 1 


\ »•! / 

\ J 

l~ \ r!s!' 

1 / 


( 6 . 6 ; 2 ) 


Multiplying (6.5; 1) and (6.5; 2) by the appropriate characters and 
summing for all the classes, we see that if 

{A}{^} = 29'vH> 

then 2 = 2 

the summation on the left being with respect to all sets of com¬ 
plementary coaxial minors. This proves the theorem. 

As an example illustrating this theorem, we may deduce from the 

equation a^—^ a^+h^ a^—h^ ^i+K — 6 
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the known relation between corresponding determinants and per¬ 
manents, viz. ( 11 ) :t 


(a ^ y 8\_ vr /a ^ y\(^\4. V — 

\a p y Bj \a ^ 7 /W \a pj\v 8/ 

y S\ t fiy 8\ 
y Sj + U ^yB) 


= 0 . 


It is convenient to generalize the concept of a minor of a matrix, so 
as to include the cases of repetitions of rows or columns. Thus the 
number of r-rowed minors of a matrix of order will be 

[n(n+l).,.(n+r-—l)lrlf 

instead of [n{n--l)„.{n--r+l)/r[\\ The extra minors so introduced 
have each a zero determinant, and it is for this reason that they are 
usually ignored in determinant theory. Other immanants, however, 
are not necessarily equal to zero. 

A conventional factor 1/r! is attached to every immanant of a 
minor for each row which is repeated r times in the minor. 

II. Corresponding to any relation between S-functions we may 
replace each 8-function by the corresponding immanant of a coaxial 
minor of [a^], provided that we sum with respect to all the coaxial minors 
of the appropriate order. 

This theorem is proved by summing Theorem I with respect to aU 
the coaxial minors of [aj of appropriate orders. 

Two coaxial minors [a'J, [a^] are complementary coaxial minors of 
exactly one coaxial minor of \_a^. But if the ith row of [a^] is 
repeated % times in [a^] and 6^ times in [a^], and thus a^+6^ times in 
then.exactly JJ [(a^+6^)l/a^l 6^!Jpairs of complementary coaxial 
minors of [a^] wiU coincide with [a^] and respectively. 

Applying Theorem I to [aJJ, a factor H 
appear in the products of the immahants of [a^] and [a^. 

But by our convention, factors 


l/HKO. l/n(«>i!). and 1/n [(%+&<)!] 

are attached respectively to the immanants of [a^], [u^], and [a^. 
The factors will thus cancel, and by summing Theorem I for all the 
coaxial minors of appropriate order, the theorem is proved. 


t Muir (7), vol. iv, 469. 
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The following important theorem may he deduced from Theorem IE. 

III. The S-function {A} of weight ^ of the characteristic roots of a 
matrix [aJ is equal to the sum of the imrmnants corresponding to the 
partition (A) of all p-rowed coaxial minors of 

The truth of the theorem is well known for the special cases 
{A} = {1^}, since {1^^} = a^ is the coefficient in the characteristic 
equation which is known to be the sum of the determinants of the 
^-rowed coaxial minors. The additional minors with repeated rows 
will not affect this result, since the determinants of these minors 
are zero. 

Since every >S-function may be expressed in terms of afs. Theorem 
II enables us to deduce the theorem for the general case. 

In illustration of this result, the symmetric functions h^ of the 
characteristic roots of a matrix [a^] are given by 

*2 = 2 «ii+ 2 (»« %+% 

*3 = 2 2 2 
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^-FUNCTIONS OF SPECIAL SERIES 

7.1 • Foe certain special series it is possible to obtain formulae giving 
the value of any associated /S-function. Such formulae may be 
compared with those that give the general coefficient in the Taylor 
series of a function, e.g. the binomial theorem. Indeed, the coefficients 
of the Taylor series are /S-functions of the special type {«}, so that 
our problem may be regarded as a generalization. 

The majority of the results considered here may be regarded as 
special cases of one general result, namely Theorem II which follows 
(1). Although other methods are available for proving the simpler 
results (2), it is convenient to prove the general result first and deduce 
these as special cases. 

The first series we consider is 


f{z) = (7.1;1) 

To find the ^-functions of this series we use the formula 


m_ n ^ 

w — V —i;;v:5r • 


We obtain 


|g(iV-.»XAi+Ar-<)| 


in which are taken as zero for N >p. 

Hence, denoting JJ (a,—cx^) (1 < r < s < iV) by A(ai,..., a^) or 


A(a,), we have. 


2\(gX,+JV-r) 


A(gAr+«'-r) _ JJ (^A,+iV-r_gA,+iV-8) JJ 

in which 

1 <s <.v <w ^N, l^t^p<u^N. 


A(gA'-+^-*‘) 

A(g^-^) 


/grVf«'-r_gX.+iV-s\ l^,+N-i_gN- 


qN’-r _ qN-s 


j 1 1 ^ qN-t—qif-u j 1 1 
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TT v 

111 if-r-i) 1 

-T—J- (gAr+iV'--r_giV'-p~l)(gA,.+JV-r_giV=~p-2)^^ (gAr+iV'--f‘_ 

X 11 — 


_ T-T 1) y 

i 1 I (^»-r_l) 

n (g>,+i)-r+l_ l)(^,+i)-r+ 2 _ 1 ,.(gA,+JV-r_ J ^ 
^-'•+ 1 — l)(g 3 >-i-+ 2 _ l)...(g;Ar-r_ 1 ) 

X -r-|- (g^-‘'+^-l)(g^-^+^-l)-(g^-^+^-l) 

^ i 1 (g 3 !-r+l_l)(g 3 )-r+ 2 _l)__,(g 3 )-r+A,_l) 

n (l _ 2 iV-r+l)(l_^i^-r+ 2 )...(l^g-J^r-r+V) 

(l_gJ!-»-+l)(l_g. 3 )-r+ 2 )...(l_gP-r 4 r)' 

H.n» „ 


^A2+2A34*.. 


(7.1; 2)' 


Hence ^ ^ J^y 

where {P\) denotes the product of the first terms from each ith 
row of the following set of numbers: 


(7.1; 3) 


1 

-g^. 

1- 

-g^+^ 

l-g^+2, 

g- 

-g^. 

g- 


g—g^+*, 

g2- 

-g^, 



g2—^iV’+2 


Again, writing [r]! = (1—g)(l—g*)—(1—g^)> 
we have n(l-g»-^) = [l]![ 2 ]!...I>-l]!, 

SO that n = n Yl 


(7.1; 4) 


Hence 


llL'J'il [p-rjt 


(7.1; 5) 



124 S'-FXTNCTIONS OS’ SPECIAL SEKIES Chap. VII 

This proves the following result. 

I. For the seriesf(x) = [(1—x)(l—g'a;)...(l— 

■ n ^ inr (-Pf) 


{Aj,..., Aj,} = .. ipj 


(l-ff*-) (P^) 


JJ (l_QA,-X.-r+a) 

“ IIK+P-^]! ^ 

where [r]l = {l-q){l-q^)...{l-f), 

and {Pf) is the'product of the first terms from each i4h row of (7.1; 3). 

The function ^{q,x) 

Henceforward we use <I)(g, x) to denote the function of q and x 

<b{q, x) = {l-~x){l--qx){\--q^x),..{l--q^x).,. to oo. (7.1; 6) 

For 1^1 < 1, this product is absolutely convergent for all values of x. 
The /S-functions of l/0(g, x) may be obtained from Theorem I by 
making N tend to cx). 

For the series l/0(g', x) 

(A,,...,A,) « n[A,+J>-']I ■ 

where [r]! = ( 1 — 2 )( 1 —g!^)...(l— 3 ;^). 

The series/(a:) = 1/(1—ic)(l-“g:r)...(l—of Theorem I may 
be expressed q^x^q, x). 

Hence Theorem I may be expressed as follows. 

^ some positive integral value of N, then for the series 

f{x) = ^{q,zx)l(S?{q,x) 

where (P^) is the product of the first Af terms from each i-th row of the 
set , , » , „ 


(7.1; 7) 


1-2, 

1— « 

1 

>-» 

1 

l-2»2, 

2-2, 

q-qz, 

q~q\ 

q-qfz, 

to 

1 

q^—qz, 

q^—q\ 

q^—cfiz. 


(7.1; 8) 


For this series we have 
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We now drop the restriction that % = taking 
/(a;) = <b{q,zx)l^[q,x) 
with z an independent variable. 

The equation 8^ = (1—9^) 

still holds. Since the /S-functions are expressible as polynomials in 
the 8^, equation (7.1; 7), which holds for z = q^ for all positive 
integral values of N, must be an identity and hold without this 
restriction. 

A more symmetric form is obtained by replacing x by vix, which 
has the effect of multipl 3 Tng each /S-funetion {A} of weight « by tc”-, 
and replacing z by w~H. We obtain 


11. For the series <I>(q, zx)j<I>(q, wx) 


A A 1 - 


where {BY) product of the first terms from each i-th row of the 
set 


w—z, w--qZi w—q^Zj w—q^Zy 

qw-—Zj qw—qZy qw—qh, qw—q^Zy 

q^w--Zy q^w—qZy q^w—q% q^w—qfZy 


(7.1; 9) 


This is a more general result than Theorem I. By obtaining the 
values of h^. we can express 0(g, zx)l^{qy wx) in the form 

Mq.zxmq,wx) == 1 + 

(w-z)(m-gz)(w—g^) 3 

-t- (l_g)(l_g2)(l_23) 

Some special cases are of interest. For w = 1, z = —1, 
(l+a;)(l+gx)( 14 -g^)---'fco 00 

(1— a3)(l—gx)(l—g^^l.^to 00 

, , 2a: , 2(l+g)a:* , 2(l+g)(l+g*)a:3 

- ^ + l-g+(l-g)(l-2*^)'^(l-3)(l-g=‘)(l-2*)’^'" 
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and {A,,...A} = times the product of the first A^ 

i i> 3>j jj [A,+p-rJ! 
terms fr.om each ith row of the set 


(7.1; 10) 


2, 

1+g: 

H-g^ 

1+g®, 

g+lj 

2q, 

g+g^ 

g+g^ 

q^+1, 

gHg. 

2g^ 

g®+g®. 


Again, for the series 

®{g ,g^)/®(g - (i_^)(i_j2a:)(i_g4a:)... 


1+} i^ + 


(l-3)(l-g®)(l-g®) ^3. 


writing 


i-g2~' (i-g^)(i-g^)‘^ ' 
[r]!! = 


I I /1 Qf2/\»""~2A/(“-2r"i“2s\ 

we have (Ai,.,.,AJ = -— ~ times the product of the 

first A^ terms from each ith row of the set 


(7.1; 11) 


1-g. 

1-g®, 

1-gS, 

1-g’, 

g'-g. 

g2_g-3, 



g^-g. 

g*-g®. 

g*-g®. 

q^-q\ 


These results have interpretations in the Theory of Partitions and 
elsewhere. 

7.2. The functions (1—a;)“’^and (1— 

If in Theorem I the factors (1—g), which appear equally often in 
numerator and denominator, are removed, and q is put equal to 1, 
we obtain 

III. For the series y{x) = (1— 

.y - («f) = 

where (Q^) is fhe product of the first \ terms from each i-th row of 
N, N+1, N+2, ... 

N-1, N, N+1, ... 

N-2, N-^1, N, 


(7.2; 1) 
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Example. From the equation 

{2>}M = {2>+«}+{P+S'-l, l}+{p+e-2, 2 }+...+{iJ, 5 r} 

•we may substitute the values when these are the symmetric functions 
of the roots of (a:—I)*" = 0. 

Remembering that 

^( 0 , 6 ) = (a— 6 + 1 ) 

(a+l)!6! 

and denoting the product m(m+l)...(m+r— 1 ) by [m]„ we obtain 

pig-! (p-fg)! (p+g)!l! 

, Mp+g-2[w-l]2(p-fg-3) [m]^4.g-3[«^-l]3(y+g-5) , 

(^+g_l)! 2 ! ^ (^+g_2)!3! 

+...(^+ 1 ) terms. 

In this result replace m, p by m+l, ji— 1 , and multiply by m. We 
obtain the equation in a slightly simpler form: 

. Wp[m+l]g ^ M^-w(ff+g) , Wa,+g-iMi(P+g- 2 > 

(p-l)!g! (p+g)! (p+g-l)!l! 

Again, in Theorem I, if j = ~~ 1 , and N is even, say N = 2m, the 
series f{x) becomes ^ ^^ 

Let py the number of parts in the partition (Ai,...,A^), be even, 
making A^ = 0 if necessary. If k of the p terms {\+P’—r) are even, 
then the number of even terms in A(Ay+^—r) is 

This is a -minimnm when k = p. Clearly, unless the number of 
odd terms is equal to the number of even terms, the factor 

( 1 + 3 ^) appears oftener in the numerator than in the denominator, and 

{A} = 0. 

If the number of odd terms i^ equal to the number of even terms, 
the factors (1+^) may be cancelled. The term (1—becomes equal 
to 2 when — 1 , and cancels with a corresponding term in the 
denominator, when r is odd. When r is even, ( 1 —becomes r. 
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IV. If f{^) = and the number of even terms Xj.+p-^r 

is equal to the number of odd terms^ the value of {Ai,..., A^j, for even p, 
is obtained by picking out the even terms only in the expression 


JJ (Ay—Ag—r +s) 

n (K+p-r)l 


iQn 


Otherwise {Ai ,•• • > A^,} = 0. 

Similarly, put q = cos(27r/'r)+^(—l)sin(27r/f), iV = mr, and take 
the number of parts in the partition to be divisible by r. The series 
f(x) becomes ^ 


If the number of terms from A^+jp—r congruent to j, to modulus 
r, is pp then the number of factors in A(A^+^—r) divisible by r is 
which is a minimum when 


V. If f{x) = (1 —then {A} = 0, unless 


Po^Pl^ - 


in which case the value of {A} may be obtained by picking out those 
factors only which are divisible by r in the expression 


IT (Ay—A^--~r+^) 


(Gf). 


Further results are immediately suggested by the above method, 
since N need not be made a multiple of r. 

As above, take q = oos{27r[r)-{~Aj{—l)sin{27T/r). Let N == rm+i 
(0 < i < r). Take the number of parts p in the partition to be con¬ 
gruent to iV", to modulus r, making some of the parts zero if necessary. 
Then/(a;) becomes 




If, for a partition (A), p^, Pr-i of the terms \-+p—j are 

congruent respectively to 0, 1,..., r—1, to modulus r, then {A} differs 
from zero only if 2 iPjiPj—^) is a minimum. For integral values of 
the p^ this is a minimum for any partition for which the greatest 
difference between the p^ is unity, i.e. when (r—i) of the terms p^ are 
equal to a (say) and the other i equal to a+1. 

VI. Jy {Ajj—j Ap} is an S-function of 
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where e is a primitive root ofz^= I, if N = rm+i and p ^ N (modr), 
and if Pjc of the terms —j are congruent to Jfc, to modulus r, then 

{A} = 0, unless of the numbers 


Pq, jPiw Pr-l 


the greatest difference is unity, in which case the value of {A} is 9 times 
the value obtained by picking out those terms only which are divisible 
by r in the expression 


JJ (Ay — Xg—r+s) 
n iK+P-r)\ 




where 9 == takes the values of the i residues 

Xj-j-p—j which occur once oftener than the other residues, and j8^ takes 
the values 0, 1,..., i—l. 


Examples. Consider the series f(x) = 1/(1—a;)(l—Here 
AT = 2m+1. We find fiirst the /S-function {2^, 1} = {2,2,2,1,0}. The 
zero part is added to make the number of parts congruent to N, to 
modulus 2. The numbers A^-fp—j take the values 


6, 5, 4, 2, 0, 

and the number of even terms (pf) is 4, while the number of odd 
terms {p-f) is 1. Hence {A} — 0. 

We next find the value of {2^, P} = {2,2,1,1,0}. The numbers 
Xj~{‘p—j take the values 6 5 3 2 0 


giving Pq = 3, Pi = 2, and {A} ^ 0. We have 


n .(A,-A,-r+g) 

n (Ar+i>-»-)! 


iQ^) 


1.3.4.6.2.3.5.1.3.2 .iV(iV+IKi/'-l)iV(iV-2)(JV^-3) 

1 . 2 . 3 . 4 . 6 . 6 . 1 . 2 . 3 . 4 . 5 . 1 . 2 . 3 . 1.2 


Hence, since 0 = — 1, picking out the even terms and remembering 
that N is odd, we get 

192 in = 4.6,2,2.(iy+l)(^-l)(^-3) 

^ ^ ^ 2.4.6.2.4.2.2 

Again, take f{x) = 1/(1—a;)(l—a>£c)(l—a;®)® where = !• For 
the /^-function {2^, 12} = {2,2,1,1,0}, the numbers X^+p—j take the 
values 6, 5, 3, 2, 0, and p^ = 3, Pi = 0, pg = 2. Hence {2^, 12} = 0. 
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For the /S'-function {2®, 1} = {2,2,2,1,0), the numbers Xj+p~j 
take the values 6, 5, 4, 2, 0. Hence = 2, = 1, = 2, and 

{2®, 1} ^ 0. We have 

8 = a)9A(l,w®)/A(l,a)) 1+w. 


IX (Ar+i^-O! 


m) 


1.2.4.6.1.3.5.2.4.2.JV®(W-l)®(iV+l)(W-2)(W-3) 

1 . 2 . 3 . 4 . 6 . 6 . 1 . 2 . 3 . 4 . 5 . 1 . 2 . 3 . 4 . 1.2 


Picking out the terms divisible by 3, we get* 

12® n = ( l+«>)6-3.(W+l)(iy-2) 

^ ^ 3.6.3.3 

= (l+a,)(W+l)(iV^-2)/9. 

In particular it may be pointed out that the )S-functions {Aj,..., A^,} 
corresponding to the series (i) (1—x®)"*”, (ii) 1/(1—x)(l—x®)™ 
(in) 1/(1-x)(l —cx}x){l—x^)'^ respectively, are multiples by integers 
independent of N of the first terms from each ith row of the 
following three sets: 


(i) 

N, 

1, 1, 

iV+3, 1, 1, iV+6, 


1, 

JV. 1, 

1, iV+3, 1, 1, 


1. 

1, N, 

1, 1, N +3, 1, 


JV-3, 

1, 1, 

-ZV, 1, 1, iV+3, 

(ii) 

1, 

I. 

iV+2, 1, 1, iV+5, ... 


N-1, 

1, 

1, iV+2, 1. 1, 


1, 

IV-1, 

1, 1, .Z^+2, 1, 

(iii) 

1. 

iV+1. 

Ij 1» W+4, 1, 


1, 

1. 

IV+1, 1, 1. iV+4, .. 


N-2, 

1, 

• • « 

1, JV+1, 1, 1. .. 


Similar results hold for /S-functions of (1 —[(1 —a;)(l — 
[(1 —:r)(l—g'a;)(l—etc. 
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7.3. /^-functions associated with/(a;’*) 

The similarity between the results obtained above for 
and ( 1 — 0 ;^)“”^ suggests a possible connexion between the ^-functions 
of the general series/(a;) and the >S-fanctions of the series/(a?^). It is 
found that the /S-functions of the latter series are easily expressible 
in terms of the /^-functions of the former. 

We consider first the case r = 2. 

Consider the symmetric functions of 


^3j 


—X- 






35 


i.e. of 


^25 *••5 


where 
We have 


== 


1 J 


If in the determinant replace the rth row by half the 

sum of the rth and the (7n+r)th rows, and the {m+r)th row by half 
the difference, we shall obtain the same determinant save that in the 
first m rows the terms with odd indices are replaced by zeros, and 
in the last m rows the terms with even indices are replaced by zeros. 
If the determinant in the denominator is operated upon in the same 
manner, the quotient of the determinants is left unchanged. Each 
of these determinants may now be expressed as the product of two 
determinants of order by means of the Laplace development in 
terms of. the first m rows. 

One result follows immediately. If the numbers of odd and even 
indices are not equal, the Laplace development shows the deter¬ 
minant to be zero. 


If the numbers of odd and even terms in the sequence 


X^'-\-2m — 1 , — 2 , X^jji^ 


are not equal, then the 8-function of f{x^) is zero. 

If the number of odd terms is equal to the number of even terms, 
the /^-function {A} may be simplified as follows. Eearrange the 

X^-\- 2 m — 1 , A2+27W-— 2 , A 2 „^ 


numbers 


so that the 1st, 3rd,..., (2m—l)th terms are odd but remain in de¬ 
scending order, while the 2nd, 4th,..,, 2mth terms are even and also 
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remain in descending order. Put 0 = ■+■ 1 if this is a positive, and 
^ — 1 if this is a negative permutation. 

Then the Laplace developments mentioned above give 


{A} = 5 








(7.3; 1) 


where s runs from 1 to m only, and odd indices only are taken in 
the determinants with one accent, and even indices only are taken 
in the determinants with tw’o accents. 

Consider the symmetric functions of the roots of f(x^) = 0, where 
f{z) is a polynomial of degree m. If Sj. is the sum of the rth powers 
of the roots, we have a ^ 

^2r+l — 


where is the sum of the rth powers of the roots of f(z) = 0, 
Using the result (7.3; 1) 


{X} = e 


j^ j ^ I— i j 


we see that the quotients on the right may be expressed as ^S-func- 
tions of the roots of f{z) = 0. 

Let the odd indices in descending order be expressed as 


—1, —3, ..., 

and the even indices 


2vi+ 2^—2, 2v2+2m~4, ..., 2v^. 


Then denoting the /^-functions of the roots of f{z) = 0 by {A}', 
we have {A} = ^ 2 


where is the coefficient of {^} in the product of {fj] and {j/}. 
We now consider the general case of the >S-functions of/(aj'‘). 
The /S-functions a3;e given by 


{A} = 








the determinant 
for ^ > m, by 


having rm rows and columns, and Xg being defined 

^i+m = 


where 


o) == exp(27ri/f). 
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The itli, {i+m)\h, (a-f 2m)th,..., (i+m—m)th rows of both deter¬ 
minants are replaced respectively by 

^[ith row+(i+m)th row+(i+2m)th row+...], 
ifith row+a»‘"^(i+m)th row+a>”2(^-j-2m)th row-j-...], 

T 

^[zth row-f a>"^(i-|-m)th row-f-tt>"^(^+2m)th row-f.,.], 


thus picking out separately the indices which are congruent to 
0, 1, r—1 to modulus r. 

If the numbers of terms of the sequence 


Ai+rm—1, A2+rm—2, Ag+rm—S, A^ 

congruent respectively to 0,1, 2,...5 (r—1), (modr), are not all equal, 
then 


{A} = 0. 

If the numbers of these terms are.equal, we have 
m _ fl-rr 


(7.3; 3) 


in which the determinants have m rows and columns, and only those 
indices are picked out which have the same residue to modulus r; 
^ is +1 or —1 according as the rearrangement of the sequence 
Xi+rm—i, such that the (ar+i)th term is congruent to r—to 
modulus r, but the terms congruent to modulus r are still in descend¬ 
ing order, is a positive or a negative permutation. The product is 
taken for all residues of the indices to modulus r. 


VII. If the numbers of the sequence 

Ai-frm—1, Ag-f-rm—3, A,.,^ 

congruent respectively to 0, 1, 2 ,..., r—1 (modr) are not all equal, 
{A} = 0 . If they are equal and those congruent to q (mod r) are 

then 

where {A} denotes an S-function of f(x^) and {fi}' an 8-function of f(x). 

The expressions for the /S-functions of l/[(l~a;)(l~a;^)”*'] found 
above suggest a modification of this result for the /S^-functions of 
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/(o;’*). We now consider the /S-functions of (1—In the first 
place let 

f{x) = 

For this series we obtain for the general /S-function, putting 
N==:2r+l, 



0^,+N-4 


otf-' 

{Aj,..., A^} — 


-f- 







Operate on both determinants by taking half the sum of the ith 
and the (r+i)th rows to replace the ith row, and half the difference 
to replace the (r+i)th row, for 1 i r. The effect is to pick out 
the even and the odd indices respectively in the first and the second 
set of r rows. The last row is unaltered. 

Three cases arise. Amongst the N = 2r+l terms ^ there 

may be (i) r+1 even and r odd terms, (ii) r even and r+1 odd terms, 
or (iii) the difference between the numbers of odd and even terms 
may be greater than 1. 

In case (iii) the Laplace development of the first determinant in 
terms of the first r rows gives immediately 

{A} = 0. 


In case (i) we obtain 




a single or a double accent against a determinant denoting respec¬ 
tively that even indices only or odd indices only are taken. 

Denote >S-funotions of 


[(l--afx)(l-a|a;)...]-i and [{l-^x){l^oclx)(l-a:lx),..y^ 
by {A; a^} and {A; 1} respectively. Then, if the even terms A,.+iV—r 

in decreasing order are 


2^i+2r, 2/x2+2r—2, ..., 

and the odd terms 


2vi+2r~l, 2i^2+2r-~3, ..., 2v,+ l, 

we obtain {A} = at*, OK,-, v/, a*} 

where ^ is +1 or —1 according as 

2vi+2r—1, 2ft2+2r—2, ..., 2i^,.+ l, ^f^r+i 

is an even or odd permutation of 

Ai-fiNT—1, Aa+A^—2, 


..., Ajy. 
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In case (ii) the powers* of C go with the determinant with odd 
indices. If the odd terms are 

and the even indices 

2p^+2r--2, 2v2+2r-4, 2v,, 

then, as before, 

{A} = a.% 

where 0 is +1 or —• 1 according as 

2^1+—2, 2/ti+2r+lj 2^2+2r—4, 2fi^-\-2r —1,..., 2/i,.+3, 
is an even or an odd permutation of 

—1, A2+iV'—2, 

In the calculation we may take the smallest value of r such that 
the number of parts in the partition (A) does not exceed 2r+l. 
Larger values of r merely add zero parts to the partitions ([jl) and (v). 
The generalization to the /S-fimctions of any series follows the proof 
for other properties of ;S-functions. 

Vni. Let the S-functions respectively of {I--- 
andf{x) be denoted by {A; ( 2 )^}, {A; (l)f}, and {A; ( 1 )}, and let (Ai,..., Aa^+i) 
be any partition for which Ao^, ^ 0. If the difference between the 
numbers of odd and even terms in 

(i) Ai+2^, A 2 + 2 JP— 1 , ..., A 2 P +1 

exceeds 1, then (2)?} == 0. 

Otherwise y if the series (i) contains p+l even and p odd terms y let 
these be 

(ii) 2 /x,i+2jp, 2vi+2^—1, 2p^'\-2p-^2, ..., 2v^4-l, 

where /^i ^ ^ ••• ^ i^p+i ^ J '2 ^ ••• ^ 

If there are p even and p-\-l odd terms in (i), let them he 

(iii) 2 ^ 1 + 2 ^— 2 , 2 /ii+ 2 ^+l, 2 v 24 " 2 ^“—4, 2 /^ 2 + 2 jp— 1 ,..., 2 vp, 2/Xp+3, 
2^21+1+1- 

In either case 

{A^,..., A 2 P +15 (2)$} == (l)SK^i5***5^i?’ (^)}j 

where d is +g^or -—^according as (ii) or (iii) is an even or odd permu¬ 
tation of (i), and j == 0 in case (ii), j = 1 in case (iii). 
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A similar result for proved in the same way, is,as 

follows: 

IX. Let (A; (r)^}, (A; (1)^}, and (A; (1)} denote S-functions respectivdy 
of {l~tx)-Yiaf), {l—lx)-Y(x), and f{x), and let (Ai.-.A^^+i) he a 
partition such that Xrp-r +2 ^ sequence 

(i) Ai+rp, Ag+rp—1, A,.p+i 

is such that the number of terms congruent to i, to modulus r, is less than 

p for any i. men {V. V.; M8 = 0. 

Otherwise let j be that number such that there are p+l terms in (i) con¬ 
gruent to j, and let the terms in (i) be arranged as follows: 

(ii) rp,,_i2+r(p-2)+r-l, riM,^ij,+r~l, 
rpr-2Ci+r{p~l)+r-2, 








rpo. 




for which i 

^ ^ ^ pjj, ^ Pj,p+v 

Then 

{Ai,—) A,5 ,+i; (r)^} = y>}p+x', (1)^} (1)} 

where 6 = or according as (ii) is an even or an odd permuta¬ 
tion of (i). 
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THE CALCULATION OF THE CHARACTERS OF THE 
SYMMETRIC GROUP 

8.1. Frobenius’s formula 

The actual numerical values of the characters of groups, especially 
the symmetric groups, are of such importance that we devote this 
chapter to methods for the computation of the characters of the 
symmetric groups. At the end of the book will be found tables of 
these characters up to and including those for the sjrmmetrio group 
of order 10!. 

Of the methods of calculation, precedence must be given to the 
use' of Frobenius’s formula (5.2; 8) (1); 

This formula is theoretically sufficient for aU cases; and indeed, for 
theory, it has a very remarkable simplicity. For numerical computa¬ 
tion, however, the large number of terms involved make its use 
unwieldy except when m is small, and much quicker methods are 
available. However, the formula readily gives formulae for charac¬ 
ters corresponding to partitions into two or even three parts. 

Consider the character of the symmetric group of order nl. 
For the class p = (1“ 2* 3®...), is the coefficient of in 

the product 

wuch b x'r”=2 (*)PP - 2 (?)(^')(»')> 

the sunomations being with respect to aU solutions of 

••• ” g, 

9 !— 1 * 

Hence, for example, it is easily verified that 

== a-1, 

j^n-3,3) ^(a_i)(a_5)-(-6(a-l)-f-c. 
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It should be remembered that (§5.3, Theorems IV, V) = ±1 
aeoording-as p contains positive or negative permutations, and also 
that if (A) = (A), 

Hence we are enabled to deduce from these equations the values of 
the characters • Indeed, it is only necessary 

to compute one half of a table of characters, and from each character 
the values of the character corresponding to the conjugate partition 
may be written down. 


S-functions of special series (2) 


The /^-functions of special series yield many relations between the 
characters of the symmetric groups. In particular we refer to the 
equation 


n 






where p denotes the class and.(jB^'®) is the product of 

the first terms from each ith row of 


w—z, w—^qz, w—q% 
qw—z, qw—qz, qw—q^z^ ..., 


This equation is obtained from the equation 

by substituting from Theorem II, §7.1. 

This equation is sufficient to determine aU the characters of the 
symmetric groups, although in this form it is not easy to handle. 
By the following method we may express the values of any character 
in terms of the cycles in the classes. 

Take w = 1. Corresponding to any partition (A), in the expression 
the least power of q that occurs has index A2+2A3+3A44-.... 
Hence if we pick out the coefficient of q^, only those characteristics 
occur for which the partition (A) satisfies 
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From the coefificients of 1, z, z^, z*,... we obtain 

1 = 

2)—ajaa+Os = 

^i(®i—l)(®i—2)(®i—3)—H(«i—lK+®i tts— 

-a4+K(«2-l) = 


whence by solving these equations 

j^n-1,1) = —1, 

== ^(Qij^_i)(oj_2)(ai—3)—(ai-l)a2+a3, 

== ^(a^_i)(a^_2)(o^_3)(oj_4)-i(ai-l)(ai-2)o2+ 

1)®3 ® 4 ~ 1 “'|<* 2(®2 ^)» 


From the coefficients of qz, qz^,.,. we obtain 

«f=xr*’''^+x^r-*'«+3xr'’«+2xr’ 

|af(ai—1)—ai^a = xJ,"~*’^’^+Xp‘~®’*’^'+2Xp”"®’®+3x^”"®’^’^+ 

+3;t(»-W)+^(»>, 

x(®i—l){®i—2)—a|a2"|-®i®3 

_ i^»-4,l‘)^^»-4,2,l*)_j_3^Jt-3,l’)-(-^»-2.2)-f 2;^»-3A« 


whence 

^71-2,2) _ 3)+02) 

^n-8,2,1) == ^a,(a,_2)(ai-4)-a3, 

—2)(ctj|_—3)(<rj 5) ■i®2'®i(®i 3) .^®8(®2 f)~h®4> 


Similarly, from the coefficients of qH, qH^, 2 * 2 ®,... we may obtain 

j^n-3,3) 3 = l)(ai—5)+Oa(ai—l)+<i3, 

^m-4,3,1) _ —l)(a2—3)(ai—6)+^ia2(®i—3)—^2{®2 3) a^. 
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Recurrence relations 

For the actual calculation of the tables of characters of the 
symmetric groups, by far the quickest method is by the use of 
recurrence relations. 

Let p be a class of the symmetric group of order nl, and p' the class 
of the symmetric group of order (w+1)! with the same cycles as the 
class p, and one extra cycle of order 1, so that 

Hence = 

Equating coefficients of {/x} we have 

summed for aU partitions (A) such that {p} appears in the product 
{A}{1} (3). 

If (^) == corresponding partitions (A) are 

(Mi /^23***> (H'V 1^2 •’*> if^V > f^k ^)5 

those terms being omitted for which the descending order of the 
parts is destroyed. 

This formula enables the characteristics of those classes of the 
symmetric group of order which have at least one cycle of 

order 1, to be written down from the table of characters of the sym¬ 
metric group of order n\. 

Thus, given the following table of the characters of the symmetric 
group of order 3!: 


Class 

18 

12 

3 

Order 

1 

1 3 

2 


1 

1 

1 

x<”> 

2 

0 


xtt*) 

1 

~1 

1 


xf 


v(8) 
Ap i 


v(3)4_v<21) 
Ap 1 Ap 5 


from the equations 
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we may obtain the following part of the table of characters of the 
symmetric group of order 4!. 


Class 

1* i 

122 

13 

4 

22 

Order 

1 

6 

8 

6 

3 


1 

1 

1 



x<”> 

3 

1 

0 



x<“> 

2 

0 

-1 



x'“*> 

3 

-1 

0 



x'^‘> 

1 

-1 

1 




The theorem may be generalized to the case of one cycle of order 
T, and this allows the whole table of characters of any symmetric 
group to be completed from the tables of characters of lower degrees. 

Let p be a class of the symmetric group of order n\, and p' the class 
of the symmetric group of order {n-{-r)\ which has the same cycles 
as the class p together with an extra cycle of order r. Thus 

From Frobenius’s formula 

S,SpA(Xi,...,xJ = 2 

Remembering that ^ x!-, by multiplying the first equation by 
Sfj. and comparing with the second, it is clear that 

summed for the partitions (A) such that the sequence 
Ai+m—1, A2+^—2, A^ 

is obtained from the sequence 

p^+m—1, pa+m—2, 

by decreasing one term by r and rearranging in descending order. 
The minus sign is taken if the rearrangement corresponds to a 
negative permutation (4). 

Referring now to our convention (§6.4) for jS-functions when the 
parts are expressed in non-descending order, it is clear that the 
characters those which correspond to the ^'-functions 
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Theob:^m. If the class p of the symmetric group of order 
contains the same cycles as the class p of the symmetric ^group of ordernl^ 
together with an extra cycle of order r, then 

summed for the characters which correspond to the S-functions 

{f*'! /^2)***J {H'V H'm ^}> 

the minus sign being taken when the 8-function, with the parts reduced 
to descending order, becomes negative. 

As an example we find the values taken by the character of 
the symmetric group of order 12!, for those classes which contain 
a cycle of order 5. 

The corresponding /^-functions are 

{-1,3.3.1,1}, {4,-2,3,1,1}, (4,3,-2,1,1}, (4,3,3,-4,1}, 

{4,3,3,1,-4} 

YrMch, reduce to 

+{2,2,1.1,1}, +{4,2,0,0,1}, +{4,3,0.0,0}, -{4, 3.3,2, -3}, 
+{4,3,3,1, —4}. 

The second, fourth, and fifth .of these are zero. Hence 

y(43*l>) _ v(4 3) I (2*1*) 

Ap K p I A. p 

For the classes 

F, F2, F3, F4, F22, F23, F5, 16, 124, 12*, 13*, 26, 2*3, 34, 7 
the characters and x®**^*^ take the values 

14, 4, -1, —2, 2, 1, —1, 0, 0, 0, 2, —1, —1, 1, 0, 
14, —6, 2, 0, 2, 0,. —1, 1, 0, —2, —1, 1, 2, 0, 0. 

Hence x^*®*^*^ for the given classes take? the following values 

F5, 1*25, F35, 1*45, 1*2*5, 1*235, 1*6*, 166, 

28, -2, 1, -2. 4, 1. -2, 1, 

1245, 12*6, 13*6, 25*, 2*36,. 346, 67, 

0 , — 2 , 1 , 0 , 1 , 1 , 0 . 

Congruences (5) 

The preceding method is the most practical way of computing 
the tables of characters of the symmetric groups. We take this 
opportunity, however, of mentioning some other properties of the 
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characters which may he used for completing a table when the 
characteristics of some classes are known. 

If jp is a prime, 

{oo+y)^ = x»+y^ (mod^), 
and it follows that = 8^ (modp). 

In Frobenius’s formula for the characteristics of a given class p with 
at least p cycles of order 1, replace 8^ by 8p. The result is congruent 
to the original expression to modulus p, and is Frobenius’s formula 
for the class in which the p cycles of order 1 are replaced by one 
cycle of order p. 

Hence, if two classes p, p' have the same cycles save that p cycles of 
order 1 in p are replaced by a cycle of order p in p, the characteristics of 
the two classes are congruent to modulus p. 

More generally, corresponding to any congruence between expressions 
of the form {x^+y^)^ regarded as functions of x and there is a 
corresponding congruence between the characteristics of the symmetric 
group. 

Thus, since {x^+y^)^ = {x+yY^ (modj?) when p is prime, j? cycles 
of order a may be replaced by a cycle of order ap^ and the charac¬ 
teristics are congruent to modulus p. 

Again, {x^-\-y^Y ~ (mods), and the characteristics of the 

two classes (1®) and (2^) of the symmetric group of order 8!, are 
congruent to modulus 8. 


Classes for which the orders of the cycles have a common factor (6) 
Suppose first that the common factor is 2. The following method 
enables us to express the characteristics of a class wdth only even 
cycles in terms of the characters of a symmetric group of lower order. 

Consider the /S-functions of the roots of f{x^) = 0, where f{z) is 
a polynomial of degree m. If 4 . is the sum of the rth powers of the 
roots of f{x^) = 0, and the sum of the rth powers of the roots of 
f(z) = 0, we have a ^ ^ 


8^ = 2Z,. 


Denote by {A}, {A}' respectively the /S-fonctions of the roots of 
f(x^) = 0 and f(z) = 0. We use the result (§ 7.3, Theorem VII), 

■[A} ^ ~ ^ 
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unless the numbers of even and odd terms are equal in the sequence 

1 , — 2 , 

in which case if the odd terms be expressed in descending order as 
1, 2/x 24-2?71 3, 2/x,^--f-f> 

and the even terms as 


2vi+2m~2, 2v2+2m—4, 2v^; 

then = = 

where 0 is ± 1 according as 

2ja]^“f“27?2»—Ij —2, 2^162*4“ 2 w2<—3, 

is a positive or negative permutation of 


— 1 , A 2 “f" 2 wi— 2 , A 3 ~f" 2^71—3, 




Denote byp the class (l“i2«*3“»...) of the symmetric group of order 

m\, and by p the class (2“i 4aa 6“s...) of the symmetric group of order 

2m!. Then , i/iA.on. / » 1 ^ 

Tip == m!/l“i2“»...(ai!a2!...), 


where 

so that we have 
Thus 


Ap.== (2m)!/2“4“*...(ai!a2!-0, 

(2m)!Ap = 

^ = .ojj+.a2+a3+—, 


Zp = 2^^;$;,. 

"" (2^ 2 

m\ 


! 2 


Hence 


xf 


This is the required result. As an example we jSnd the values of 
the character of the symmetric group of order 12! for all classes 
with cycles of even order only. 

Let (A) denote the partition 


12 = 4+3+34-2. 

Taking 2m = 4, the sequence +.+2m—i becomes 

7, 6, 4, 2. 
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The odd terms are 2.2+3, 2.2+1, 

and the even terms 2.1+2, 2.1. 

Hence _ ^2^^, {r} = {1% 

{/.}{v} = {3^}+{321}+{2M**}. 

Clearly d = —1. The compound character corresponding to 
{ 32}+{3 21 }+{ 2212 } 

of the symmetric group of order 6! for the respective classes 
(1% (1^2), (P3), (12 4), (12 22), (12 3), (15), (6), (32), (2^), (4 2) 
takes the values 

30, -~-2, ~3, 0, 2, 1, 0, 0, 0, -6, 0. 

Hence the simple character for the classes 
{2% (2^4), (23 6 ), (22 8 ), ( 2242 ), (246), (2.10), (12), (62), (43), (8 4) 
takes the values 

—30, 2, 3, 0, —2, —1, .0, 0, 0, 6, 0. 

For the general case when the orders of the cycles in a class have 
a common factor r, the proofs and results are similar. 

If (A) is a partition of 5 , and the numbers of terms of the sequence 

Ai+rm—1, Ag+rm—2, 

congruent respectively to 0, 1, 2 ,..., r—1 to modulus r are not all 
equal, then the /S-function {A} of the roots of f(x^) = 0, and the 
corresponding characteristics of aU classes of the symmetric group 
of order (rs )! in which the orders of all cycles are divisible by r, are zero. 

Otherwise let the numbers of the sequence which are congruent to 
q to modulus r be 

rC/igi+w-lj+g-, r[/t 32 +m- 2 ]+ 5 ', 

Denote by ^ the compound character of the symmetric group of 
order 8* corresponding to the product of the ^-functions 

Then if p denotes the class (1“^2“*...) of the symmetric group of order 
5 !, and p the class (r“», (2r)“*, (3r)<^,...) of the symmetric group of 
order (rs )!, we have ^(A) ^ ^ 



146 


CHAKACTERS OF THE SYMMETRIC GROUP Chap.VIII 
where 0 is J-l according as the sequence 

^[/^r-l,2+^”“2]+r—1,. 


. ^f^Om 

is a positive or negative permutation of 

Xi+rm-l, Aa+m—2, ..., A^. 

Graphs and lattices 

A method of using graphs and lattices for the evaluation of charac¬ 
ters is given in Chapter Y, § 6.3, especially Theorem II. 

Orthogonal properties 

The most systematic check for the accuracy of a table of characters, 
whether of a symmetric or of any other finite group, is by the use of 
the orthogonal properties (4.2; 4, 4.2; 6). 

The only errors that can evade a series of such checks, in general, 
are the complete interchange of two (or more) characters, or of two 
classes of equal order. 

Note to Page 147. 

Dr. J. A. Todd, r.B.s., informs me that he believes he has a gegenbeispiel which 
shows that the conjectured theorem at the foot of page 147 is not, in fact, true. 






IX 


GROUP CHARACTERS AOT) THE STRUCTURE 
OP GROUPS 

9.1. In the following chapter (1) a method is given for the calcula¬ 
tion of the table of characters of a subgroup when the characters of 
the group are known. Hence, since^any group is a subgroup of some 
symmetric group, a comparatively simple method is obtained for 
the calculation of the characters of any group. 

Further, it is shown how many of the important properties of a 
group may be deduced from its table of characters, and hence is 
revealed a novel method for the investigation of the structure of 
groups. At the end of the book, together with the tables of characters 
of the symmetric groups of orders less than or equal to 9!, is given a 
list of tables of characters of the more important subgroups. 

Some of the processes are tentative in nature, but they have the 
merit of practical utility. The tables of characters of the subgroups, 
given at the end of this book, were calculated by the methods given 
here. Most methods known for the determination of subgroups 
are more or less tentative, and the method described here is no 
exception. However, many subgroups may be found by this method, 
almost by inspection, and the easiest subgroups to find are those 
with the largest orders, and these present most difl&culty by other 
methods. The group of order 1,344, which is discussed later, is an 
instance. 

There is a possibility of further theoretical developments that 
would render the methods 'much more definite, and make the 
exhaustive study of the subgroups of large orders quite possible. 

For example, there is good reason to suppose, though rigorous proof 
is lacking, that the coefficients of the simple characters in the com¬ 
pound character corresponding to a maximal subgroup are aU zero 
or unity. This would follow, if the following theorem could be 
proved: 

If 0 is a subgroup of H, and Q has two linear invariants in an 
irreducible representation of H, then there is a subgroup of H, 
containing G, which has only one linear invariant 

t 

Li this form the theorem is plausible, and it is further found to he 
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true in all known cases. If it could be proved, the exhaustive study 
of the subgroups would be brought much nearer, for it is only necessary 
in the first instance to find the maximal subgroups, the other sub¬ 
groups being found in turn from these. 

Again, there is room for other discoveries concerning the possible 
compound characters, corresponding to subgroups, that might 
greatly simplify the work. For example, in the case of the symmetric 
group, if the compound character includes the character [ 1 ^], then 
the subgroup js contained in the alternating group, and the com¬ 
pound character is self-associated. The compound character must 
obey many similar laws, which, if known, would greatly simplify 
the work. 

We have shown in § 3.8 that corresponding to any subgroup 0 of 
order ^ of a group H of order A, there is a representation of jBT as a 
permutation group of degree v = hjg, the group element U corre¬ 
sponding to the permutation 

VT^G, UT^G, ..., UT,G 
of the sets T^G, T^G, ..., T^G, 

This permutation group is simply isomorphic with a set of permu¬ 
tation matrices, which gives a (reducible) representation of the 
group as a set of matrices. The spurs of the matrices, therefore, 
form a compound character of H. 

Denote T^^GhjA^. 

Thus, corresponding to any subgroup there is a representation 
as a permutation group, a matrix representation, and a compound 
character <j>. 

Also ^ 0 , the spur of the unit matrix, is the number of rows or 
columns of the matrix, namely v == hjg. 

We next find <^(T), the value of the compound character for the 
operation T. 

Multiply 

on the left by T. We obtain 

TA^, TA,, TA,. 

Then ^(T) is the number of sets A^, that are left unchanged. Let 
Aj. be any such set, and let 4 . be any operation of .4,.. 
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Then ^ a 

TS,A^=S,A^, 

S-^TS,A:^ = A^. 

Hence S~^TSy belongs to G. 

Corresponding to any set which is unchanged when multiplied 
on the left by T, there will be g operations Sj. such that S~^T8j. 
belongs to (?. 

Conversely, if S^r^TSy, belongs to G and S^, belongs to A^., 

TAj, == A^, 


In all there will be g(f>(T) operations Sj. such that S;r^T3j. belongs 
to G. 

Let T belong to a class p containing operations of H, of which 
belong to (?. If 8^. runs through the h operations of H, S~'^T8^ will 
run through the operations of p, taking the value of each opera¬ 
tion of p exactly hjhp times. Consequently, hgpjkp of the operations 
8-^T8, belong to G. 

hg,lh, = gi{T), 

<f>{T) = hg^lghp. 


It is clear, then, that from a knowledge of the subgroup and the 
number of operations in the classes, the compoimd character <t>{T) 
may be obtained immediately. 

Conversely, a knowledge of the character c/>{T) defines the number 
of elements of each class that appear in the group <?. This does not, 
of course, define the group G uniquely, unless it is self-conjugate, for 
any transform of G will correspond to the same character <f). We 
shall show later how to deduce from the table of characters of H, 
and the compound character the table of characters of the sub¬ 
group <?, and since it will further become apparent that most, if 
not all, of the properties of the group are deducible from the table 
of characters, it may be inferred that, corresponding to one com¬ 
pound character <f>, the corresponding subgroups, if not conjugate 
in H, are at least simply isomorphic. 

The problem of finding the subgroups of a group, then, becomes 
the problem of finding suitable compound characters </>. Before seek¬ 
ing methods for solving this problem, we pass on to the characters 
of the subgroups. 
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9.2. Deduction of the characters of a subgroup from those of 
the group 

We make use of Frobenius’s relations between the characters of a 
group and those of a subgroup. Let the group H of order h have a 
subgroup G of order g, and let the class poiH contain hp operations, 
of which gp belong to G, and in G these operations split up into 
classes />', p", etc., containing gp., gp-,... operations respectively. 


so that 


gp = gp-+gp’+- 


Denote by a character of H and by a character of G. 

Then Frobenius’s relations are 

(9.2;!) 

i 

the summation on the left of (9.2; 2) being taken over the classes 
/>', p", etc., into which p separates, and the coefficients g^p which 
are positive integers not greater than or Xo ^ being the same in 
both sets of equations. 

Equation (9.2; 2) may be written 

= ( 9 . 2 : 3 ) 

where is the mean character of the classes p', p", etc. 

Now suppose that we know the table of characters of a group H, 
and the value of hgpKghp) for each class of H. 

Equation (9.2; 1) shows that the simple characters of H are com¬ 
pound characters of and we obtain as many compound characters 
of G as there are classes of JET. If, however, a class of H contains no 
operation of (?, these compound characters will be linearly dependent. 
We obtain as many linearly independent compound characters of 
Q as there are classes of H containing operations of (?. If each class 
p of £r corresponds to but one class of (?, we have sufficient compound 
characters to determine all the characters of Q, 

In general, however, some of the classes p of H will separate into 
two or more classes p', p'',.- in 0^* For each extra class introduced thus, 
we lack one equation to determine the characters of Q, for the 
characters of H will only give us those compound characters of Q 
which take the same values for the classes p', p", etc. To provide the 
extra equations we use Frobenius’s second equation. 



9.2 


STRUCTURE OF GROUPS 


151 


First simplify the known compound characters as far as possible. 
The multiplicity of any compound character may be deduced from 
the orthogonal relations. The number of simple characters common 
to two characters may also be found. If one compound character 
entirely includes another, the latter may be subtracted, and a simpler 
character obtained. This will be illustrated in the example. 

Ifow consider two compound characters of 0, i(t and ijf\ which 
have just one simple character in common. From (9.2; 3) 


= (9.2; 4) 

being the simple common character, in the case of classes of H 
which separate into more than one class of O, representing the 
mean character. We need first to determine the co'efiS.cients 
Since ip and are compound characters, 




'I’f = '2PtXp\ 


(9.2; 5) 


and Si can be found as follows. Multiply the first equation of 
(9.2; 5) by classes. 


Hence 


(9.2; 6) 

and, similarly, 




Since tp and p' both contain 

Pi ^ 9ip 


Hence 2 is contained in the common part of and 

2 many cases 2 common part 

of 2 jPi and ^ l>ut it may happen that two simple characters 

of Q, included respectively in p and p\ correspond to two compound 
characters of H that have a simple character in common. If this is 
so, this simple character also will be included in the common part 
of 2jPiX^^ and However, even in this case the correct 
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compound character is difficult to find, since, first, 

2 ^ij Xo ^ must he divisible by hjg from (9.2; 3), and, secondly, ^ g.^ 
must vanish for those classes of H which contain no operations of G, 
These considerations usually determine g^^ without ambiguity. 

We obtain thus the simple character though only the mean 
value for those classes p', p\ etc., which correspond to a single class 
of H. The equation ^ ^ ^ 

usually enables us to determine the actual values for these classes. 


Example. The table of characters of the symmetric group of 
order 8! is given on p. 267. The compound character 

corresponds to a permutation representation. Necessary criteria 
that a compound character should correspond to a permutation 
representation will be discussed later. For the present we assume 
it of this compound character. With this assumption, there must 
exist a subgroup of order 

8 !/2 Xo= SI/30 = 1,344. 

The compound character is zero for the negative classes, and for 
the positive classes takes the values 

30, 0, 6, 0, 2, 6, 0, 2, 6, 2, 0, 14, 

respectively, for their order in the table referred to. Hence the num¬ 
bers of operations of these classes in the subgroup are 

1, 0, 42, 0, 168, 224, 0, 384, 252, 224, 0, 49. 

The simple characters of the symmetric group are compound 
characters of the subgroup, hence we obtain the following characters, 
1 , 1 , 1 , 1 , 1 , 1 , 1 , 1 , 

for the eight existent classes of (?. This is clearly simple. 

(^) 7, 3, 1, 1, 0, ^1, ---1, ^1. 


A rough approximation to 2 character shows this to 

be about 1,300. Since it must be a multiple of the order of the 
group 1,344, it must be exactly 1,344, and the character is simple, 
(y) 20, 4, 0, --1, -1, 0, 1, 4. 

Finding approximations to 2 2 "w® s®® 

the character (y) is the sum of two simple characters, neither of 
which is the character (j8). 

(S) 21, 1, —1, 0, 0, 1, 0, —3. 
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This proves to be a simple character not contained in (y). 

(e) 28, 4, 0, 1, 0, 0, -^4. 

This is the sum of the two characters (jS) and ( 8 ). 
ii) 64, 0, 0, ^2, 1, 0, 0, 0. 

This is the sum of four simple characters, and includes the character 

( 8 ) once, since ^ = 1 , 344 . 

Hence, subtracting this character, we obtain 


{ri) 43, 1, 1, 2, 1, 1, 0, 3, 

which is the sum of three simple characters of which one is included 

in (y), since = 1.344. 

The next step is to separate the common character of (y) and ( 97 ). ' 
From (9.2; 5), ^ 

and, fipm (9.2; 6 ), i’i = ^ 

9p takes the values 

20, 168, 0, —224, —384, 0, 224, 196 


for the eight classes, and multiplying these numbers by the values 
of each of the characters of iT in turn, and summing, an approxima¬ 
tion again being sufficient, we see that ^ includes the characters 

2[6 2]+[5 21]+[42]+[4 31]+2[4 2^] 
together with the characters associated with each of these. 


Similarly, 

includes the characters 




[6 2]+3[5 21]+[51®]+2[4 31]+3[4 2 ^], 

together with the characters associated with these, and the self- 
associated character 2[4 2 1 ^]. 

The common part of these is 

[6 2]+[5 21]+[4 31]+2[4 2 ^]+associated characters. 

The corresponding xo 

(20+64+70+2 X 56) X 2. , 


4632 
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This is not divisible by % = 30. By inspection it is apparent 
that the character [42^] cannot be repeated in ^ 

is to be divisible by 30. 

The compound character 

[6 2]+[5 21]+[4 31]+[4 2^]+associated characters 

must be the one required, and, as a check, this vanishes for the 
classes of H containing no operations of (?. We are thus led to the 
simple character of 0 with mean values, for the classes of H, 

(?) 14, 2, 0, -1, 0, -2/3, 1, 10/7. 

It is clear that the sixth and last classes must split into separate 
classes, must divide hig. Hence the sixth class must divide 

into two classes of orders 84 and 168, with characters 0 and — 1, 
or else —2 and 0. Other possibilities are excluded by the equation 
= 1,344, the values 2 and —2, for example, making the 
left-hand side exceed the right. 

Similarly, the last class must split into two. The orders of these 
classes may be 42 and 7, with characters 2, --2, or 1, 4; or again 
35 and 14, with characters 2, 0, or 0, 6; or lastly 28 and 21 with 
characters 1, 2, or 4, —2. 

The only solution which satisfies 

is that the sixth class should split into two classes of orders 

84 and 168 
with characters —2 and 0, 

and the last class into two classes of orders 

42 and 7 
with characters 2 and —2. 

We obtain thus five simple characters of (?. Since we have intro¬ 
duced two extra classes we need one more character not linearly 
dependent on the characters of We obtain this by squaring the 
character (?). The square of a character is always a character, simple 
or compound. This, together with the remaining characters of 
yields, without difficulty, the following characters of 0: 
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Order of Class 

1 

42 

168 

224 

384 

168 

84. 

224 

42 

7 

Character (a) 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

(6) . 

6 

2 

0 

0 

-1 

0 

2 

0 

2 

6 

(c) . 

■ 7 

3 

1 

1 

0 

•^1 



-1 

-1 

(d) . 

14 

2 

0 

-1 

0 

0 

~2 

1 

2 


(e) . 

21 

X 

~x 

0 

0 

1 

1 

0 

-3 

-3 

(/) • 

7 

-X 

-1 

1 

0 

I 

--1 

-1 

3 


(?) ■ 

21 

-3 

1 

0 

0 

-1 

1 

0 

1 

~3 

(h) . 

7 

-1 

~x 

1 

0 

-1 

-1 

1 

-1 

7 

(i) • 

8 

0 

0 

-1 

1 

0 

0 


0 

8 

(k)+(l) . 

6 

-2 

2 

0 

-1 

2 

-2 

0 

~2 

6 


All these characters are simple save the last, which is the sum of 
two simple characters. 

For each class, if the characters are real, 

2 = 9l9p- 

For complex characters this equation is replaced by 


2 = 9l9p- 

It is clear that the class of order 384 must split into two classes to 
provide the extra class, since 384 does not divide 1,344. We obtain 
then, for the characters {k) and (1), 


(k) 

( l ) 


3, -1, 1, 0, 
3, -1, 1, 0, 


—1—V7i 
2 

— 1+V7i 
2 


—l-fV7i 

-1—V7i 
2 


1 , 1 , 0 , 

1 , 1 . 0 , 


-1, 3. 
-1, 3. 


The characters take the complex values for the two classes of 
order 192, into which the class of order 384 divides. This is the only 
way of satisfyLng the above orthogonal relation. 

Alternatively, the characters {k) and (1) could be obtained separ¬ 
ately by using the characters of the alternating group instead of 
those of the symmetric group. 

We thus complete the table of characters (see p, 276). 

9,3. Determination of subgroups; Necessary criteria that 
a compound character should correspond to a permutation 
representation of the group 

From the table of characters of the group we may obtain any 
compound character. If we can ascertain that any given compound 
character corresponds to a permutation representation of the group, 
we can immediately deduce the existence of a conjugate set of sub- 
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groups, and the number of operations from each class of the group 
that belong to one of the subgroups. Further, as shown in the last 
section, we can deduce the table of characters of the subgroup. 

All that we require, then, to enable us to investigate the structure 
of a group from its table of characters is a set of criteria that will 
enable us to decide whether any given compound character corre¬ 
sponds to a permutation representation. We set forth the following 
criteria in order of simplicity, since the use of the criteria in this 
order reduces the labour of investigation to a minimum. Let (f> be 
a compoxmd character. The following criteria must be satisfied if 
it corresponds to a permutation representation. 

Cbitebion I. is a positive or zero integer for every class, 

Cbitebion II. > <f>(S) for all indices r. 

Those symbols left unchanged by a permutation corresponding to 
the operation S will be left unchanged by any power of 8. 

It follows from this, for example, that the value of the character 
for the class (6) of the symmetric group of order 6! cannot exceed the 
value for either of the classes (3^) or (2^). Again, for the symmetric 
group of order 7!, the character [7]+[421] cannot correspond to a 
permutation representation, for its value for the class (61) is 2, and 
for the class (3^ 1) is zero. To the table of characters may be added 
extra columns for the differences for 

those classes for which these may take negative values. In seeking 
a compound character that is positive or zero for every class, these 
columns may be taken into account. 

Criterion III. divides the order of the group, 

CBiTB»io]sr rv. If (f> ='2. < a:®- 

The group matrix corresponds to the group of permutations of the 
h operations of the group. It corresponds to the smallest possible 
subgroup, namely, the identical element itself and the compound 
character ^ ^ 

This permutation group is, in general, imprimitive, the elements 
being divided into sets corresponding to any subgroup of R, It 
follows that the matrices corresponding to a permutation group 
corresponding to any such subgroup may be obtained by a reduction 
of the group matrix. Hence 

9i < Xf • 
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Critebion V . (f) cofituins tht chuTctctBT thdt is uTiity Jot tvsTy opcTci* 
Hon exactly once. 

Since ^ is essentially positive, 

29'p^p>0- 

Hence ^ must contain this character at least once. It cannot contain 
it more than once by Criterion IV. 

Criterion VI. <l>plhpl(l>o is integral for every class, and if the group 
is symmetric, and the class p contains a cycle of prime order p, the 
integer is divisible by p--l. 

(l>phpl(l>Q is the number of operations of the class in the subgroup, 
and hence must be integral. Further, if the group is. symmetric, and 
the class contains a cycle of prime order p, the number of operations 
from this class in the subgroup must be divisible byp—1, for the 
powers of any operation S of the subgroup must also belong to the 
subgroup. The latter part does not hold if the group is not sym¬ 
metric, since the powers of S containing the same cycles as 8 may 
belong to a different class. 

Criterion VII. The table of characters of the subgroup correspond¬ 
ing to the compound character ^ may be found after the method of the 
previous section. 

This last criterion is the only one that may be taken as final and 
sufiicient. The existence of a consistent table of characters may be 
taken as sufficient evidence for the existence of the subgroup. The 
calculation of the characters of the subgroup is a comparatively long 
process, and should not be attempted unless the compound character 
is found to satisfy the other six criteria. 

One other criterion may be added as a final check. 

Criterion VIII. The product of two characters or the square of any 
character is a linear function of the characters with positive integral 
coefficients. 

Example. We proceed to find those subgroups of the symmetric 
group of order 8! of which the orders are greater than 1,000. 

We have to find suitable compound characters <j> such that 
4 < 81/1,000 < 41. 

Referring to the table of characters of the symmetric group of 
order 8!, which is given on p. 267, we see that the inequality (j>Q < 41 
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together with Criteria I and 11 give a series of diophantine inequahties 
with a very small number of solutions. A short examination only is 
sufficient to show that the only solutions which satisfy Criteria III, 


V, and VI are 


^( 1 ) = 




= x(8)+5^62)+^(4-), 

^( 5 ) = 

^( 6 ) _ j ^( 8 )_|_ ^ 1 )_|_ ^(2 1 ')^ 

corresponds to the alternating group. 

Remembering that 

{7}{1} = {8}+{71}, 

we see that corresponds to an intransitive subgroup, the sym¬ 
metric group on 7 symbols. 

Again ‘ {6}{2} = {8}+{71}+{6 2}. 

Hence corresponds to an intransitive subgroup which is the direct 
product of the symmetric groups on 6 and 2 symbols respectively. 

corresponds to the alternating group on 7 symbols, for the 
group is clearly the positive subgroup of the group corresponding 
to 

would correspond to a subgroup of order 1,344. It clearly 
satisfies the first six criteria. Since we have, in the last section, 
obtained the characters of the corresponding subgroup we may take 
this as sufficient evidence for the existence of the subgroup. 

This group is one of the simplest to discover by the method which 
is given here. By the usual methods of group theory, however, it is 
by no means so easily found. It was omitted in the first lists of the 
subgroups of the symmetric groups, as published by Cayleyf in 1891, 
and by ColeJ in 1893. Its existence was, however, known to Jordan.|| 

Lastly, corresponds to a subgroup of order 8!/36 = 1,162. The 
table of characters may be found as shown in the last section (see 
p. 277), and, as before, the successful completion of the. table of 
characters may be taken as sufficient evidence for the existence of 
the group. 


t Cayley (23). 


t Cole (26). 


11 Jordan (42). 
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Referring again to the group of order 1,344, we see by inspection 
that ^ 

^ = x^^'^+x^^^ 

<l> = x^®^+x^^^ 

satisfy the jGbrst six criteria. 

There is no difficulty in showing that corresponding to these there 
is a subgroup of order 1,344/7 = 192, and three distinct sets of sub¬ 
groups of order 1,344/8 = 168, two of which are simply isomorphic, 
for we obtain the same character table, though the classes in the 
two cases are derived from different classes of the original group, 
the third b^ing a distinct group. 

By this method, not only may the subgroups be found, but, as we shall 
see, many of the properties of the subgroups may be read directly from 
their tables of characters. 

9.4. The properties of groups and character tables 

Self-conjugate subgroups 

A necessary and sufficient condition that a group should possess 

a self-conjugate subgroup is that it should possess a character x* not 

unity for every class, and a class p, other than the class containing 

identity, such that __ 

Xp Xo* 

It is further necessary that characters x^^ exist such 

that, if <f> represents the compound character 

<t> = x^V'^+xi'^^^+.^+xS^’^x^^ 

then ^p==^o» 

or 0, 

for every class. The character <f> corresponds to the self-conjugate 
subgroup which consists of the operations of those classes for which 

<kp = ^ 0 * 

Suppose that the group H has a self-conjugate subgroup 0, corre¬ 
sponding to the compound character From the class p oiH there 
are ^phpl<f>Q operations in (?. If this is neither jzero nor hp, then an 
operation of the class p belonging to O may be transformed into an 
operation not belonging to Q, by an operation of H, and 0 cannot 
be self-conjugate. 
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Hence 

i.e. 

or 

If 


\ or 0, 
= 0. 

^ == Sfi'iX®- 


then xf = Xo' 

for all classes p of H whose operations belong to (?. 

Hence the first condition is necessary. We now show that it is 
sufficient. 

Let X lt)e a character of H, not equal to unity for every class, and 
let p be a class, not containing identity,, such that 


Xp = Xo- 

Let /S"be an operation of the class p, and let P be the corresponding 
matrix in a matrix representation of the gi'oup corresponding to the 
character x* Then P is a matrix of degree xo with spur xo- 
If the order of the operation S is p, then 

8^=: I, 


P^ =/• 


Hence the xo roots of the characteristic equation of P are all pth 
roots of unity, and since the sum of the xo roots is the spur of P = Xo* 
the Xo roots must all be unity, and 

P = l. 


The set of operations 8 of H, which correspond to the unit matrix 
I in this representation, must form a self-conjugate subgroup G of 
H. The first condition is sufficient. 

Lastly, suppose that the self-conjugate subgroup 0 of order g, 
of the group H of order A, exists, and corresponds to the compound 
character ^ = 

Denote by ^ the sum of the operations of G. Then 

But l<f>{S),8^h^lg, 

the summation being taken over the group JET, and 

im^s=^2giX^^KS).8, 

Now (xo V^) 2 ^ is the modulus of an invariant sub-algebra 

of the group algebra, and is consequently idempotent. Further, the 
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product of two such expressions corresponding to different characters 
is zero. 

Hence {2 )^%S ). = 4) 7 • S 

and (I m M S. 

But = 

= 

= h2<l>i8).S. 

Hence , V M .8 . 8, 

Xo 

and gi = x^- 

Thus ^ = Xo 

completing the proof that the second condition is necessary. 

Examples. The symmetric group of order 4! has the following 
table of characters:! 


Hence 

and 

Thus 


Class 

1* 

U2 

13 

4 

22 

Order 

1 

6 

8 

6 

3 

w 

1 

1 

1 

1 

1 

[31] 

3 

1 

0 

-1 

-1 

[2^] 

2 

0 

-1 

0 

2 

[2P] 

3 

-1 

0 

1 

~1 

[1‘] 

1 

-1 

1 

-1 

1 


The self-conjugate subgroups correspond to 

4 > = x^^^+xn 

which is the alternating group comprising the first, third, and fifth 


classes, and to 


4 = x^^^+2x^^Hx^'*^* 


This group is of order 24/(l+4+l) = 4, and includes the identical 
operation and the three operations of the fifth class. 

Consider once again the group of order 1,344, the table of charac¬ 
ters of which is given on p. 155. The characters X^^^ X^*^ 

and x^^^ satisfy __ 

Xp — Xo 

for the fourth class of order 7. 

Corresponding to 

^ = ;^a)+6x<^)-f 7 x^^>+8x(^‘>+3x^'^^+3x^'^, . 

t For cycles, classes, and all partitions 13,1^ 2 denote the partitions 1, 3, and 1,1,2 
of 4 respectively, etc. 
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we have a self-conjugate subgroup of order 

1,344/(1+36+49+64+9+9) = 8, 
which comprises the identical operation and the seven operations of 
the fourth class. 

The direct product of two groups 

Let and (?2 groups of orders and respectively, and 

let H be the direct product of the two groups. 

Suppose that Gi has p classes and that O 2 has q classes pg- 
Then, if T belongs to H and 

T:=^SA 

where belongs to and S 2 to class of T depends on the 

classes of and /Sg. Hence there will be pq classes of H, If belongs 
to the class p^ and /Sg to pg, T will belong to a class p, and we may 
write symbolically p == P 1 P 2 

If hp, gp^f and gp^ are the orders of these classes, then 

Now the direct product of two matrix representations of and 
Gg respectively must give a matrix representation of if. The spur 
of the direct product of two matrices is the product of the spurs. 
Hence, if is a character of G^, and is ^ character of Gg, 

= xfhf. 

is a character of if. 

Further, == 19p.xT I ffp.xf 

= 9 ^ 18^2 - 

Hence the character is simple, and we obtain thus the pq characters 
ofH. 

The equation (9.4; 1), then, gives the complete table of characters 
of the direct product of two groups. 

It is possible to infer from the table of characters of a group, almost 
by inspection, whether it can be expressed as the direct product of 
two groups. 

To begin with, there must be two perfectly distinct self-conjugate 
subgroups, which may be distinguished as shown in the last para¬ 
graph. If this condition is satisfied, we must see if the whole table 
may be expressed in the form 
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the classes belonging to the first subgroup, and the classes to 
the second; the characters being those that satisfy Xp^ == Xo^ 
for the classes of the second subgroup, and the characters those 
which satisfy Xp^ = Xo^ the classes of the first subgroup. 

If this condition is satisfied, then the group is the direct product 
of two groups with character tables and [x^‘^] respectively. 

Example. From the table of characters of the symmetric group 
of order 7!, we obtain a subgroup of order 144, corresponding to the 
compound character 

;^(7)+^(61)+^52)+^(4a>^ 

The table of characters of this group, which may be found as 
shown in §4, is as follows: 


Class 

A 

B 

C 

D 

JS 

F 

G 

H 

/ 

J 

K 

L 

M 

N 

P 

Order 

1 

6 

3 

8 

2 

6 

3 

18 

24 

12 

16 

9 

18 

6 

12 

a 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

h 

2 

2 

0 

2 

-1 

2 

2 

0 

0 

-1 

-1 

0 

0 

-1 

-1 

c 

1 

1 

-1 

1 

1 

1 

1 

-1 

-1 

1 

1 

-1 

-1 

1 

1 

d 

3 

1 

3 

0 

3 

-1 

-1 

1 

0 

1 

0 

-1 

-1 

-1 

-1 

e 

6 

2 

0 

0 

-3 

-2 

_ o 

0 

0 

-1 

0 

0 

0 

1 

•1 

f 

3 

1 

-3 

0 

3 

-1 

— 1 

-1 

0 

1 

0 

1 

1 


-1 

9 

2 

0 

2 

-1 

2 

0 

2 

0 

-1 

0 

-1 

2 

0 

2 

0 

h 

4 

0 

0 

-2 

-2 

0 

4 

0 

0 

0 

1 

0 

0 

-2 

0 

i 

2 

0 

-2 

-1 

2 

0 

2 

0 

1 

0 

-1 

—2 

0 

2 

0 

3 

3 

-1 

3 

0 

3 

1 

-1 

-1 

0 

-1 

0 


1 

-1 

-1 

k 

6 


0 

0 

-3 

2 

-2 

0 

0 

1 

0 

0 

0 

1 

-1 

1 

3 

-1 

-3 

0 

3 

1 

-1 

1 

0 

-1 

0 

1 

-1 

-1 

1 

m 

1 

-1 

1 

1 

1 

-1 

1 

— 1 

1 

-1 

1 

1 


-1 

1 

n 

2 

-2 

0 

2 

-1 

-2 

2 

0 

0 

1 

-1 

0 

0 

1 

~1 

P 

1 

-1 

-1 

1 

1 

-1 

1 

1 

-1 


1 

-1 

1 

1 

-1 


There is a self-conjugate subgroup which comprises the classes 
A, B, -D, jP, and G, and another comprising the classes A, G, and E, 
The corresponding characters are a, c?, jf, and m, and a, 6, and c. 
Hence, if the group is the direct product of these two subgroups, 
then the characters of these subgroups must be: 
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It is easily verified that the table of characters of the group may 
be obtained from these two tables of characters of the subgroup by 
means of the equation 

Apipi A pi A Pi * 

Also the orders of the classes of the group are the products of the 
orders of classes of the two subgroups. 

The tables of characters of the subgroups are easily recognized as 
those of the symmetric groups of orders 4! and 3! respectively. Hence 
the group is the direct product of two symmetric groups of orders 
4! and 3! respectively. 

This mighty of course, have been deduced at the beginning from 
the compound character 

Since {^}{^} ~ l}+{5 2}+{4 3}, 

a subgroup of the symmetric group of order 7!, corresponding to the 
compound character must be the direct product of two symmetric 
groups of orders 4! and 3! respectively. The object of the example, 
however, was to illustrate the deduction of the property from the 
character table. 

9.5. Transitivity 

The group reduction function 

, Let be a subgroup of order g and compound character of the 
symmetric group H of order h = nl. 

We associate with G a symmetric function of weight n which we 
call the group reduction function (2), which we shall write shortly 
G.R.P. 

Definition. If the compound character associated with G is 
^ = I then the G.R.F. of G is 2 

The G.R.T. of G indicates immediately the number of elements 
of (? in any class of H, for if p denotes the class (l“2^3y...) and Qp 
elements of this class belong to 6r, then, if the G.R.F. of G is expressed 
in terms of the we have 

•where 8^, = SI.... 
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THs result follows immediately from the properties of /S-fuuotions. 

It is easily seen that the G.R.F. of the direct product of two groups 
is the product of their G.R.F.s. 

Two groups with the same G.R.F. are, in general, transforms of 
one another. 

The G.R.F. of the symmetric group of order n! is h^] of the corre¬ 
sponding alternating group, 

It is sometimes- convenient to refer to a group with a given G.R.F. 
instead of a group with a given compound character. In many cases 
these amount to different terminologies conve 3 dng the same essential 
facts. 

Transitivity 

The forms of the simple characters which occur in the compound 
character of a subgroup, or, equivalently, the coefficients of the 
various /S-functions in the G.R.F., are intimately connected with 
the transitivity of the group, as will be seen &om the following 
section. To examine the transitivity of a given subgroup possessing 
a known compound character, we compare it with certain known 
subgroups and find the transitive factor (3) of the two groups. 

Let and O 2 be two subgroups of orders and ^2 respectively 
of the symmetric group H of order h = n\. Let F denote the direct 
product of the groups (?i, G 2 , and let y = (;S^, T) be an element of P 
corresponding to the elements S and T of G^ and (?2 respectively. 
Let Zj. (r = 1, 2,..., h) denote the Ji operations of H. Then, if is 
replaced by 8^^Z^ T, we obtain, corresponding to y, a permutation of 
the h operations Z^, We obtain thus a representation of P, which 
we shall denote by P, as a permutation group on the h symbols Z^. 

The representation P of P is not, in general, transitive. 

Defiritior. The number of transitive sets into wMch the symbols 
Z^ are divided in the permutation representation V of V is called the 
transitive factor of the two groups, and is denoted by N{Gi, G^, 

We now proceed to evaluate Let y = (S,T) be an 

element of P which leaves the symbol Z^ invariant, so that 

ZfSZ^ == T. 

Clearly 8 and T belong to the same class /> of jET. 
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Suppose there are ^ elements of F which leave Zj, invariant in this 
manner. Let = {8^, ?i) be any other element of F which replaces 
Z^ by Zq, so that 8^^Z _ Z . 

Then clearly {S8^y^Z,{TT^) = Z,, 

and yyi also replaces Z,. by Z^. 

Conversely, if ^ (8^, T^) replaces Zj. by Z^, then 

8,Z,T^^==Z,, 

{8^8tr^Z,T^T^^ Z,, 

and yxvt^ is one of the p elements which leave Z^ invariant. 

Hence exactly^ elements of F replace Z^ by Z^, and by the 

elements of F, Z^ is replaced by QxQ^l'P different elements of H. 

Denote by 6[Z^ the number of elements of F which leave Z^ 

invariant, so that rurr \ 

d{z;) = j). 

Then 2 ^{^r) summed for the gx9jp elements of the transitive set 
to which Zj. belongs is clearly equal to gxg^. Hence 

h 

2 G{Zy.) == ^ 1^2 times number of transitive sets 

^gig^mOx^o,). 

Now if y = (/S, T) leaves Z^ invariant, 

8-^Z^T = Z„ 

Zi^SZ, = T, 

and 8 and T belong to the same class p of H. Let the order of the 
class be and let the number of elements from it in Gx and 0^ 
respectively be and g^^. 

The h elements Z^ transform 8 into the elements of p, each 
being repeated A/Ap times, hence there are hjhp elements Z^ which 
transform 8 into T. For a given class p there are gp^gp^ pairs of 
elements 8, T which can be transformed into one another. 

Clearly, then, 2 == 2 gp^ gpn ^Ap> 

p 

summed for the classes p. Hence 
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Now let the compound characters of If corresponding to the sub¬ 
groups 6 ?! and (rg b© = 2 Q'lid ^2 = 2 respectively. 

9i^p 

Hence N (Gj, ^ ^ <j> 2 i,- 


But since = 

2 = 0 ((A) 9^= (m)), 

we have , 

A 

I. If the comjpound characters of the subgroups and of H are 
2 and ^ 2=2 respectivelyy then 

Wi.<?a) = 2 W>- 

A 

The theorem might be alternatively expressed: 

If Gi and (?2 permutation groups on the same symbols with 

G.R.F.s 2 and 2 respectivelyy then 

This result may be used to study the relations between the G.R.F. 
of a group (or its compound character) and its transitive properties. 

“Take for G-^ any assigned group G with given G.R.R., 2 
For 6^2 shall take in turn certain simple intransitive groups. 

Let H permute the symbols a, j 8 , y, S, First take (?2 be 

the group with G.R.F. h^^^^h^ which leaves a invariant, but permutes 
the other symbols symmetrically. 

If G is a transitive subgroup of H, an operation S of G may be 
found which replaces a by any given symbol. Since an operation T 
of (?2 be found which permutes the other w —1 symbols in any 
manner, it is clear that by a suitable choice of S and T, 8-^Z^T 
will represent any given operation of H. In other words, the per¬ 
mutation group r is transitive, and 

N{GyG^)^h 
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Since the G.R.F. of 0^ is 

K-iK = {n}-{-{n—l, 1 }, 

the following theorem holds: 

The necessary and sufficient condition that a group G is transitive 
is that its G.R.F, does not include the S-function {n— 1 , 1 ). 

If G is intransitive, by counting the number of transitive sets in 
G, and therefore in F, we obtain 

If G is intransitive^ the number of transitive sets into which the 
symbols are divided is one more than the coefficient of {n — 1 , 1 } in the 
G.R.F, of G. 

For doubly transitive groups we take Gg ^ group with G.R.F. 

Suppose 6^2 leaves the symbols <x and invariant and per¬ 
mutes the rest symmetrically. Then if G is doubly transitive an 
operation 8 of G can be found which replaces a and ^ by any 
assigned symbols, and since an operation T of G 2 can be found which 
permutes the other symbols in any manner, it follows as before that 
r is transitive. 

The necessary and sufficient condition that G is doubly transitive 
is that its G.R.F. does not include the S-functions {n—1^ 1 }, {??.■— 2 , 2 }, 
{n— 2 , 1 ^}. 

Generally, by taking G^ to be a group with G.R.F. h^^j,hl we have 

If Ai is the greatest part in any partition of an S-f unction included 
in the G.R.F. of G, excluding the term {n}, then G is (n—Aj—l)-pZt/ 
transitive. 

We now give an example which further illustrates the relations 
between the transitive properties of a group, and the /S-functions 
included in its G.R.F. 

The octahedral group, i.e. the group of rotations which rotate a 
regular octahedron into itself, is well known to be a group of order 
24 simply isomorphic with the symmetric group of that order.f 
It may be regarded as a permutation group G on the six vertices 
of the octahedron, and as such is a subgroup of the symmetric group 
of order 6 !. We will deduce by the above method the G.R.F, of 
this permutation group. 

t Denote the four pairs of opposite faces by A, A' C, O', and D, D'. It is 

easily seen, that the pairs of faces are permuted symmetrically, which gives the 
required representation. 
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The G.R.F. includes the term {6} as does that of every permutation 
group of degree 6. 

The group is transitive, and {51} is absent. 

Denote the three pairs of diametrically opposite vertices hy A, A'; 
B, B' \ G, G\ Then the number of transitive sets of pairs of vertices 
is two, since these two vertices may be adjacent, as e.g. A and B, 
or opposite, as e.g. A and A\ Furthermore, this number of transitive 
sets is unaltered if permutations of the pair of vertices is allowed, 
since operations of the group G itself interchange them. 

Hence taking as the subgroup with G.R.F. 

W = {6}+2{5 l}+{4 2}+{4P}, 
and 6^3 as the subgroup with G.R.F. 

= l}+{42}, 

we have N^G^G^) = NiG, G^) = 2. 

Clearly the G.R.F. of G includes the term {4 2} but not {41^}. 

There are five transitive sets of three vertices which may be 
typified by 

ABC, ACB, BAA', ABA', AA'B. 


If the symmetric group is allowed to permute these three vertices, 
the number of transitive sets is reduced to two. If the alternating 
group only is allowed to permute them, the number is three, as the 
group G itself will interchange A and A', and the last three go into 
the same transitive set. 

Take G4, Gq, and G^ as three groups with G.R.F. 

7^3A? = {6}+3{51}+3{42}+3{4H}+{32}+2{3 21}+{3 P}, 
Ai = {6}+{51}+{4 2}+{3*>}, 
hih+a,) = {6}+{61}+{4 2}+{32}+{4 P}+{3 1% 


respectively. 

Then 


N{G,G^) = 5, 


NiG,G,)=^2, 


N{G,G,)=^^. 


Clearly, in the G.R.F. of G the term {3^} is absent, {31®} has co¬ 
efficient 1, and {3 2 1} is absent. 

Lastly, consider the number of ways of dividing the six vertices 
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into three sets of two, irrespective of order in each set. There are 
six transitive sets of such divisions, which may be typified by 


AA', 

BB\ 

GG'; 

AA', 

BG, 

B'G'; 

AB, 

A'B', 

CG'; 

AB, 

A'C, 

B'G'; 

AB, 

A'C, 

B'G; 

AB, 

GO', 

A'B'; 


Taking 6^7 as a subgroup with G.R.F. 

hi = {6}+2{51}+3{4 2}+{32}+2{3 2 
we have N{G, O^) = 6 . 

Clearly, the G.R.F. of 0 includes the term { 2 ®} with coeificient 2 . 

The coefficient of /SJ in the expression 

{6}+{4 2}+{3P}+2{2®} 

is (1+9+10+2.5)/6! = 1/24 = Ijg, 

Hence there is no other term, and this is the 6 .R.P. of G. 

The G.R.F. of G could also have been obtained by counting the 
operations with given cycles, but the object of the example was to 
illustrate the method. 

Characters of intransitive subgroups 

The intransitive subgroups of the symmetric group of degi’ee 
n =iJ+g^+r+..., that leave sets q, r,... Symbols invariant, are 
subgroups of the direct product of the symmetric groups of sub¬ 
stitutions on p, q, r,.., symbols respectively. Hence, to find these 
subgroups and their characters, we may start with the table of 
characters of this group, instead of the symmetric group on n 
symbols. 

More generally, for particular intransitive subgroups, any of these 
83 nnmetric groups in the direct product may be replaced by one of 
its subgroups. 

The table of characters is given by 

App'p'^... Ap Ap' Ap* •••> 

being a character of the symmetric group on p symbols, or a 
subgroup of this, on q symbols, on r symbols, etc. 

Prom the table of characters we may seek subgroups correspond¬ 
ing to compound characters 

= 2 9ijk- X**^*" ’- 
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If such -a compound character can be expressed in the form 
^ = 2 9'i 2 9jk... 

then the subgroup is the direct product of a group of substitutions 
on p symbols and an intransitive subgroup on n—p symbols leaving 
sets of g, r,... symbols invariant. 

It is sometimes more convenient to start with the direct product 
of two such groups and seek compound characters which cannot be 
expressed in the form ^ ^ <7, x'*’’ 2 9i 

Example. We seek subgroups of the symmetric group of order 6!, 
which leave two sets of three symbols invariant. 

The table of characters of the direct product of two symmetric 
groups, each of order 3!, is as follows: 


Class 

Pl<^l 

Pl^2 

Pi (^3 

P2°l 

Pi^i 

Pt<^3 

Pz^i 

Pz^i 

PsO’a 

Order 

1 

3 

2 

3 

9 

6 

2 

6 

4 

(a) 

[3.3] 

1 

1 

1 

1 

1 

1 

1 

1 

1 

(6) 

[3.21] 

2 

0 

-1 

2 

0 

-1 

2 

0 

-1 

(C) 

[3.1»] 

1 

-1 

1 

1 

-1 

1 

1 

-i 

1 

id) 

[21.3] 

2 

2 

2 

0 

0 

0 

-1 

-1 


(e) 

[21.21] 

4 

0 

^2 

0 

0 

0 

-2 

0 

1 

(/) 

[21.P] 

2 


2 

0 

0 

0 

-1 

1 


(3) 

[13.3] 

1 

1 

1 

-1 

-1 


1 

1 

1 

(A) 

[13.21] 

2 

0 

— 1 

-2 

0 

1 

2 

0 

-1 

U) 

[13. P] 

1 

-1 

1 

-1 

1 

-1 

1 

-1 

1 


There are three subgroups of order 18, corresponding to the 
characters (a)4-(c), (a)+(9^), of which the first two may be 

expressed as direct products of two groups of degree 3. 

There are two subgroups of order 12, corresponding to (a)+(b) 
and (a)H-(d!), which may be expressed as direct products. 

There are three subgroups of order 6, corresponding to {a) +(e)+(i), 
(a)+(6)4-(A)+(j), and (a)+(d)+(/)+(i). The last two groups are 
really of degree 5, each being the positive subgroup of the direct 
product of symmetric groups of orders 3! and 2!,- the other symbol 
being left invariant. 

All other subgroups are of degree less than 6. 

9.6. Invariant subgroups 
Characters of quotient groups 

Suppose that a group H of order h has an invariant subgroup Q 
of order g. We proceed to show how to deduce the characters of the 
quotient group T = H/G from the character table of H, 
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If we also use 0 and H to represent the sums of the operations of 
the respective groups, we may find v = hfg operations of H, = /, 
such that 

S^G+S^G+...+S,G = H, 

where may he replaced by any operation of the set 8, G without 
altering the set, and S^G — GS^. 

Now G^ = gG, ' 

and SiGSjG^SiSjQ^ 

==g8^Q. 

where StS^ belongs to the set S^G. 

The quantities 

. -S^G, -S^G, -8,G 

g g g 

form a group which is the quotient group F. 

In any matrix representation of F, the quantity (1/^)^^ 0 is repre¬ 
sented by We obtain thus a matrix representation of the whole 
group H by representing every operation of the set 3^.0 by 
Every operation of G will be represented by the unit matrix. 

Hence every character of F is a character of H in which all 
classes p containing operations of O satisfy 

Again, ^ summed for all the characters of H whose values 

are the same for all operations of 0, is the compound character of H 
corresponding to the subgroup 0. 

Hence ^ “ ^Ig = these characters must give the com¬ 

plete table of characters of the quotient group F. 

Classes of H which take the same values for all these characters 
correspond to the same class of F. The number of operations in 
a class of F is equal to the total number of operations in the classes 
of H that go to form this class, divided by g. 

Example. The table of characters of the symmetric group of 
order 4! is given on p. 265. 

Eeferring to this, we observe that there is an invariant subgroup 
of order 4 corresponding to [4:]+2[22]+[l^], and another of order 
12 corresponding to [4:]+[l^]. 
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The orders of the classes of the first quotient group are 
(l+3)/4=l, (6+6)/4 = 3, 8/4=2. 

We obtain the table of characters 


Order of class 

1 

3 

2' 

[4] 

1 

1 

1 

[2q 

2 

0 

-1 

[V] 

1 

-1 

1 


The orders of the classes of the second quotient group are 
(l + 8+3)/12 = 1, (6+6)/12 = 1. 

We obtain the character table 


Order of class 

1 

1 

[4] 

1 

1 

[1^] 1 

1 



Hence the two quotient groups are the symmetric groups of orders 
3 ! and 2! respectively. 

Commutator subgroups and perfect groups 

If S and T are operations of a group H, the operation S-’^T'^'^ST 
is called a commutator. The commutators of a group generate an 
invariant subgroup called the commutator subgroup. 

The quotient group of a group H corresponding to its commutator 
subgroup is Abelian. Conversely, every invariant subgroup which 
is complementary to an Abelian quotient group includes the com¬ 
mutator subgroup, t 

An Abelian group of order n has n characters for each of which 
Xo = 1 • Conversely, if a group of order n has % characters for which 
Xo = 1, the group is Abelian. For an Abelian group must have as 
many classes as operations, and hence as many characters, and, 
conversely, such a group must be Abelian. 

Hence, following the last paragraph, it follows that from the table 
of characters of a group we may immediately deduce the com¬ 
mutator subgroup. For the corresponding compound character is 

summed for all characters satisfying 

= 1 - 

f Miller, Blichfeldt, and Dickson (7). 
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The quotient group complementary to this subgroup must he 
Abelian, for all its characters satisfy Xo == 1* Hence the group 
contains the commutator subgroup. Also, no smaller invariant sub¬ 
group can be found of which the quotient group is Abelian. Hence 
this must be the commutator subgroup. 

A group is perfect if it is identical with its commutator subgroup. 
Hence the condition that a group is perfect is that it possesses no 
character satisfying. Xo = ^ Character which is unity for 

every operation. 

Solvable groups 

A group is said to be solvable if and only if it contains a series of 
invariant subgroups, such that the last of the series is identity, and 
the index of each of these invariant subgroups under the next larger 
invariant subgroup is a prime number.*!' Every Abelian group is 
solvable. 

The solvability of a group may be deduced from its table of 
characters as follows. 

Let J? be a group of which the characters are known, and let 
be its commutator subgroup* Deduce the table of characters of 
Gi as has been shown. 

From the table of characters of 0^ deduce the commutator sub¬ 
group G 2 and its table of characters. 

Proceeding thus, we arrive either at a perfect group 0^. or at an 
Abelian group Gj. with commutator subgroup the identity. In the 
first case the group H is insolvable, in the second case solvable. 

The quotient group at each stage is Abelian, and hence solvable. 
A perfect group, is insolvable, and any group containing an insolvable 
subgroup is insolvable. 

In this process, if the simple characters of H lead to compound 
characters of a subgroup, it is not necessary to separate these com¬ 
pound characters, as at each stage the commutator subgroup is 
invariant in JET, and takes complete classes and comjplete characters 
from H. It must be remembered, however, that the character is 
compound, in deducing the next commutator subgroup. 

Example. The symmetric group of order 6! has a subgroup of 
order 72 corresponding to the compound character ^ 

Its table of characters is as follows: 

t Miller, Blichfeldt, and Dickson (7), 174. 
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Class 1 

A 

B 

c 

jD 

E 

F 

a 

E 

J 

Order | 

1 1 

- 6 

4 

9 

12 

12 

4 

6 

18 

(«) 

1 

1 

1 

1 

1 

1 

1 

1 

1 

(b) 

1 

-1 

1 

1 

-1 

~1 

1 

-1 

1 

(c) 

1 

1 

1 

1 

1 

-1 

1 

-1 

-1 

(d) 

1 ! 

-1 

1 1 

1 


1 

1 

1 

-1 

(e) 

4 

2 

1 

0 

-1 

0 

-2 

0 

0 

(/) 

4 

-2 

1 

0 

1 

0 

-2 

0 

0 

(ff) 

4 

0 

~2 . 

0 

0 

-1 

1 

2 

0 

(h) 

4 

0 

-2 

0 

0 

1 

1 

-2 

0 

U) 

2 

0 

2 

-2 

i ^ 

0 

2 

0 

0 


The commutator subgroup corresponds to the compound charac¬ 
ter (a)+(6)+(c)+(^^)j consists of the classes A, C, D, and (?. 
It has the following characters, (a) is simple, (j) is a simple 
character taken twice over, (e) and (g) are each the sum of two 
characters. 

The next commutator subgroup corresponds to the compound 
character and consists of the classes A, C, and (?. At this 

stage we obtain the characters 


Class 

A 

C 

0 

Order 

1 

4 

4 

(a) 

1 

1 

1 

(^) 

4 

1 

— 2 

(9) 

4 

-2 

1 

T 


(e) and (g) are each the sum of four simple characters. Hence the 
group is Abelian, and the original group of order 72 is solvable. 

Contragredient isomorphisms. (See p. 177) 
hTo case, is known of a contragredient isomorphism which changes 
each class into itself. On the other hand, it is still an open question 
whether or no such isomorphisms exist.f 

If a group contains no invariant subgroup, its group of cogredient 
isomorphisms is simply isomorphic with the group itself. The exis¬ 
tence of contragredient isomorphisms that interchange some of the 
classes may be deduced from the table of characters. Hence, apart 
from the questionable existence of contragredient isomorphisms that 
leave all classes invariant, a complete knowledge of the isomorphisms 
may be obtained from the character table. 

f Burnside (1). 
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A contragredient isomorphism, not leaving all classes invariant, 
must correspond to an interchange of the classes. By reason of 
the isomorphism, however, the table of characters must be left un¬ 
changed, and, since all the characters cannot take the same values 
for two different classes, there must also be an interchange of 
characters. Further, the classes that are interchanged must have 
the same number of operations, and these operations must have the 
same order. 

Hence, if a group admits a contragredient isomorphism, not leaving 
all classes invariant, then there is a possible rearrangement of the 
classes, which may be expressed as a series of cyclic interchanges 
of classes containing the same number of operations of the same 
order^ and a rearrangement of the characters, which, taken together, 
leaves the table of characters unchanged. 

Conversely, if such a rearrangement is possible, there exists a 
contragredient isomorphism. 

The quotient group of the group of isomorphisms by the group of 
cogredient isomorphisms (or the set which leaves the classes invariant, 
if this is different) is the group of rearrangements of the classes under 
the above conditions, for if two contragredient isomorphisms T and 
U give rise to the same interchange of classes, then T-W leaves all 
the classes unchanged. 

Examples. In the table of characters of the symmetric group of 
order 6! (see p. 266), interchange the classes (P3) and (3^), (1^2) 
and (2^), (1 2 3) and (6), and simultaneously the characters [51] and 
[2^], [41^] and [3 P], [3^] and [21^]. The table of characters remains 
unchanged, and there is a contragredient isomorphism. This is the 
only rearrangement satisfying the above conditions, and the 
quotient group of the isomorphisms by the cogredient set is a group 
of order 2. 

For the group of order 1,344 with table of characters on p. 276, a 
rearrangement of the classes and characters is possible satisfying all 
the conditions save that the orders of the operations are different. 
This condition failing, no contragredient isomorphism exists. 

Consider the group of order 18, 

= I, = /, ST = TS^ 

If a = 2 cos 40°, jS = 2 cos 80°, y == 2 cos 160°, the table of characters 
is as follows: 
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Class 

a 

b 

c 

' 

e 

/ 

Order 

1 

2 

2 

2 

2 1 

9 

A 

1 

1 

1 

1 

1 

1 

B 

1 

1 

1 

1 

1 


G 

2 

a 

P 

y 

-1 

0 

D 1 

2 

y 

(X 


-1 

0 

E 

2 


y 1 

OC 

~1 

0 

F 

2 

-1 

-1 I 

-1 

2 

0 


The table is left unchanged if we interchange cyclically the classes 
(6), (c), and (cZ), and simultaneously the characters [O'], [D], and [i?]. 
Hence the quotient .group of the group of isomorphisms by the co- 
gredient set is a cyclic group of order 3. 

Note to Page 175, Gontragredient isomorphisms 

Contragredient isomorphisms do exist which leave all the classes invariant. See 
Wall, Supplementary Bibliography (26). 
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10.1, The operations of the tetrahedral, octahedral, and icosahedral 
groups rotate the respective regular solids into themselves. The 
operations of any of these groups are three-dimensional rotations. 
The complete set of rotations in three dimensions also forms a group 
which will rotate a sphere into itself. This group is of infinite order, 
and has the property of continuity associated with the real numbers. 
The group of all non-singular linear transformations in three variables, 
or more generally in n variables, as well as many of its subgroups, 
is of a similar nature. Such groups may be represented as matrix 
groups. The elements of the matrix members are not restricted to 
a finite set of discrete values as for finite groups, but may be varied 
continuously over given ranges, subject, usually, to certain restrictive 
conditions. These will be referred to as continuous matrix groups. 

Continuous matrix groups have many of the properties of finite 
groups. We shall now extend the group-character theory to these. 
The number of classes of such a group is infinite, and we may expect 
that the number of characters or of independent matrix representa¬ 
tions is infinite also. But whereas the classes have in general a 
continuous nature, the matrix representations form in general a 
discrete enumerable set. 

It will be found that the orthogonal properties hold for certain 
restricted groups, the summation over the elements of the group 
being replaced by an integration over the group manifold. 

We deal first with the group of all non-singular matrices of order n^. 

Invariant matrices (1) 

Let A = [uj be a non-singular matrix of order Let Q denote 
the group of all such matrices. A is the matrix of a linear trans¬ 
formation -rr 

X = AY, 

where X and T are column vectors with elements 
Vv 2 / 2 ,Vn respectively. 

. Under the transformation the homogeneous products of the x/s 
of degree p, e.g. 



10.1 


INVAKIANT MATRICES 


179 


are transformed into linear functions of similar products in the y's 
by a matrix of order . 

This matrix is called the pth induced matrix of A, and will be 
denoted by A^\ 

Quite clearly, if AB ^ C, 

then ^ = (P>\ (lOJ; 1) 

The elements of the matrix A^"^ are homogeneous polynomials of 
degree p in the elements of A, 

Again, if ^ (< ti) sets of n variables are transformed simultaneously 
by the matrix A, 

(1 < r < p), 

we can form determinantal forms 

I (1 < < ^2 < - n). 

Under the transformation these will be transformed into linear 
functions of a similar set of determinantal forms in the 
The matrix of the transformation on these determinantal forms is 

a matrix of order i^\ in which the elements are the determinants 


of the p-rowed minors oi A, It is called the pth compound matrix 
of A, and will be denoted by the symbol A^'>, 

Clearly, if AB = C, 

then ^(p)J 5 ( 2 » = (7(P). (10.1; S) 

By way of illustration it wdll be seen that the second induced 
matrix of 

[c,d\ 

‘ ab “ 

IS 2ac ad-\-bc 2bd 

whilst the second compound matrix has the single element 

ad — be. 

The induced and compound matrices are special cases of invariant 
matrices which have the following definition. 
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Definition. Let T{A) be a matrix whose elements are polynomials 
in the elements 0 ^ the matrix A. Then if 

T{A)TiB) ^ T{AB), (10,l;3) 

T{A) is said to be an invariant matrix of the matrix A. 

The induced and compound matrices are clearly invariant matrices. 
There are, however, other invariant matrices. For example, the 
direct product of two invariant matrices is clearly an invariant 
matrix; hence the direct product of two induced matrices, of two 
compound matrices, or of an induced and a compound matrix, is 
an invariant matrix. 

Let T{A) be any invariant matrix. Then if A runs through the 
operations of the matrix group (?, the matrices T{A) form a matrix 
representation of the group. In conformity with the theory for finite 
groups we define the characters of the group G as follows. 

If ^ is a variable element of the group G and T{A) is an invariant 
matrix of A, the set of spurs of the matrices T{A) is said to form 
the character of the group G corresponding to the matrix repre¬ 
sentation T{A). 

If T{A) is an invariant matrix of A^ and B is any constant non¬ 
singular matrix of the same order as T, then B-'^T{A)B is also an 
invariant matrix. The two invariant matrices T{A) and B-^T{A)B 
are said to be equivalent. 

If .4 is a non-singular matrix, but T{A) is singular, then 
T(A)T(A-^) = T(I), 

where I is the unit matrix, is singular also. But T{I) is idempotent 
and may be transformed into the form diag(P, 0«). The correspond¬ 
ing transform of T{A) has a non-singular matrix of order in the 
top left-hand corner, and zeros elsewhere, since 

T{A) == T(I)T(A) -= T{A)T{I). 

We may ignore the zeros and consider only the non-singular matrix. 
Henceforward we shall assume all invariant matrices to be non¬ 
singular unless otherwise stated. 

An invariant matrix T{A) is said to be reducible when it can be 
transformed into the form 




M{A)] 
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where Ti{A) and T^iA) are square matrices. Clearly Tj{A) and T^i^A) 
are also invariant matrices. If M{A) = 0 also, T{A) is said to be 
completely reducible, and it is thereby transformed into the direct 
sum of the two invariant matrices T^{A), T^{A). 

B-^t(A)B= 1 

L 0 \T^{A)\ 

== TM)+TM), 

where + is used to denote the direct sum indicated. 

It will be shown in the next chapter that if an invariant matrix 
is reducible it is also completely reducible, and in this chapter by 
reducible we shall mean completely reducible. 

If T{A) is not reducible it is said to be irreducible. As for matrix 
representations of a finite group, we study the irreducible invariant 
matrices. The character of an irreducible invariant matrix is said 
to be simple. 

I. The elements of an irreducible invariant matrix T{A) are homo¬ 
geneous in the elements of A. 

Let I be the unit matrix, and A a scalar. Then 

T\XI) = T{m). 

It follows that the characteristic roots of T{X[) are powers of A. 
Let .B be a matrix which transforms T{}J) into diagonal form, so 

T'{A) == B-^TiA)B, 

T'Qd) = diag[(A^0^S (A^O^i]. 

T{A)T'{)d) ^ T'(M)T'iA), 

it follows that T'{A) is the direct sum of matrices of orders pf, 
Pi, these being each homogeneous and of degrees 
respectively in the elements of A. The theorem follows. 

II. The necessary and sufficient condition that two irreducible in¬ 
variant matrices T{A), T'{A) are equivalent is that they should have 
the same spur for every matrix A. 

The condition is clearly necessary, as the spur of a transform of 
T is equal to the spur of T. Let A^, A^,^.., A^ be an indefinite number 
of matrices of order n^. Suppose that the spurs of T{Ai), T'{Ai) are 
equal for all matrices At- Then the spurs of ^ T{Ai), 2 


that 

and 

Since 
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are equal, 
spur of 


Again the spur of which is equal to the 

2 xl T{Al)+ 2 T{A^A^), 


will be equal to the spur of r'(ASimilarly, the spurs of 
all the powers of these matrices will be equal. It follows that the 
characteristic equations of 2 T{A^, 2 equal. 

We may deduce that the matrices 2 Riay be 

transformed into one another, provided that their characteristic 
equations have, no repeated factors, and the corresponding repre¬ 
sentations are equivalent. 

If, however, the characteristic equation of 2 x^ T{A^ has a re¬ 
peated factor, or if it factorizes at all, for a sufficiently large value 
of r, then T{A) will be reducible, contrary to hypothesis. This 
proves the sufficiency of the condition. 

The theorem that reducibihty implies complete reducibility, which 
will be proved in the next chapter, enables us to omit the word 
‘irreducible’ from the enunciation of this theorem. 

Invariant matrices may be constructed by the following method 
which Schur further elaborated to obtain the getieral theory (2). We 
shall not, however, follow Schur’s development, but mention it 
only as an example. 

We use a^, hj, and {A} to denote the symmetric functions and 
/S-functions of the characteristic roots of the original matrix A. 
The spur of A is thus Aj. The spurs of A^^'^ and A^^'^ are easily seen to 
be hj, and respectively. 

The direct product of A with itself, x A, is an invariant matrix 
which is found to be reducible, and equivalent to the direct sum of 
the second induced and the second compound matrices. 


The corresponding equation for the characters of these invariant 


matrices is 


= ^ 2 +^ 2 - 


We shall find it convenient to denote the T^th compound matrix 
by instead of 

The direct product of the rth induced matrix and the original 
matrix, A^^^xA, is also reducible. If the variables and are 
transformed cogrediently by the matrix A, then A^^'^ncA is the matrix 
of transformation of expressions in the form of a product of the 
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Xi’s of degree r multiplied by some x'^. If we put for aU i, 

certain linear functions of these expressions are zero, and the re¬ 
maining expressions are transformed by the (r-f-l)th induced matrix. 
Hence X.4 is equivalent to the direct sum of and some other 
invariant matrix which is the matrix of transformation on those 
linearly independent forms which become zero when x^ — x'^. We 
denote this invariant matrix, which is found to be irreducible, by 
We have 

The corresponding equation of the characters is 

W = !}• 

The character of the invariant matrix is thus {r, 1}. 

Following this method, Schur has shown that there are invariant 
matrices corresponding to each >S-function. These are irreducible 
and constitute a complete set of independent irreducible invariant 
matrices. 

In the place of Schur’s development we adopt the much simpler 
and more direct method of constructing a specific invariant matrix 
corresponding to each partition of showing this to be non-singular 
and irreducible, and to have its character equal to the corresponding 
/S-function (3). 

III. If A is a matrix of order there are as many irreducible 
invariant matrices of A, of degree n, as there are partitions of n into 
not more than m parts, and the spurs of these invariant matrices are 
the 8-functions of weight n of the characteristic roots of A. 

The theorem is proved by the construction of an invariant matrix 
corresponding to each partition, which is shown to be non-singular 
and irreducible and to have its spur equal to the corresponding 8- 
function of the characteristic roots of A, 

That no other independent irreducible invariant matrices of degree 
n exist, follows from the fact that the spur of an invariant matrix 
of degree is a symmetric function of the characteristic roots of A, 
and can always be expressed as a sum of /S-functions, Hence, since 
two invariant matrices are equivalent if they have the same spur, 
the invariant matrix is equivalent to the direct sum of the correspond¬ 
ing invariant matrices. 

* Let (a) == (l^i,2^S...,m^*r‘), K+tTa+.-.+cr^^ = n), denote any n of 
the numbers 1, 2,..., m. (r) == (l%2^*,...,m'^«) is any other such set, 
or the same set. A^j^ is the 7i-rowed minor of the matrix A = 
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in which the rows are defined by the set of numbers (a), and the 
columns by the set (r). 

Then, if and S is the permutation of the 

numbers 1, 2,..., n, we define Pari^) by the equation 

Pari^) ^ ^lei ^2€a’*'?wCrt/^or> 

where = 0 * 1 ! o-g!... aj.. 

We make use of the matrix representation of the symmetric 
group given by Theorem VI, § 5.4. On substituting for P^, 
etc., suppose that this theorem gives 

* s 

where S is an arbitrary element of the symmetric group and 
is a scalar coefficient. 

From Theorem VII, § 5.4, we obtain 

S = 14^{S-^)eiy (10.1; 4) 

IV. The matrix 

T{A) = [2<l>m-^)-Pcr(S)l 

where s and (a) define the rows and t and (r) the columns, is an invariant 
matrix of the matrix corresponding to the partition (A). 

Let [a^J, [ 65 ^], and be three matrices of order such that 

M = K][M. 

so that 

r 

Let the products obtained from the matrices [ 6 ^^ and [c^J correspond¬ 
ing to the product Poj{S) from be ^^d respectively. 

It is required to prove that 

r,fi,S,T S 

On substituting = 2 «.r^ri. it is easily seen that 
PcriS) =^P^4T)Q^^{T-^8). 

Hence it is sufficient to prove that 

imS-^)P.,{S)mT-^)Q^riT) -=imS-^)P.^{T)Q^r{T-^S). 

That is, on picking out the coefficient of i® sufficient 

to prove that 

2 = 2 

Substituting for S, T, and ST from ( 10 . 1 ; 4) in the equation 

8.T = 8T, 
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we obtain 

Picking out the coefficient of e^, we obtain 
which proves the theorem. 

Example. We construct the invariant matrix of the matrix 


^ c/2, 

L^i, C2 j 

corresponding to the partition (21) of 3. 

Consider the symmetric group of permutations on the three sym¬ 
bols oc, jS, y. There are two standard tableaux corresponding to (21), 
namely 

“ . % 


")■ 1- 


from which we obtain 


3eu = l + (a!^)—(ay)—(a^y), 

3eaij = l+(ay)—(a^)—(ay^), 

3ei2 = (^)+(ayP)—(a^y)—(ay), 

SCji = (^)+(a^y)—(ay^)—(a^): 

Hence the invariant matrix of order 14^ is given by 
T{A) 

j <X^ 2^3 2iCL'^h'^C^ 0, Cj Oj 


ai J, c,+^3 Cl <*1 &3 Cj+a, &3 Cl 203 6* Cj 0, * 2ai Jg Cj 0, 

<*3 &i Cj—Ag 2>i Cj, — (Xg ^1 Cg ag 61 Cg, ag 63 Ci % fti Cg, flg &i Cg ai Ji Cg, 

CCl £Zg 5g*~C(g CCg & 1 , tCi Ag flEg A 3 j^l, Al ig“—Ai flg ^ij 0, ^ 8 ~—“®1 ®3 

—i(aiA,&, — i{aia»^3 — i(aj6, 0 , — 0 , 

—agOg&i), —OgAg^i), —OiCg^i). 

AlOgCg—itgAjCi, AiOgCg—agOgCi, oftfg—AiOgCi, 0 , of«3‘”«l«3<^J» 

—KAlAgCg —i(ai« 3<?3 —f («*<?* 0 , — 0 , 

—AgOgCi), — OgOgCj), — aiai<?i), — Oi«s^i)» 

0, 

-RftiSgCg 0 , 0 , 

— &g Jg Cl), — 6 g 63 Cl), — hi 6 g Cl), 6163 Cl), 

U^ihh—OtKhyj I(ai&g&,—aj&iftg), I(ai5i6,~a, JJ), 0 , K^i Si^j—OgJf), 0 , 

i(ai5g6g—Agfti&g), K®! Sg&s""^* ^»)j 0> 

J(oiCgC,—Ogc/cg), Rai^rg^yg—ag<Ji<?s)» «*«?)» 0> «»<?*)» 0, 

KojCgCa—AjCiCg), «ad)> Oj 

i(&iCgC*—ftgCiCg), i(5iCgCs-&gCiC3), Uh^i<k—h4)» 

^i{5iCgCg—JgCiCg), K^iCgCg—SjCjCg), K5i<?i<?g—JgcJ), 0, &s^)> 0, 



186 


CONTINUOUS MATRIX GROUPS AND 


Chap. X 


2d2 63 C3 

0, 

dl 6g Cg-j- dg &! Cg 

*, aihzCz-jrazhiCz 

d2 63 C 3 -fd 3 6gCa ^ 

dg 63 Cg~* dg 6g Cg, 


—2dg 6g Cj, 

—2d3 6g Cg,, 

- 2 d 3 62 Cli 

Sdg 63 Cg 

0, 

dg 63 Cg”}" dg 6g Cl 

*, di 6 gCg+d 3 63 Ci 

, d2 6 gCg+a 3 63 Ca * 

— dg 62 Cg”"dg 62 Cg, 


—2d2 hi Cg, 

- 2 d 3 6iC3, 

—2dg6gCg 

da ^3 dg dg 63, 

0, 

di da 63—dg 61, 

* did 3 63 -a; 6 i, 

d 2 d 3 6g—d3 6g, * 

—i(d2 63—dg dg 6g), 

0, 

— Kdi dg 63—d 5 61), 

*> —Mdi da 6g—dl 61), 

— i(d 2 d 3 6g —d56g), » 

dg Cg — dg dg Cg, 

0, 

di dg Cg — dg Cl, 

*, di dg Cg— d| Cl, 

dgdgCg—dSCg, * 

—-Kag Cg dg dg Cg), 

0, 

— i{di dg Cg—dg Cl), 

*, -KdidgCg-dJCi), 

^(dgagCg d^Cg), * 

6|c 3—62 63 Cg, 

0, 

^2 Cg—63 Cl, 

*, 6i6gCg 63 Cl, 

6263C3-65C2, * 

— K^aCg—60 6gCg), 

0, 

— ^a Ca—■ 6g Ci), 

-i(6i6gcg-6|ci), 

i(^2 63 C 3 —6*03), * 

^(dg 63 63 dg 6|), 

0, 

^(di 65-dg 6i 62), 

Kdi 6 l-a 3 6 i 63 ), 

Hda 6a da 6g 63), * 

i(d2 6a 63—d3 6|), 

0, 

■J(di 6g—dg 616g), 

*, i(ai 65 —a 3 6 i 63 ), 

i{d2 6|—d 3 62 63 ), * 

tSf(da Cg Cg dg Cg), 

0, 

i(dicS—dgCjCg), 

*, Kdic 5 —dgCjCg), 

iCdgcl—dgCgCg), * 

Kdg CgCg —dgC^), 

0, 

iidjCl-dgCjCg), 

*» i(di cJ dg Cl Cg), 

i(d2c5—dgCgCg), * 

1(63 Cg Cg 63 Cg), 

0 , 

J(6iCg—62C1C2), 

*7 i( 61 c| — 63 Cl Cg), 

i( 6 ac 5 - 63 CaC 3 ), * 

i(6g Cg Cg—63 Cg), 

0 , 

Uh cl-62 Cl Cg), 

*» i( 61 c|—63 Cl Cg), 

1(62 Cg — 63 Cg Cg), *- 


The asterisks indicate columns each identical with the preceding 
column. It will be seen that the invariant matrix so formed is singu¬ 
lar, having more than the necessary number of rows and columns. 
Some columns consist of zeros, others are repeated. However, if 
the columns of zeros and the corresponding rows are omitted, and if 
each repeated column is written once only, and the corresponding rows 
added, we obtain the following invariant matrix, which is non-singular. 


— ^3 fs <?!, 

^3 **2 ^3 

^1 ^3» 

<*1 ^2 ^3 

hi c^’~~ h^ ^3 Cj, 

Ui \ fls Z>a, 

^a <?a”“ ^3 ^2j 

I 2^3 ^2> 

2% 6, Cj 

^2 ^3 ^2 "”^3 ®2 ^2» 

2^2 &3 Ca 

*"®2 ^2 ^^3—"<^3 65 ^721 
,^3—<*a ®3 ^a> 
“2<^3“«2«3<^2» 

^3 ^2 ^3^2> 

«a ^2 ^a"~®s ^a» 

—®3^i 


o>\ hz ^a~H ^2 

—tfi& 3 < 7 i—aa &2C1, 
^2 ^ 3 “}“ ®3 ^2 
— cij, hi C3—fla 6j Cg, 

% ®3 ^2— ®2 ®3 
flj ®3 ^2“ ®2 ®3 
^3 ^2 ^3 

^2 ^3 — ^31 

^a < 73 ~<*a ^ 3 j 

^a ^ 3 ~“ ^a ^ 3 » 

flj &2 Cg-j- ^a ^2 

-2ag 6a Cl, 

^2 ^ 3 ”l “®2 ^2 

-Sag 61 Cg, 

ai ag hz~-a\ 61, 

^1 <2g ^a*”®a 

6i 6g Cg— 6* Cl, 

Oi hl’-a^ hi 6g, 
Oic|—agCjCg, 

6iC*-6gCitfg, 


2 ai 61 Cg 

—— <ti 6g Cl—fltg hi Cl, 
2 ai 6a Cg 

— fll 61 Cg — ttg 61 Cj, 
6g““tti dg 61, 
aj Cg—ai Og Cl, 

6 j Cg— 616 g Cl, 

<*1 61 6g—dg &!, 

Cl Cl Cg dg c*, 

61 Cl Cg—6g c*, 

^8 ^a"t ®3 ‘^3 
—203 63 Cl, 

i^3<73+»3 &3 

—2azhiCz, 

Hi da 65 —dg 6 i, 
di dg C3— da Cl, 

616303—63 Cl, 
di 63—dg 6163, 

®1<73—dg Cl C3, 

61 C| 63 Cl Cg, 


2 ai 61 Cg 

— di 63 Cl —dg &! Cl, 

2 di 63 Cl 

— di 61 Cg—dg 61 Cl, 

dl 63—dl dg 61, 

®1 Cg— di dg Cl, 

6 ? Ca— 616 g Cl, 
di 6163 —dg 6 ^, 

®i ^3 ®3 

&1 Cl C3 63 Cl, 


dg 63 Cg”}” dg 63 Cg j 
— 2 ds 63 Cg 
dg 6g Cg-J- dg 63 Cg 

. — 2d3 62C3 

dg dg 63—dg 63 

dg dg Cg—dg Cg (10.1 \ 6) 

6g 6g Cg— 6g Cg 
dg 63—dg 6g 6g 

dg c|—dg Cg Cg 
62 CI— 63 C 2 C 3 _i 
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It may be verified that for either matrix T{A). T{B) = T{AB), 

V. If in the invariant matrix of Theorem JF, columns of zeros and 
the corresponding rows are omitted^ and repeated columns are written 
once onlyy and the corresponding rows added, we obtain a non-singular 
invariant matrix. 

It is obvious that the matrix is still mvariant, for the omission 
of columns of zeros and corresponding rows cannot affect its in- 
variancy, and an obvious transformation, if a col umn is repeated, 
will reduce all except the first column to zeros, and add the corre¬ 
sponding rows. It is only necessary to show that the resulting matrix 
is non-singular. This we shall do by considering the mvariant matrix 
of a matrix in diagonal form. 

Let (t) = (1“2»3'=...). Use the symbols eta,..., ySj, 

etc., in this order, for the construction of the Young 
tableaux. Now for any tableau in which there are two a’s in the 
same column, say oc^ and the product will admit of a factor 
\ — on the right. Since the substitution on the extreme 

right of a substitutional expression is equivalent to the interchange 
of the identical columns corresponding to oq and any expression 
with a factor 1 —right will give a zero term in the 
invariant matrix. In particular, to there corresponds a 

zero term for all s, and the complete column of the invariant matrix 
corresponding to the tableau is zero. The same result holds if two 
j8’s or y’s, etc., are in the same column. 

Next consider a tableau and any other (standard) tableau 3} 
which can be obtained from it by rearrangement of the a’s, jS’s, y’s, 
etc., among themselves. A factor operating on the extreme right 
of any substitutional expression wiQ have the effect of interchanging 
sets of identical columns. Hence will give an identical 

expression in the invariant matrix to 

Hence the two columns of the invariant matrix corresponding to 

and Tj are identical. 

It remains to show that if we choose one tableau only from each 
arrangement of the a’s, jS’s, etc., irrespective of suflSxes, omitting 
those with two a’s or two ^’s, etc., in the same column, we obtain 
a non-singular invariant matrix. 

Let the original matrix be the diagonal matrix 

O == diag(ct)jL) 
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Clearly, to get a non-zero term of the invariant matrix we must have 
(cr) = (t), or at least one term in each product will have different 
suffixes and the expression will be zero. 

For (or) = (t) = there will be a!6!c!... products 

which are non-zero, corresponding to the terms of the product of the 
symmetric groups on the a’s, jS's, y’s,... respectively. Each product 
will be equal to . 

Clearly will correspond to a multiple of with 

positive coefficient, for the only terms that will signify will corre¬ 
spond to partial products in which the identity is taken from and 
from Ni, and only such expressions are taken from as permute the 
a’s, jS’s, y’s., etc., among themselves. For any other substitutional 
expression obtained from MiP^N^ will permute symbols correspond¬ 
ing to different letters, and will give a zero result. Again, it is clear 
that if permutes the letters among the a’s, jS's, y’s,..., then there 
is no expression in the product ^ 

which will not give a zero result. The only case in which a non-zero 
result could possibly be obtained is when or^^. belongs to P^Nj^ and 
permutes the a’s, jS's, etc., among themselves only, and investigation 
shows that the definition of is designed to make the result zero 
in this case also. 

Thus it will be seen that the resulting invariant matrix is diagonal, 
every leading diagonal term differs from zero, and the matrix is non¬ 
singular. 

We show next that the character of this invariant matrix is equal 
to the corresponding >S-function of the characteristic roots of A. 

The spur of T(A) is clearly 

But is the spur of the matrix representation of 

s 

namely so that the spur of T{A) is 

SfO a 

= W, 

the iS-function of the characteristic roots of A. 

Before proving that this invariant matrix is preducible we prove 
some theorems concerning the order of the matrix. 
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Since T{I) is a unit matrix, the degree of T{A) is equal to the 
spur of T{I) which is the /S-fmiction {A} of the roots of (1— 
This we have shown to be (§ 7.2, Theorem III) 

times the product of the first terms from 
each ith. row of 


m, 

m+l, 

m+2, 

m+3, 

m—1. 

m. 

m+l, 

m+2. 

m—2 , 

m—1, 

m, 

m+l. 


where is the degree of the corresponding character of the sym¬ 
metric group. 

Hence we find an expression for by counting the number of 
Young tableaux used in Theorem Y. 

VI. The expression gives the number of standard Young tableaux 
corresponding to a partition (A) of n, that can be formed from any n of 
a set of m symbols, in which repetitions of the same symbol are allowed, 
but not in the same column. 

If ai,..., oL^ are the m symbols, take from each tableau, as defined 
in Theorem VI, that part which consists entirely of a^’s; a^^s 
and (Xg’s; a^’s, ag’s, and oc^’s; and so on. Each part corresponds 
to a definite partition. We obtain a sequence of m partitions 
such that 

(1) zero is taken to be a partition, 

(2) each partition is obtained from the previous partition by 
adding to any of the parts or leaving them unaltered, 

(3) the first partition is either zero or contains one part, 

(4) the (i-l“l)th part of the (r+l)th partition is less than or equal 
to the ith part of the rth partition, 

(5) the mth partition is (A). 

VII. The number of sequences of partitions satisfying the above five 
rules is 

As an example we consider We have, from (10.1; 7), 

^(2i> = |.3.4.2 = 8. 
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as may be verified from the order of the invariant matrix already 
given as an example. The eight Young tableaux of Theorem III are 



The eight sequences of partitions are 

( 2 ), ( 21 ), ( 21 ); ( 2 ), ( 2 ), ( 21 ); ( 0 ), ( 2 ), ( 21 ); 

( 1 ), (. 21 ), ( 21 ); ( 1 ), ( 1 ), ( 21 ); ( 0 ), ( 1 ), ( 21 ); 

(1), (2), (21); (1), (P), (21). 

Now each partition in any sequence is one of the terms obtained 
with coefficient unity, on multiplying the previous partition by 
for some r. 

Consider the expansion of 

[/(x)]™ = + 

and let the coefficient of be expressed as a sum of /S'-functions. 
We pick out the coefficient of Each of the terms is 

obtained from a partial product 

On multiplying, we get for each term {A}a;’^ a sequence of partitions 
as defined in Theorem VI, and conversely. 

VIII. If {A} is an S-function associated with the series 
f(x) = l+h^x+h 2 X^+h^x^+.„, 
then . = 

summed for all partitions (A) of every integer n. 

This is a somewhat remarkable result which, since it is true for 
every positive integral value of m, and since the coefficients^can be 
shown, by the use of the binomial theorem, to be polynomials in the 
index, must clearly hold for fractional and negative indices. 

A more direct proof seems indicated, and we give it here. 

It is known that 

, /(pa^i) f{pXi)-fipxj = 1 + 2 MiB; A}p", 
where {a;; A} denotes an /S-function of the quantities x^. 



10.1 


INVARIANT MATRICES 


191 


Now, if = ccg = ... = = 1, 

{x;X} becomes an AS-function of (1—which is 

Hence [/(p)]™ = 1+2 

which proves the theorem. 

The same reasoning by which we deduced Theorem VIII from 
Theorem V, but reversed, wiU serve to deduce consecutively Theo¬ 
rems VII and VI from Theorem VIII. Assuming Theorem VTproved 
by the second method, and Theorems VII and VI deduced from it, 
an alternative proof of Theorem V would be to show from Theorem VI 
that the order of the invariant matrix is the correct order for in¬ 
variant matrices corresponding to this partition, so that it must be 
non-singular. 

Another theorem may be deduced from Theorem V by using the 
fact that the spur of an invariant matrix is an /S-fnnction of the 
characteristic roots of the original matrix. 

Take the original matrix as JC = diag(%,...,a:^), and let {A} denote 
an /8^-function of Let 

By counting the terms in the leading diagonal of T{X) which corre¬ 
spond to the product we have 

IX. 7/ {A} = 2-S^A;.^*^*^»-. 

then is the number of standard Young tableaux that can be formed 
correspoTiding to the partition (A) from the symbol x^ used times^ the 
symbol used times, and so on, no symbol being repeated in the same 
column. 

As an example, 

{3 1} = 2 2 *1*1+2 2 * 1 * 2%+3 2 * 1 * 2 * 3 * 4 > 

and the corresponding tableaux are 




192 


CONTINUOUS MATRIX GROUPS AND 


Chap. X 


The coefficient Kxf, has been shown (6.4; 6) to be the same as the 
coefficient in the expansion 


We now complete the proof gf Theorem III by showing that the 
invariant matrix is irreducible. This will follow if it is shown that 
the elements of T(A)i considered as functions of the elements of A, 
are linearly independent. 

Two elements of T{A), namely 


will be of different weight in the elements of some row or column 


of A, unless 


(a) = (a') and (t) = (t'). 


Hence, if any linear relation exists, there will be a linear relation 
between the elements for some tixed (cr) and fixed (t). 

Let A^ be an ?i-rowed minor of If (a) and (t) contain no 
repetitions, then the n\ products Par{S) are linearly independent. 
From the theory of matrix representations of the symmetric group, 


the terms 




are linearly independent also. 

If, however, there are repetitions in the sets (a) and (r), and 

(a) = (1%2^S.,.), 

(T)-(ln 2^...), 


then linear relations exist betw'een the terms Po^iS), This linear 
dependency is fully described by the fact that if S is multiplied on 
*the right by any operation of the symmetric group on the first set 
of CTi symbols, or the next set of ag symbols, etc., or again if S is 
multiplied on the left by any operation of the symmetric group on 
the first set of symbols, or the next set of symbols, etc., then 
P^{8) is unaltered. 

The corresponding elements of the Frobenius algebra would be 
made identical if the corresponding expressions were multiplied on 
the right by the product of the symmetric groups on the respective 
sets of cp cTg,... symbols, and on the left by the product of the sym¬ 
metric groups oil the respective sets of tj, Tg,... symbols. Denote 
these symmetric groups by P^^, » Pn^ respectively. 

The number of linearly independent terms 

l^^\8-^)P„{8) 
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is thus equal to the uumber of linearly independent terms in the 
matrix elements of 

P P . P OP P P 

where O is the group matrix correspon<^g to the partition (A). 

Now is a multiple of a characteristic unit with com¬ 

pound character corresponding to 

^Ti ^T* ••• 

and the rank of the matrix representation in the sub-algebra corre¬ 
sponding to the partition (A) is the coefficient of {A} in the 
expansion A.. A..... A,. = 

Similarly, the rank of the matrix representation of is 

Hence the required number of linearly independent terms is 
KxaKxr- 

But from Theorem IX, Kx^^ £xr number of rows and 

columns of the invariant matrix which correspond to the sets (a), (r) 
respectively. Hence the corresponding Kx^jEx^ elements of the in¬ 
variant matrix are linearly independent, and the invariant matrix 
is irreducible. 

10.2. The classical canonical form of an invariant matrix 
If the characteristic roots of a matrix A are all distinct, A may 
be transformed into diagonal form 

A = diag(ct>i, CU2,..., 

Clearly the invariant matrices defined in Theorem V will be diagonal 
also, and will represent the classical canonical form of the invariant 
matrix. 

Each diagonal term must clearly be a product of powers of the 
roots, a fact which foUows from the equation 

diag(a)i,ct)2,...,ajJdiag(coi, o>n) — diag{co^co[,ay2 0>^,->.,a}^a)n)^ 

But the spur of is {A}. Hence, if {A} is expressed as a sum of 
products of powers of the roots, each term will be a diagonal term 
in the canonical form of A^^^ (4). 

This result holds also for equal characteristic roots of A, provided 
that the reduced characteristic equation has no multiple roots, so 
that the canonical form of .4 is diagonal. 

The case of matrices with repeated roots of the reduced equation^ so 
that the canonical form is not diagonal, presents more difficulty (5). 
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Henceforward we use the following nomenclature. Since we are 
dealing strictly with the classical canonical form of a matrix, we 
shall assume every matrix to be reduced to this form. 

We shall use + to denote the direct sum of two matrices, i.e. 

A 0 
A+B=- . 

0 B 

— for a corresponding difference, and X to denote the direct product 
of two matrices. Thus, if and B = [6^^ are matrices of 

order and respectively, A yiB denotes the matrix of order 
with elements the two suflGlxes s and s' defining the rows, and 

t and t' the columns. Scalar multiplication by n denotes the direct 
sum of the same matrix repeated n times. 

The matrix sometimes denoted by namely with n terms in 

the leading diagonal each equal to /a, and n —1 terms each equal to 
xmity in the first diagonal above, will be denoted by [n]^. 

Hence, e.g. lB]^4-[2]o+[l]i/ will denote the matrix 

^,1, » 
jJLf 1 , 

0 , 1 , 

0, 


Taking account of canonical form only, addition and multiplica¬ 
tion are clearly commutative, and multiplication is distributive with 
respect to addition. 

The direct product [n]^ x[m]„ may be written as 

A 

where __ 

^PQspa 
^pq,p+l.q ~ 

^pa>p^2+i ^ P'i 


and all other terms of the matrix are zero. 
Let the canonical form of this matrix be 
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In order to find the maximum degree r of a submatrix, and the 
number of times a submatrix of degree i is repeated, we use 
the method of chains (6). 

Of the mn pairs of numbers {p,q) which define the rows and 
columns of the matrix we form a chain of j such pahs 

iPvSi), (Ppqj) 

such that ^ 0- 

The number of terms in the longest chain that can be so formed 
is the degree r of the largest submatrix. For, corresponding to the 
given chain of r terms there will be a non-zero term in the matrix 
(J .—I denoting the unit matrix, and conversely, for any 
non-zero term in the matrix {A—yiviy it would be possible to form 
a chain of (r+1) terms. 

Further,! is the rank of the matrix and is thus 

equal to the maximum number of chains of r pairs (all distinct) 
which can be formed from the mn pairs {jp, q). 

Again, by considering the ranks of the matrices 

etc., it follows that is the number of chains of 
(f—1) pairs that can be formed from the remahxder of the mn pairs, 
kj ._2 is number of further chains of (r—2) pairs, and so on. 


Now the mn pairs can be arranged in 

a rectangle 

(1,1), 

(1,2), 

(1,3), 

.... (l,w), 

(2,1), 

(2,2), 

(2.3), 

.... (2,w), 

(m, 1), 

(m, 2), 

(m, 3), 

(m,n). 


If fM ^ 0, V ^ 0, corresponding to any term in a chain, the next 
term is either immediately to the right, immediately below, or dia¬ 
gonally to the right and below. For maximum length of chains the 
last case may be omitted. 

Clearly the longest chain may consist of the first row and last 
column. The next longest may consist of the remaining terms in the 
second row and {n —l)th column; the next of the remaining terms 
in the third row and {n —2)th column, and so on. Hence 
I. 

for ja 0, V 0, 71 > m. 

f See §1.7, last section. 
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For the case of zero roots of the characteristic equation, if ju, = 0, 

V = 0, we have ^ _ •« 

and all other terms of the matrix A are zero. 

The chains are formed by connecting each pair in the rectangle 
with that diagonally to the right and below. The result may be 
illustrated with nodes replacing the pairs (p, q) for the case n = 5, 
m = 3. 

Clearly we obtain 

n. 

[«.]oX[m]o= 2[l]o-i-2[2]o-|-...-f2[»n—l]o4-(»—»i+l)[jn]o, 
for n^m. 

Lastly, for ft ^ 0, but v = 0, we have 

~ 1 * 

Each element in the rectangle may now be connected with the 
element immediately below it, or diagonally below it and to the right. 
For the maximum lengths of chains we must take each column as 
a chain. We obtain 

m. [n]^ x[m]o = n[m]o, 

for 

It should be noted that square brackets [ ] denote a matrix; round 
brackets () denote a scalar multiplier. 

Our next step is to find the canonical form of the mth compound 
matrix We take first A = [n]^. 

The rows and columns of the compound matrix are defined by the 
sets of m numbers (Pi,P 2 ,--;Pni) for which 1 ^ Pi<^--<Pm^^- 

The canonical form of the compound matrix is found by the 
method of chains in the same manner as for direct products. Each* 
set (Pi,-*;Prr^ is linked to another set in which any one of the ^’s is 
increased by unity. The first set in the chain is clearly (1, 2 ,..., m), 
and.the last (n—m+l, w—m+2,..., n). When the sets of the first 
chain are removed, the length of the greatest chain that can be made 
firom the remaining sets gives the degree of the second largest sub¬ 
matrix, and so on. The greatest length of chain for all possible 
choices of earlier chains is taken in each case. 
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Each set p^) we now associate with the partition 

—!)• 

The sets are thus in one-one correspondence with all partitions 
(Aj,..., Ap) such that the number of parts is less than or equal to m 
and the magnitude of each part less than or equal to including 
the partition (0). The chains are obtained by adding unity to any 
of the parts. 

The least partition is (0) and the greatest Hence the 

length of the greatest chain is m(n —This chain uses up one 
partition of every number from 0 to m). 

The next chain begins with a partition of the least number of 
which there are at least two partitions. If the beginning of the chain 
is known, the end of the chain may be determined, since for each 
partition (Ai,..., A,^) of r into not more than m parts each less than 
or equal to n—m, there is a corresponding partition (ti— m—A,^,..., 
Ti—w—Ai) of m{n—m)—r. Hence, if is the least number of which 
there are two partitions into not more than m parts each less than 
or equal to n—m, the maximum length of the second chain is 
1—2^2. 

Similarly, the maximum length of the ith chain is m(n—m) -f-1—2r^*, 
where is the least number of which there are at least i partitions 
into not more than m parts each less than or equal to n—m. 

This gives the maximum possible length for the chains. There is 
no guarantee that these lengths are attained, since, although there 
may remain partitions of two consecutive numbers, these may not 
link according to the rule, e.g. (3) and (2^) do not link. We shall 
assume for the present that these lengths may be attained by a 
suitable choice of chains. This assumption will be justified later. 

We thus arrive at 
IV. 

to)— 2r+ 

where is the number of partitions of r minus the number of partitions 
of (r—1) into not more than to parts each less than or equal to n—m, 
for p. 

The case of a singular naatrix, p = 0,ia simpler. The only non-zero 
term in the p^th row of .4 is in the coludm 1 * Hence the criterion 
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for the formation of chains is as follows: the set hhked 

to Hence any partition is linked to the partition 

in which each of the m parts is increased by unity. It is convenient 
to deal with the conjugate partition. The conjugate partition 
(Aj,.,., A^) is linked to (m, Ai,..., A^). The first partition of a chain 
must clearly have A^ < m, and the last have parts. The length 
of the chain is ?i—-m+1 minus the number of parts in the fiirst 
partition. Hence we have 

V. 

MP = [«'—m]o+C 2 [«—wi—l]o+--+c„_„[l]o, 

where is the number of partitions into i parts each less than or equal 
to m—1. 

To complete the solution of the problem for aU compound matrices 
we need only 

The proof is almost intuitive for any matrices. If A is the matrix 
of transformation on B on for 

1 ^ r ^ w, then the matrix of transformation on the determinants 
sphts up into the direct sum of the matrices of transformation 
on determinants with assigned degrees in the first n and the last 
n' respectively. The theorem follows readily. 

Example. Find the fourth compouud matrix of [^J^+L^lo+LlJv 
From Theorems IV and V, 

Wr = [%•+[%., [4r = [4V, = 

[3r = [2]o+[l]o> [3r = [l]o- 

Hence 

{[4]^+[3]o+[l].P 

= [l]/x*+Wjn’{[3]o+[l]v}4- 

+{[6]^>4-[1]^*} x{[2](,-i-[l]p}-i-{[6]^.4-[l]j,..}x [3 ]o X [l]v+ 
_+[4]^X[1 ]o+[4]^x{[2]o4-[1]o}x[1]+[1]„x[1], 

~ [^]/*‘+W/x*v+ 10[3]o4- 10[2]o-i- 15[l]o. 

Induced and other invariant matrices 

The case of aU other invariant matrices now presents no new 
difficulty. Since the spur of the direct product of two matrices is 
the product of the spurs, and the spur of a direct sum is the sum 
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of the spurs, there is an isomorphism between invariant matrices and 
the corresponding ^-functions. Thus, since 

M = Ag+ag, 

the direct product of a matrix with itself is reducible by transforma¬ 
tion into the direct sum of the second induced and the second 
compound matrices. Theorems I to VI, together with the rule for 
expressing any /S-function as a determinant in the functions 
suffice for aU cases. 

For example, since 




we have 


{3,1}= 1, 


Uj, ag = a^al+a^’—al^a^a^, 

1 , 


Putting = [5], substituting and evaluating by the above theorems, 
we obtain 


[5]t3n =3 [15]^i+[13]^i+2[ll]^i4-2[9]^^4+3[7]^^44-2[5y4“2[3]^4, 
for jLt 0. 

The case of induced matrices could be solved in this manner, but 
it is simpler to start afresh from the method of chains. 

The rows and columns of the induced matrix are defined by sets 
iPijP 2 J‘->Pm) ^ which repetitions are allowed. Chains are obtained 
in the same way by increasing one of the jp’s by unity. Assuming 
that ^ ^ ^ Pm^ corresponding partition’is 


and the greatest magnitude for each part is n—l. Hence 
VII. [njp = [n-m+ Ijp. 

This theorem also holds for fi = 0, It is true independently of the 
assumption, made for Theorem IV, that the maximum lengths for 
the chains are attained. With the assumption we obtain 

VIIL 

+...+c,[m(«—1)— 

where is the number of partitions of r minus the number of partitions 
of r —1 into not more than m parts each less than or equal to n —1, 
for /x 7 ^ 0. 
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IX. Mo4-Ci[^-~1]o+C 2[^—2]o+*-* + ^^n--l[l]o> 

where is the number of partitions into r parts each less than or equal 
to 

A generating function 

The above results may be combined in the form of a generating 
function whose coefficients exhibit the canonical form of any in¬ 
variant matrix. 

The coefficient of p!^x^ in 

f{x) = il{(i^x)(l^px)„,(l^pPx)} 

is clearly the number of partitions of n into not more than m parts 
each less than or equal to jp. Denote the product (1—p)(l--“p2)...(l~-p’‘) 

by [r]!. The coefficient of in/(a;) is [p+m]!/M!W- Hence the 

number of partitions of n into not more than m parts each less than 
or equal to p is equal to the coefficient of in [p+m]\/[p]\[m]l. 

First correspondence rule 
A polynomial in p, 

M = Co+CiP+C2P^+... + OfcP^ 

of reciprocal form, i.e. such that in which the positive 

integral coefficients are non-decreasing up to the middle term or 
terms, is associated with a matrix 

+1]+(^1—Co)[fc— 1]+(cji—Ci)[i—3] 4- (Cg—C2)[i—6] 4“ •. • • 

If (f>{p) is the coefficient of a monomial expression in the roots of the 
characteristic equation of a matrix A, this monomial expression is 
in each case the leading diagonal term in the matrix. 

X. //^ = 2 Kk. Mr ^ ^«</(») = n/r(«). 

fr(^) = MrP^)-(l^Mr/o”'"^»)}. 

and let {Aj,..., Ap} be any S-function associated with the series 

f(x) = l+J^h^x^. 

Then, if {Ai,..., A^} = 2 classical canonical form of 

the matrix At^i****»^ is the direct sum of the matrices associated with the 
coefficieTVt ^ai5y...(p) O'Ccording to the first correspondence rule. 

We first prove the theorem for the induced and compound matrices 
of [n]^. The corresponding function is 

f{x) = l/{(l~pa^)(l-/zpa;)...(l-/xp-“%)}. 
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For this series 

T, _ 1 ]! _ 

“ [m]![«-l]! ’ “ M![7i-m]!’ 

in which the coefi&cient of is equal to the number of parti¬ 
tions of p into not more J}han m parts each less than or equal to 
n—1 in the case of and less than or equal to n—m in the 
case of Theorems VIII and IV complete the proof for these 
cases. 

To complete the proof in the general case it is only necessary to 
establish an isomorphism between the functions <f>{p) and the corre¬ 
sponding matrices in regard to addition and multiplication. 

The isomorphism is obvious in the case of addition provided that 
the two functions of p that are added have the same mean degree. 
The mean degree of each symmetric function of the roots which goes 
to form ^oL^ySp) is clearly ia(%+l)+^j 8 (?i 2 +l)+|y(n 3 -f-l)-f..., and 
the condition is satisfied. It should be noted, however, that roots of 
the characteristic equation of A which correspond to different elemen¬ 
tary divisors must be kept symbolically distinct until, the calculation 
is complete, or terms of different mean degree may be added and 
an incorrect result obtained. 

For multiplication, itis clear that the product of l+p+p^-f ...-f 
by is in correspondence with the product Wx[m]. 

Hence the isomorphism and the theorem are established. 

Singular submatrices require different treatment. We introduce 
a new series of symbols cg, eg,..., which are commutative and 
satisfy 

€i€j = ei pei = H, = (10.2; 1) 

Second correspondence rule 

The polynomial ^(e) = 2 in which the positive integral co¬ 
efficients Ci satisfy Cf ^ is associated with the matrix 

XI. If A = 2 2 Klo. w «« -S- 

function associated with f(z) = JJ /r(*) IT fl'rC*)* fr{x) is darted 
as in Theorem X, and g^{x) = 1 /{( 1 —eia:)(l— 62 aj)...(l— then, if 
{Ai,...,Aj,} = 2 ^aj 5 y..(pK/i 2 -+^(«)> classiad carumical form of 
ia the direct sum of the matrices associated with arid 

iff{€) accordirig to the first arid second correspondence rules. 

4632 o 
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The generating function which expresses the /S-function as a 
coefficient is 

If we put p = 1, and == 0, the iS^Tunction becomes 

the /S“function of the roots of the characteristic equation. 

To simplify calculation two rules are useful. For the /S'-function 
of a product/(a;) = f'(x)f'(x), denoting the /S'-functions respectively 
by {A}, {A}', and {A}", we have 

{A} = {A}'+{Ar+i;.MW'> 

where gj,^x is the coefficient of {A} in the product {v}{fx}. 

'The /S-functions of l/{(l~a;)(l~”pa;).,.(l- 

-- pA: 


{Ai,...,A,,} 




are given by 


U[K+P-r]\ 

times the product of the first A.^ terms from each ith row of the set 
of numbers for which the jth term in the rth row is 
As an example we evaluate 
We have 

+{[4]^^4 [4]“} X [2]>«+[4]‘?’ X [2]'p+ 

+ [4Vx{[2]lfi4[2]l?'}. 

[4][3i] eoiTesponds to the /S-function {31} of 
which is given by 

(3 n = P(i-P^)(i-P^)(i-P^)(i-P^)(i-P°) 

= p+ 2pS+4p3+5pH 7p«+7p«+7p7+5p8+ 4p^+2p^o+p^K 
Hence - [ll]^4[9V+2[7]^44-[5]^^ 

All other submatrices are singular, and we may put p = 1, /x = 1, 
so that the /STunctions of (1 —are taken. 

We obtain 

[[4]^-f[2]„p«^[4]«« - 

= (2]|?u+(20+20)[2]jii+(10+6)[2]®+10[2]M-i-4[2]'?ik4[2]f?h 
The corresponding function is 
^2(^!+^1 ^2 + ^l) + ^9(ei + e2)+ 16(€f+€l ^2+4) + 

+ 10€ie2+^^'='i^2(^i+^2)+^(€i+Cie2+€ie|+€|) = lOSe^+fiOeg. 
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Hence 

[[4]^+[2]o]'“’ = [1 l]^‘4-[9]^.+2[7y+[5y4-2[3y+60[2]o+45[l]„. 
We now complete the proof of Theorems IV and VIII. 

For any given /j, ^ 0, order the induced matrices [ny^^ in increasing 
order of m+n, and for fi^ed m+n, in increasing order of n. If aH 
these matrices do not satisfy Theorem VIII, let be the first 
which does not. 

For r < m, by Theorem VII, = [n—r+iy^, and, since 

[w—satisfies Theorem VIII, will satisfy Theorem IV. 

Now consider the equation 

+ 9 , ( 10 . 2 ; 2 ) 

and the corresponding equation 

(10.2; 3) 

The theoretical results given by Theorems IV and VIII must 
satisfy (10.2; 3), since the corresponding /Sdunctions of 

fix) = l/{(l-a:)(l—pa:)...(l-p«-ia:)} 

satisfy (10.2; 2). Again the correct results must satisfy (10.2; 3), 
since this equation is satisfied by all matrices. By our assumption, 
all matrices in (10.2; 3) except the last satisfy Theorems IV and VIII. 
Hence \nf^^ satisfies Theorem VIII, and we arrive at a contradiction. 
Thus Theorems IV and VIII must Iiold in all cases. 


10.3. Application to invariant theory (7) 

It is the purpose of this section to show an application of invariant 
matrices to problems concerning the concomitants of pol 3 momiaIs. 

It is beyond the scope of this book to discuss the foundations of 
invariant theory, and it must be assumed that the reader is aware 
of the ‘nature and definitions of invariants, covariants, and other 
concomitants of polynomials, but beyond this no further assumption 
is necessary. 

Let/(X) — be a homogeneous polynomial of degree 

fbinr variables. Denote by X a column-vector of which the elements 
are the r variables Xp ToUowing the nomenclature for induced 
matrices, denote by X^^^ the column-vector whose elements are the 
/ti-f-r- 


i 


n 


homogeneous products of the x^"s of degree 


n. 
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Then f{X) may he written in the form 

f{X) = FXJ-’^h 

where J’ is a row-vector whose elements are the coefficients of f{X). 

If the ts/s undergo a non-singular linear transformation, this may 
he expressed by X — AX', 

where A is the matrix of transformation. Thus, by the definition of 
an induced matrix, we have 

where A^”^ is the n.th induced matrix of 
Hence /(X) = XX^ 

= XXWX'M 
= X'X'M, 

where F' = XJH"’. 

Now consider the homogeneous products, of degree s, of the 
coefficients in/(X). These are transformed according to the equation^ 

J'W = Jts][^M]W. 

Since the induced matrix of a given matrix is an invariant matrix, 
the induced matrix of an induced matrix must also be an invariant 
matrix of the original matrix, and hence is expressible as the direct 
sum of irreducible invariant matrices. Thus, the symbol of equality 
denoting identity of classical canonical form, let 

i=l 

denoting the invariant matrix of A which corresponds, to the 
partition (A^) ~ of ns, and ^ being used to denote direct 

sum. This direct sum may include, of course, repetitions and 
omissions. 

Hence we can find q row-vectors Pi, Pq^i whose elements are 
linear functions of the homogeneous products of degree s of the 
coefl&cients of/(X), such that these elements are linearly independent 

j* It should be noted that the induced matrix notation when applied to 
vectors, yields, for perfect consistency, a different usage for column-vectors and row- 
vectors. The column-vector has for elements the powers and products; but the 
row-vector has for elements powers and products multiplied respectively by the appro - 
priate multinomial coefficients. This fits in well with the convention for invariants, 
where these miiltinomial coefhcients are affixed to the coefihcients of the forms. TLence 
there is a slight difference in the nature of and 
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and that every homogeneous product of degree s can be expressed 
linearly in terms of them; and when the x/s undergo a transformation 

X = AX\ 

these vectors undergo transformations 

With two variables the only concomitants are invariants and 
covariants; with three variables, three new contragredient variables 
are introduced to express contravariants. With more than three 
variables, these are insufficient to express aU concomitants. It is 
more convenient to dispense with contragredient variables, and 
express the concomitants in terms of sets of variables each cogredient 
with the original variables. Thus, if Xg,... are vectors cogredient 
with X, and X,. = the contragredient variables may be replaced 
by the determinants i! 

^ ll^lh 

where s runs from 1 to n, and t from 1 to 1. Generally, all con¬ 
comitants may be expressed in terms of the 
With this convention for expressing a concomitant, it is clear 
that the types of concomitant correspond exactly to the Schur in¬ 
variant matrices. For, let (f> be any concomitant, and let ^ 
where P is a row-vector of the coefficients and ^ a column-vector 
with elements products of the a;^’s, or linear homogeneous functions 
of the Under the transformation X == -dX', let P and f become 
P' and where 

P' = PB and i^T{A)e. 

Then T{A) is readily seen to be an invariant matrix of A» Also, 
since P^ is a concomitant (no generality being lost by taking 
\A \ = 1), we have P'^' = Pi, and so B — T{A), 

Hence the row-rvector of coefficients is transformed by an invariant 
matrix of .4. If P = A^^\ the concomitant is said to be of type (A). 

I. If = 

i=l 

then the qicantic of order n possesses q linearly independent (xmconiitants 
of degree s, and these are of types (A^), (Ag),..., (A^) respectively. 

Put 5 = [rrj, where s and t run from 1 to r. Then 

^A] ^ 
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For each of the q vectors obtained above, 

Hence P- = Pi = Pi 

and Pf is a concomitant of type (A^). 

If the number of parts in the partition (A, ) exceeds the number of 
variables, the concomitant vanishes identically. 

Concomitants of several polynomials 

II. If 

■ =1 

then the system of p qmntics of orders %, respectively possesses 

q concomitants of degrees Sj^^ s^ in the respective quantics^ and 
these are of type (A^), (Ajj),..., (A^) respectively, 

.The symbol JJ is used for direct product. The proof is almost 
identical with that of Theorem I. If the ith quantic is 

/,(Z) = p,xw, 

then the matrix of transformation on the homogeneous products of 
degree s.i in the coefl&eients in each fi{X) is the direct product of 
each 5 ^th induced matrix of the matrix of transformation on the 
coefficients, and is therefore 

Digression on a new type of multiplication of iS^-functions 

The problem of finding the number of concomitants of a given 
degree and type thus reduces to the essential problem of expressing 
the induced matrix of an induced matrix as the direct sum of irre¬ 
ducible invariant matrices. 

A wider problem here suggests itself. Any invariant matrix of an 
invariant matrix must be an invariant matrix of the original matrix, 
and thus expressible as tlie direct sum of irreducible invariant 
matrices. 

Thus ^ = 

Hence we may define a new t 5 rpe of multiplication of /S-functions 

The multiplication is clearly associative, and distributive with 
respect to addition on the right only, i.e. 

{A}®[{p}+{.}] = {A}®{p}+{A}®{v}. 
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For addition on the left we have 

[{A}+W] ® {v} = 2 v..[{A} ® ® WJ. 

where is the coefficient of {v} in the (ordinary) product 
the summation including the cases {vj} == {0} = 1, = {v}, and 

{vjl} = W, { 1 ^ 2 } = == 13 and the multiplication between the brackets 

being the ordinary multiplication of /S-functions. 

Generating functions for concomitants 

The original problem of expressing the induced matrix of an in¬ 
duced matrix in terms of invariant matriceSj and hence the problem 
of the concomitants, can be dealt with by the method of generating 
functions. Since the spurs of the invariant matrices are the /S-func- 
tions of the roots of the characteristic equation of the original matrix, 
the problem may be expressed in the following form. 

quantities which 

are the homogeneous products of degree n. Then express the sym¬ 
metric function \ of the second set of quantities as a sum of iS-func- 
tions of 

Thus, if = 2 

the scalar coefficient in the direct summation denoting the direct 
sum of k^^'^ similar matrices then 

1/ IT = 1+22 

« A 

{A} being an /S-function of aj,..,, oc^, and the product being taken for 
all homogeneous products of degree n, being the order of the 
matrix A. 

Multiplying by A(ai,.== JJ {oci—ac^) (^ <j), since 
{A}A(ai. a,) = 2 ±aix+r-i^+^-2...,a^, 

we obtain 

A(a:i,...,a,)/TI = 2 2 

« A 

Hence we have 

III. If 

« A 

t It should be remembered that an jS'-function corresponding to a partition into 
more than r parts vanishes identically. 


Take r quantities ai,,.., ocj.. Form the 




n 
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where the product on the left is taken with respect to all the homogeneous 
products of degree n, then the quantic of order n in r variables possesses 
exactly concomitants of degree s and type (A). 

This generating function was obtained by Young (8) by the use of 
the symboKc theory and quantitative substitutional analysis. The 
above method of obtaining the generating function is much simpler, 
and seems to shed light on its significance. 

The generating function for a system of q quantics is as follows. 

IV. If 

« A 

where the product on the left is taken with respect to all the homogeneous 
products of degree n^^for all i, then the system of q quantics in r variables, 
of orders n^ respectively, possesses concomitants of type 

(A) and degrees s^ respectively in theguantics. 


Binary concomitants 

The case of binary concomitants is exceptionally simple. The 
matrix of transformation has but two characteristic roots, % and ag. 
There is no loss of generality in taking = 1; if we put = p, the 
generating function becomes 


_ izil _ 

(1—a:)(l—pa;)(l—/)^),..(1— 


(10.3; 1) 


The coefficient of ic* in this expression is well known to be 

(l_pn)(i__^ti+l).,.(i__pn4^-.l) 

(i~-p2)(i-~.p3);.,(i~-p«) • 


(10.3;2) 


Hence the number of covariants of degree s and order q of the 
binary quantic of order n is the coefficient of p«+^ic* in (1Q.3; 1), or 
the coefficient of p®+i in (10.3; 2). 

We may obtain by this method a proof of the formula for the 
canonical form of an invariant matrix of a matrix with repeated 
characteristic roots, without the use of the method of chains. 

Let A be the matrix ^j. Denote by the matrix of order 

with pc in each portion in the leading diagonal, unity in each posi¬ 
tion in the diagonal next above, and zero elsewhere, so that A = [2]^. 
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Clearly, confining our attention to the canonical form, we have 

Then, if [u4W]W = 2 

we have [»+ Ij^l = 2 ^palP—2+1]/*-*. 

and [«+ l]Jf^ == 2 ^uali'~2+ 

and the above generating function is appHcable. The proof now 
follows the Unes of the preceding section. 



XI 

GROUPS OF UNITARY MATRICES 


ILl. To extend the orthogonal properties of the group characters 
to continuous matrix groups, the summation over the elements of the 
group must be replaced by an integration over the group manifold. 
The set of all matrices of order has a group manifold which is repre¬ 
sented by a complete infinite Ti^-dimensional space, and such integrals 
would necessarily diverge, so that the theory cannot be applicable. 

For the theory to be applicable the group manifold must be 
represented as a closed finite space. 

Consider first the case w = 1 . The corresponding transformation is 

y =z= kx. 

If k is real it must range from 0 to oo, giving an infinite range of 
integration, and leading to the divergence of the integrals. But if 
we have ^ 

with 6 real, then 6 may range between the finite limits 0 < 0 < 27r. 

The orthogonal properties of the group characters are in this case 
applicable, and lead to the theory of Fourier series. 

For the general case of matrices of order it is necessary first 
that all characteristic roots should have modulus unity. Let be 
a characteristic root of a matrix element S of the group. Then 
is a characteristic root of 8'^, 

If the group manifold is closed, then the sequence of points corre- 
sponding to ^ 2 ^ ^ 3 ^ ^ 4 ^ _ ^ _ 


has a limit point corresponding to an element S' of the group. 

If [AjlI ^ I then clearly 8' has either a zero or an infinite charac¬ 
teristic root. In the former case S' has no inverse, so that in either 
case 8' cannot be regarded as a member of the group. 

It is clear, then, that we requhe a group of matrices such that 
every characteristic rpot of every matrix element has modulus unity, 
Such a group is the group of unitary matrices of order n^. 

A unitary matrix A = [aj and its elements satisfy the following 
relations (1.9; 1, 1.9; 2): j. 

2 (I'rp ~ 

= 0 (p ^ ff), 




( 11 . 1 ; 2 ). 
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the bar denoting the complex conjugate, and the suffix t denoting 
that the transpose of the matrix is taken. 

Putting set of all complex matrices of order 

'n? corresponds to the set of all the points in real infinite 272 , 2 -dimen¬ 
sional space. The set of unitary matrices corresponds to the finite 
7i2-(iimensional subspace of points which satisfy the equations 
( 11 . 1 ; 2 ). 

The group of unitary matrices of order 72-2 has therefore a finite 
group manifold, and it will be seen that the orthogonal relations of 
the characters of finite groups may be extended to this group, and 
to various subgroups. 

The general unitary matrix of order has 7^2 elements A 
complex number x and its conjugate complex x are algebraically 
independent, i.e. no polynomial relation exists between them. The 
72-2 elements and the conjugate complex quantities satisfy 
the 72,2 equations (11.1; 2). Hence there remain algebraically 
independent variable quantities in the general unitary matrix. 

The 7^2 elements of the general unitary matrix are algebraically 
independent. 

It follows that every algebraic invariant of the group of unitary 
matrices of order n^ is also an invariant of the group of aU non¬ 
singular matrices of order n^. Hence the following result holds. 

The complete set of independent irreducible matrix representations 
of the group of unitary matrices of order n^ is given by the set of indepen¬ 
dent irreducible invariant matrices, and the simple characters of the 
group are the S-functions of the characteristic roots. 

Two subgroups of this group are especially important. The group 
of real orthogonal matrices is the subgroup which consists of the 
unitary matrices of which the elements are all real. 

The orthogonal group has a subgroup which is the rotation group, 
and consists of those orthogonal matrices which have determinant +1. 

We shall obtain the characters of these groups. 

11.2. Fundamental formula for integration over the group 

manifold (1) 

We have seen that the group manifold of the group of unitary 
matrices of order is an 7^2-dimensional subspace of a 2712-dimen¬ 
sional space. We now define the volume content of a subspace of 
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the group manifold. Consider first infinitesimal unitary trans¬ 
formations. 

In the neighbourhood of any point of the group manifold, the 
?i 2 -dimensional space of the manifold approximates to a hnear space. 
The matrix of an infinitesimal unitary transformation may he ex¬ 
pressed in the form J+O, where 

is a skew-Hermitian matrix, so that 

4 *pp = ^ imaginary. 

Let = ic/ipp 

and (j>p^ = (p ?). 

If each element (f)pp, <l>p^, (jy'p^ {p < q) varies independently and 
continuously between the Hmits 0 and t^p^, <f>p^ respectively, 
we define the volume content of that space of the group manifold 
which is so described by 

p<a 

or the absolute value of this if it is negative. 

We show first that the volume content is unaltered if O is trans¬ 
formed by a unitary matrix, i.e. 

= m 

if /S is a unitary matrix. 

Let Jfc is a real positive number. If ifc 9 ^: 1 , we 

may clearly assume that fc > I, replacing S by if necessary. 

Since the group manifold is approximately linear in the neigh¬ 
bourhood of the unit matrix, the equation 

\S-^^8\ k\<^\ 

win be unaltered if €) is replaced by so that 

and generally \ 8 -”^ 8 ^\ = 

Since the group manifold of unitary matrices forms a finite closed 
space, the set of points corresponding to the matrices 8 , 8^, 

possess a limit point corresponding to the matrix 8 ^^. Then 
clearly the volume content of 81^81 is infinite if A: > 1. This is 
impossible firom our definition, so that we must have i == 1 , 
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In a similar manner the volume content of a amflll subspace in 
the neighbourhood of the unit matrix of the group manifold of any 
continuous group of unitary matrices may be defined, and we gbn.11 

\S-^8\ = I®! 

if S is a matrix of the group. 

Let dS vary so that the matrix S~\-dS of a unit^y matrix group 
describes an element of volume of the group manifold in the neigh¬ 
bourhood of the matrix 8. Correspondingly, I+S^^dS will describe 
an element of volume in the neighbourhood of the unit matrix. 

We define the volume content of the space described by 8 +d8 to 

\dS\ = 1^-1 d/Sl. 

It follows that if T and U are matrices of the group 

\d8\ = \T-^dS\ = = \d(T~^8U)\. 

We have thus defined the volume content of any subspace of the 
group manifold. In integrals we omit the uprights and write simply 
dS. The volume content of the complete group manifold of a unitary 
group 0 may thus be written 

g = jdS. 

Now let x{S) be any scalar function of the matrix element 8 , 
Then, if T and U are fixed matrix elements of G, as /S describes the 
complete group manifold, so also do T8 and T8U. Since 

\d8\ == == \dT8Ul 

we have j d,Sr = J x{T8) dT8 


= jx(T8)d8 
= J x{T8U) dTSU 
= J x{T8U) d8. 


We thus obtain the fundamental formula for integration over the 
group manifold: 

J x{8) d8 = j x{T8) d8 = j x{T8U) d8. (11.2; 1) 

This formula may clearly be extended to matrix functions of the 
matrix jS,, since each element of the matrix function is a scalar 
function. 
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Reducibility (2) 

Before proceeding to the extension of the orthogonal relations to 
unitary groups we prove certain general results concerning reduci¬ 
bility. We shall show that if a representation of a group by unitary 
matrices is reducible, it is also completely reducible. Burther, we shall 
prove that every matrix representation of a unitary group, or of any 
group to which the methods of group integration are applicable, 
i.e. of a group with a finite closed group manifold, is equivalent to 
a unitary representation, so that for such groups reducibility implies 
complete reducibility. 

Since the invariant matrices give the representations of the unitary 
group, it follows that for invariant matrices also, reducibility implies 
complete reducibility. If, however, the elements of the representa¬ 
tion are not restricted to be polynomials in the elements of the 
original matrix as they are in the invariant matrices, then a repre¬ 
sentation of the full linear group may be reducible without being 
completely reducible, as an example will show. 

Let S.i be a matrix of order and let be the modulus of its 
determinant. Then the representation 

p, logAfj 

is reducible but not completely reducible. 

If a representation of a group by unitary matrices is reducible, it is 
also completely reducible. 

Let Ml be a typical matrix of the representation. If the repre¬ 
sentation is reducible, then there is a matrix B such that for all i 




M[ N, 

0 Ml 


where Ml and Ml are square matrices of orders, say, and 
respectively, with p-\-q = n. This implies that there is a _p-dimen- 
sional subspace of the carrier space, namely, that which corresponds 
to the first p columns of B which is left invariant by the matrix M^. 

Clearly a unitary matrix B' may be constructed such that the first 
p columns belong to this subspace. Then, because of the relations 


2 = 0 , 

i 

the ^-dimensional subspace of the carrier space defines a unique 
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complementary n—p == g-dimensional subspaee, and the last q 
columns of belong to this subspace. 

Clearly this g-dimensional subspace also is left invariant by the 
matrix M^, It follows that M.^ is completely reduced by the matrix B', 

Every matrix representation of a group to which the methods of group 
integration are applicable is equivalent to a unitary representation (3). 

Let Si be a typical element of the group and let M.i be the corre¬ 
sponding matrix of a representation. Denote by the conjugate 
complex of the transposed matrix of Mi, 

Let V==jMiMid8i 

integrated over the complete group manifold. Then 

M.J VMj- = I dS.i 

- J M^M,MiMjd{SiS^) 

= V. 

Now F is a Hermitian matrix of which the characteristic roots 
are essentially positive, for if X is any vector 

Ivx = j lIliMiX dSi 

is necessarily positive. If A is a unitary matrix which transforms 
V into diagonal form so that 
A-WA = 

A-^TA = diag(V%, Vijj, 

V==fT. 

MjfTMj = TT, 

.TM^T-^ = I, 

and TMj T-^ is unitary, which proves the theorem. 

This proof is applicable to finite groups, the integration being 
replaced by a summation. 

The orthogonal relations for the characters of unitary groups (4) 

Let (? be a group of unitary matrices 8 of order w®, and let 

g = ld8, 

the summation being taken over the complete group manifold. 


then, putting 

we see that 
Thus 
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Let H(8)'he an irreducible matrix representation of G of order 
and let U = [£^] be an arbitrary fixed matrix of the same order 
as E{S). 

Put F = J HiS-^)UH(S) dS. 

Then, if y is a fixed element of <?, 

HiT-^)VH(T) = J H{T--^S-^)UH{8T) dS 

= J H{T-^S-^)UH{8T) d8T 

= F._ 

Thus V commutes with every matrix H(T). Since the representation 
is irreducible, it follows that 

F = aZ, 

where a is scalar. 

Let be any independent irreducible matrix representation 

of G of order not greater than the order of H(S)f and suppose that 
it is bordered by rows and columns of zeros if the order is less. 

Let Ti = J Ei{8-^)UH{8) d8. 

Then Hi{T-^)Vj_S{T) = J Hj^{T-^8-^)UE{8T) d8T 


and ViB{T) = E^^iT)Yi. 

Since E{T) and Ei(T) are independent irreducible representations, 
this is impossible unless P = 0 

Thus we have /• Tr,cr_i,rrtr/ov r „, « 


j E{8-^)UE{8) d8 = oJ, 
J Ej_{8-^)UE{8) d8 = 0. 


( 11 . 2 ; 2 ) 
(11.2; 3) 


^r(5) = [vj, 

Picking out the element in the ath row, 6th column of equation 


(11.2; 2), we have 


^ f '^ap ^gjb 


(11.2;4) 
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where = 1 if a == 6, and 0 otherwise. Put a = 6 and sum for all 
d. Since ^ 

we have v f s ^ o ^ 

Z J 

^ 2 

Equation (11.2; 4) may now be written 

2 J '^ap ~ w 2 

p,q 171 

From the coefficient of we obtain 


(11.2;5) 
( 11 . 2 ; 6 ) 


Hence 


“ J* ^ap ^qh ^ ^ab ^pq' 

Similarly, from (11.2; 3), 

J 'TapCr^t^dS = 0 * 

Hence, if H{T) = [^J, 

i J x{S)xiS-^T) dS = l J 2 a« 

= rr 2 “ ~x(^)- 

m ^ m 

In a similar manner from (11.2; 6) we obtain 

J X(S)X'(S-^T) dS == 0 . 
iJx('8')x(-S-^2’)d^ = ix(n 1 

jxm’iS-^T)dS = 0. 

From this we obtain the orthogonal relations by putting T = I: 

^jxiS)xiS-^)dS=l, 

i f xm'(^-^)ds^o. 

9 J / 

11.3. Simplification of integration formulae for class func¬ 
tions (5) 

Let jS be an element-of a matrix group G, and let x{8) be a scalar 
function of 8. If, for erery T of 0, 

x(T-^8T) = x(8), 
then x(S) is called a dasa function. 

-tM2 p 


(11.2; 7) 


( 11 . 2 ; 8 ) 
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If G is the group of unitary matrices of order we may choose 
a matrix A of G such that 

A-'^SA == D = 

Hence we may express x{S) as 
x{8) = x{D) 

where / is a periodic function with period in each of the variables 

071* 

Now suppose that we make a small modification in /S, so as to 
obtain the matrix S+dS. We must simultaneously make a small 
modification in A to A^-dA, so that 


[A+dA)-\8+dS){A-YdA) = D+dD 
is still in diagonal form. 

The matrix A+dA may be multiplied on the right by any diagonal 
(unitary) matrix, say 1+8, without altering the diagonal matrix 
JD+dD. If 8 is small, neglecting second-order differences, S is a 
pure imaginary diagonal matrix. The transforming matrix A thus 
becomes ^ (^+(i4)(7+8) 

= Ail+A-'^dA+h). 

Then we may choose dA in one way and one way only so that in 

hA-^A-’^dA 


the leading diagonal consists entirely of zeros, 
where / __ / 

tt _ tf 

^st — 

Then, as 8 varies over a small Ti^-dimensional volume of the group 
manifold, 8.4 describes a small n)-dimensional volume. We 
define the volume content in this (7ir2~7i)-dimensional space, as 4^, 
vary independently between 0 and these limits, as 

i8i = n44 

'l<3 

or the absolute value of this expression if negative. 

Now we have 8A = AD, 
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and, for the modified matrix, 

= .4(J+8^)D(jr+I>-iiD), 
so that, neglecting second-order differences, 

S{8-^dS)A+8AhA AhAD+AD.D-->-dD. 

Multiplying by = D~^A-^, 

A-'^{8-^ d^)^-l-8^ = D-i .i>-f D-i dD, 

A-\8-^d8)A = D-nAD^D-^dD-M. 
Now let D = diag(ai,a 2 ,...,a:J.. 


Then 

Hence 




ije^ . 


= 1^—lj|S.4|daida:2...da„, 


or the modulus of this expression. 

Let oLf — e^'. Then the modulus of do, is dj>,.. We have 

:Pntxi8)=M^,...,^J=fi<f>). 

Then 1 8-^ d/?! = A(e-‘V')A(e-»V.)| [ d<f^ d<f >^... d4^. 


We thus obtain 

27 r 2 ir 

^ J M) J ... J/(^)A(e»-^0A{e-‘^0 •••#». 

0 0 ( 11 . 3 ; 1 ) 

K being a numerical factor. 

This formula enables us to integrate a class function of the group 
of unitary matrices of order n^, over the group manifold. K may 
be evaluated by putting f[<f>) = 1. 

We consider next the orthogonal group. First let n be even, say 
ti, = 2i/. Let 8 be any member of the rotation group, i.e. an ortho¬ 
gonal matrix with determinant d-1. 

The canonical form of /S is 

A’-^SA = D = 

In general the transforming matrix A is unitary, but not orthogonal. 
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If we restrict the transforming matrices to be orthogonal, the 
simplest form we can obtain is 

= diag(<Di,02v-,^v)> 

wk«e O, 

L—sm^^, cos^J 

We put fl 

Then ~ diag(d<l>i, d<E> 2 ,. -, 


The elements of a matrix are divided into three kinds. The 
first kind are the n elements in the leadiag diagonal; the second kind 
are the n elements either in row (2r-—1) and column (2r), or in 
column {2r— 1) and row (2r); the third kind are the 2n remaining 
elements. 

The procedure is similar to that adopted for the unitary group. 
The elements of the first kind in A^^dA^ are identically zero, but 
dAi can be chosen uniquely so that the elements of the second kind 
are zero also. 

Putting 



J = diag(JB*'), 


then 


B ==: J-ijDi J. 


The transformation by J transforms the n^—2n elements of the 
third kind in a matrix, in groups of four amongst themselves, and 
the volume content of the corresponding subspaces in a group mani¬ 
fold are unaltered. It follows readily that 

\8~-^dS\ 


Since 


j ‘ j j j 


= 16 sin 2 J(^^-~^,) 8 in‘^J(^,.+^,) 
= 4(cos^,.--cos'^J^* 
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we obtain 

2m -S-nr 

1 J M) i-S = Z J ... J /(^)A2(cos^,) d<l>i...d4^, (11.3; 2) 
0 0 

where is a numerical constant. 

For an orthogonal matrix U, of negative determinant, the charac¬ 
teristic roots are 

1 , — 1 , ..., 

We obtain Dj = diag(l, — 

where ^ T eos^ sin^J 

L—sin^y, cos^J 

and J = (iiag(l2,jE?*'-i). 

The corresponding factor in this case is easily seen to be 

JJ (I—JJ 4(cos^^—cos^J* 

= JJ 16sin2J^^cos2J^^XI 4(cos^^-~cos^/J2 
= JJ 4sin2^y JJ 4(cos^^—cos^^)2. 

We thus obtain 

2w 2rr 

ijmdu^K j... j m n ism^,)^\oos4,,) ... 

® ® (11.3; 3) 

Lastly, for n odd, say n = 2v+l, the characteristic roots of an 
orthogonal matrix of positive determinant are 

The factor in this case is 

JJ (1—e^^»‘)(l—e""^^*')A2(cos^y) = Jf 2(l~-cos^,.)A2(cos^,.). 

The matrix I 4 == — / is an orthogonal matrix of negative deter¬ 
minant, and corresponding to every orthogonal matrix S of positive 
determinant there is an orthogonal matrix of negative determinant 
U = SUi, which may be defined by the same parameters 
We thus obtain 

2m 2m 

= Z f ... f M) n (l-cos^,)A*(cos^,) 

0 0 (11.3; 4) 
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If the characteristic roots of TJ are 

— 1, A, 

then clearly we may put 

xj,, = 7r+4>,. (11.3; 6) 

The corresponding formula to (11.3; 4) in terms of the parameters 
^,is 

2‘7r %'JT 

^jmdu=x j... j m n (i+cos^,)A2(cos,a,) 

“ ® (11.3; 6) 

11.4, Verification of the orthogonal properties of the charac¬ 
ters of the unitary group 

Since the irreducible matrix representations of the unitary group 
are the sets of invariant matrices, the simple characters of this group 
are the /^-functions of the characteristic roots. 

Let the characteristic roots of a unitary matrix 8 be 

The^ orthogonal relations for the characters of the unitary group 
may be expressed 

27r 27r 

J ... ]■ {A}^A(e^^0A(e-*‘^0 # = X-i, 

0 0 
2w 27r 

/ ... J # = 0, {A} {j4, 

0 0 

{A} denoting the complex conjugate of {A}. 

Putting (Xy> == we have, from 

{A}A((3(,) = = 2 ± n 

and since 5,. = 

pA(a;ri) = la7/*<-«+«| = 2 ± IT 

the summations being taken with respect to all permutations 
(Pir^-iPn) (ffn— jS'm) of (1, 2 ,..., n), taking a minus sign for a 

negative permutation. 

Hence 

2ir 27r _* 2'7r 

J ... I {A}{p}A(av)A(a7i) = 2 ± n J 
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The resiilt is clearly zero unless every index is zero, i^. unless 
(A) 

and = {r ^ 1 ,..., n). 

We thus have 

27r 2'n' 

/ J {A}5;)A(ei^^)A(e-V0 # = 0 , {A} ^}, 

0 0 

2'n' 27r 

J ... J {A}p^A(e»Vr)A(e-»'^0 d<f>-= n\ {%r)^ 

0 0 

The last result is independent of the particular /S^-fimction chosen, 
and we may put {A} = {0} = 1. We thus obtain 


J {XMdS=0, 


(11.4;1) 


11.5. Orthogonal matrices and the rotation groups (6) 

We denote by D' the group of orthogonal matrices of order 
by D the subgroup consisting of the matrices with positive deter¬ 
minant, and by the set of matrices with negative determinant, 
so that jy, ^ 

We use the letter S to denote a variable element of D, and the 
letter U to denote a variable element of Z\. The letter T denotes 
a variable element of D' without reference to the sign of its deter¬ 
minant. Thus for integration over the* complete group manifold we 

may write j dT = j <f>{S) d8 + j <j>{U) dU. 

If is a fixed element of Di, for every element 8 of D there is 
an element U ^ U^S of and conversely. Hence, putting 

jdS, 

we have J dU J d/S = A, 

and J dT = 2h. 

An orthogonal matrix cannot, in general, be transformed into 
diagonal form by another orthogonal matrix, since the characteristic 
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roots are, in general, complex numbers. It may, however, be trans¬ 
formed by an orthogonal matrix into one of the four forms: 
diag(<Di,,..,3),), diag(l,-^l,Ti,...,T,^0. 

diag(-^l,Ti,...,Y,), 

** L—sini/r^, cos^J’ 

It is clear, then, that two orthogonal matrices with the same 
characteristic equation may be transformed into one another by 
orthogonal matrices. A class function of the orthogonal group may 
thus be expressed as a function of the characteristic roots. 

Four cases arise. If n is even, say n = 2r, the characteristic roots 
of a matrix 8 of D are of the form 


where 




diag(l,$i,...,<lu), 

sin^J 
-sin<^„ cos^J’ 




A class function may thus be expressed, for the elements of D, in 

. 


Since the characteristic roots are interchangeable,/(^) must 

be an even function of each parameter <l>^. It is also periodic in each 
parameter, with period 27r. 

The characteristic roots of a matrix U of are of the form 


A class function may be expressed, for the elements of D^, in the form 

For odd w, say n = 2v4'l> we may take TJ^ = — J, and for each 
matrix 8 of D there is a matrix U Ut^ 8 of The same para¬ 

meters may be used for the two matrices U and 8. The charac¬ 
teristic roots of 8 are of the form 


and a class function may be expressed, for the elements of D, in 
the form /(^) . i,), 

and for the elements of Dj, in the form 


gr(^) = 

The class functions in each case are even functions of each para¬ 
meter with period 27r. 

Two elements of D, 8^ and /Sgi which are equivalent in D' may not 
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be equivalent in D, for the matrices which transform into ^2 Ri^y 

all belong to I\. Thus for n = 2, the matrices 
r COS0, sin 01 


fcos^, 

smO' 

. ’ siaO, 

coaO 


[—sin0, COS0J 

may be transformed into one another by any orthogonal matrix 


'cos^, sin^ 1 
_sin^, — cos^J 


where 




of negative determinant, but not by an orthogonal matrix of positive 
determinant. 

For n = 2v+l, two matrices and S 2 which are equivalent in D', 
are equivalent in D also, for if 

then also = {UU^)-^8^{UU^), 

and UUi belongs to D. 

For n = 2v, however, a class of D' separates, in general, into two 
conjugate classes of D, We may still denote a cleiss function by 

M)= Mr,...,<!>.), 

this denoting a function of the class of matrices equivalent to the 

diag(®i,a>a,...,0,) 

[ cos^,., sin^J 
cos^J* 

The function/(^) is not necessarily an even function of each para¬ 
meter, but if the sign of an even number of the parameters is changed, 
then/(^) is unaltered. 

The value of for the conjugate class is obtained by changing 
the sign of an odd number of the parameters. 

It follows that if V is odd, so that 71 is of the form 4^+2, 8 and 8'~^ 
belong to conjugate classes; but for even v, so that n is of the form 
4r, 8 and 8~^ belong to the same class. 

A class function/(^) which is an even function of each parameter 
is called an even class junction. It takes the same value for two 
conjugate classes, and is clearly a class function of D' also. 

11.6. Relations between the characters of B and D' 

Let yjT) be a simple character of B\ Since T and have the 
same characteristic roots, they are equivalent in D', and 


X{T) = = xcn 
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the bar denoting the complex conjugate. It follows that the charac¬ 
ters of D' are all real 

Since D is a subgroup of it follows that x(j8 ) is a character, 
simple or compound, of D. Now 

J x{TY = ^ xiSf + J dU. 

Hence, either xi^) is ^ simple character of i>, and 

j xiWdU^^h, 

or else xi^) is sum of two distinct simple characters of JD, 

xiS) = xJ.S)+Xx{8), 

SO that J x(^)^ 

and xi^) 

for-every U. 

In the latter case x(^) is called a double character of D\ 

Let x{T) be a double character of D', and let 

xiS) = Xi(^)+Xi(^). 

If n = 2r-}-l, two elements of D which are equivalent in D' are 
equivalent in D also. The classes of D coincide with the classes of 
matrices of positive determinant in D'. Xii^) is thus a class function 
of D', and is expressible in terms of the characters of D'. This is 
clearly inconsistent with the orthogonal relations. 

If 2v+l, there are no double characters of D\ 

Similarly, for n = 2v, Xii^) caimot take the same value for every 
pair of conjugate classes of D. If S is an element of the class conju¬ 
gate to the class containing S, Xii^) i® ^ simple character of D, not 
equal to Xi(^)‘ Since 

/ x(>S)Xi(^) dS^j x0)XiiS} dS = h, 

it follows that Xi(^) == Xi(^)* 

If V is odd, S and are members of conjugate classes of D, and 
we may take B = S-^. Hence 

the conjugate complex of Xi(^)- 
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If n is of the form 4r+2, every double character of D' is the sum of 
two conjugate complex characters of D. 

On the other hand, if v is even, 8 and 8'^^ are equivalent in D, 
and = %i(/S) = 

If n is of the form 4r, all characters of D are real. 

Denote by the character of D' which is unity for every 

element, = 1 

There is also a character of D', which we denote by which is 

equal to the determinant of the matrix T, 

_ + 1 ^ ^m^u) = ^ 1 . 

Then, if x{T) is any simple character of D', so also is 
If x{T) is a double character 

x(r)x®*(T) = x{T), 

since x(^) = 


If x{T) is not a double character 

^iT)y^0)*^T) = x*{n 

a distinct simple character. 

x(T) and x*(2^) called associated characters of D'. 

The characters of D and D' thus fall into two categories. 

There are pairs of associated characters of D' which correspond 
to the same simple character of D. 

There are double characters of D\ satisfying xi^) = which 
separate into two conjugate characters of D. If n is of the form 
4r+2, these are conjugate complex characters. If n is of the form 
4r, they are distinct real characters. If n is odd there are no double 
characters of D\ 


11.7. Integration formulae connected with D and D' 

Let f{x) = 0 be the characteristic equation of an element T of 
D', and let ^ 

We proceed to evaluate the integrals 
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:,dU. 


It is coxivenient to put 

j, A jt flf 'j*i 

flU-fJx-fv 

We require six lemmas, which follow. 

1 _ 

where 


TiT^iTVnVTA I. 


M^) = Q ^{y) = Q iVi-y}) 

This was proved in § 5.2, 

Lemma II. 


g^^V+A(i-n (*<.<)]}. 


By subtracting the first row from each subsequent row the deter¬ 
minant is seen to be linear in A. It is also homogeneous of the nth 
degree in A and fj, together. The lemma reduces to Lemma I for the 
case A = 0. Also for A = —1, ft = 1 we obtain 


1 


^ayt 

1—iK.y* 


^-^ayt 




x»yi 

This case is also proved by Lemma I. The truth in the general case 
follows. 


Lemma III. 


where L{x) - 
We have 


|1—2x3COs^^+a;2 

= n 


2«»’'-v)A(cos^)A(a;).L(a;) 
n (l—2xiOos^j+xf) ’ 


1—2a:,ooB^,+a;| ’ 11 (l+*l) i_ 2a:, 


1+*| 


COS^^ 



\ 

l+xj) 


h) 


1 A(cob^) 2*<’^-’') JJ (i-{-a;g)-v+i JJ {Xi—Xj)(l—XiXj) 

n (l+»?) n ( 1 +*?)”'' n (l— 2 a:^cos^,+a:f) 

2i<y‘-^'>A{coB4)A{x)L{x) 
na —2xiCoa<f>j+xl) ' 
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Lemma IV. 

2ir 

r_^_ _ 2 n(l-i-zy) 

J (1—2a;co8^+a:2)(l—2yco3^+2/2) ~ (l-x^){l-i/^)(l—zy)’ 

Taking T as the contour lz| = 1, the required integral is equal to 

r_1_^ 

J ( 1 —a:z)(l—as:-i)(l—2^2;)(1—ya-i) iz’ 

as will be seen by putting z = This integral is equal to 

r —iz dz 

J (1 —<i(x){z—x){l—yz){z—y) 


times sum of residues aA,z — x,z — y, 


-x^){l—ocy){x—y) ^ (1 —y2){i —xy){y—x)] 


2 it{x — xy ^— 

( 1 —a:*) (1 —y2)( 1 —xy){x—y) 
2TT{l+xy) 

{l—x^){l—y^){l—xyy 


LTCiyTMA V. 


ZTT 

r_ (1—cos^^) d<l> _ 

J (1 —2a?cos^+a;2)(l—2ycos <f>-\-y^){l--2u cos (j>+u^){l—2v cos 


_ 'rr{l—ccyuv) _ 

(1—a;^)(l—a?t^){l— xv){l—yu){l—yv){l—uv) 


for |a;l, \y\, \uU \v\ <1. 
Lemma VI. 


r (1—cos^)d^_ ^ __ 

J (1—2a: cos <l>+x^){l—2y cos <l>+y^) {l+x)(l+y){l—xy) 

0 

for \xl | 2 /| < 1. 

These two lemmas are easily proved by contoiir integration ini a* 
manner similar to Lemma IV. 

For n = 2v, we have, for an element of D 

= n (1—2a?^cos.^^+4)> 

/i = TI (1—2yiCos^^+y|)- 
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Hence 


L{x)L{x) mL{y) 
fv-l fx-n 


dS 


2rr Ztt 

^ C r A{coa<l))A{x)L{x) A{oo3 4>)A{ y)L {y) 


^ 27t 27r. 

1—2a;jCOs^j+a;| 1 — 22 /, cos 


_ V TT f_ # i 

2'"->'Z, ilj (l-2a;A.cos^,i+a:|,)(l-2y^,cos^i+2/y’ 


summed for every pair of permutations (Ai,...,Ay), of 

(l,2,...,v), 

_ V 4 - TT 1 

2v*-v Z - i i l-X)^y^{l-xl){l-yl) 

_ _ (2v)*'-g 1 +Xs yt\ 

-2V-vn[(l-x|)(l-: l-a;,y, 

_ 

2*’'"” n [(i-*i)(i—yi)] I 1— 

.g'A(ir)A(y)[l+ IT 

IT [( 1 —»;i)(l- 2 /i)] IT ( 1 — 

Removing the factors A{x), A(y) from both sides of the equation 
and putting Xi = = 0 for each i, we see that Jl' == 1. We thus 

obtain 


L{x)Liy)J, = r - d8 

1 + n [^iVi) 


Next, for an element of Z\, we have 




( 11 . 7 ; 1 ) 


fi= {l—xl)J^{l—2XiCOBxfi^-JrxD, 

• fi = O-^yfi n (1—2yi cos il>i+yfl. 

i 

We denote by A'(a;) the product JJ (x^—x^), in which the variable 
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Xy is omitted. A'{y), L\x), L'{y) are defined similarly. We thus 
obtain 

L'{x)L’{x)^'{y)L'{y)I^ = \\ ~ dU 

^ J Jvjv Jvjv-X 


J-J 


JJ (1—cos^^y) A'(a;)i'(a;)A(cos ip) 

n [( 1 — 2 /^)®] n {l—^XiCoafj^) ^ 

A'{y)L'iy)A{cosijf) 


ZTT 

= 5^-/•••/' 


Jl{l-^iCosi^j-+yl) ^ 


n[(l-4)(l- 


^_ IT (l-cos%) _ 

IT [{l—2XyCO&^j-\-xl){l-2y^cos4ij+yl)] ^ 

^ 1—2a;gCOSi/f,+a;| 1—22/gCOS^<+t/| 


2V-vn[(l-x|)(l-2/f)]^ 

x2±n/a^ 


(1—2a;^cosi/rj.+a;?)(l—2y^cos?/rj.+y2) ^ 

(1— c os^ipj) difjj _ 

{l-2xx^ cos ^^+xl){l—2yi^ cos ifij+y^) 


2v*-vn[(l-4)(l-t/|)]^ 

x 2 ±n[ 


Z, 11 l{l-x^y^)il-x^x,^)il-x^y^) 

^_ 1—a;,y^a:A,yw 1 

(1 —Vv aJAj)( 1 -Vv 2/w) J 

_ ^ _w 

\l-x^y^x,yt 
1- -^sVt 

JJ' denoting a product from i = 1 to i == v —1. The determinant is 
equal to 

1 l-*v2/. 


^vyv+ 


{i-x^y,y-'^=^, l^-Xyyv+^vVvi^- IT' 
11 ( 1 — 

( l-a;,y,)-'-=‘ A'( a;)A'(i/)[l- IT i^iyi)] 

II' (l-a:i%) 
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Hence 


^'[1- IKs aVi )] 


* ~ WWtl [(i-»l)(i-yl)] n 

By putting Xi = yj — 0, we see that Jf' = 1. 
Combmmg this with equation (11.7; 1) we ohtam 

L{x)L{y)J 

L{x)L{y) C _ I __^T= ’ 


2A 


Lastly, for n = 2v+l. "we have 
r_ 1 r ^ gm _ if_i_ 

^ ^ J fvfji-n A-J A-fJi-n 

2rr 2i 

J-l 


n [(l_a;|)(l-y|)] JJ (l-x^y^y 

(11.7; 2) 


dS 


K 


n(i 


For this case 


fi = (1—a;^) n (l~2a;iCOS^j+a;?), 

i 

fi = (l-yf) n (l~2yf oos^j+y?). 

i 

Hence we obtain 

L{x)Liy)mm n [(l-»<)(l-y<)]«^ 

27r 2m 

_ ir f f-r-r/T .i \ A(a:)L(a:)A(cos^) 

A A 

A(y)I’(y)A(oos^) 


X 


K 

2v' 


2tr 27r 


(*-<=■»« pij^ 


na —2Xi cos f>j-\-xl) 


X 


di> 


cos^,+a;| 


js: 

2v*-i' 


' |l—2y,co8^,+y; 




JfiTT 

V + T7 f _ (l-cos^^) _ 

i 1 J (1—2a;;^cos^^+a!^)(i—2y^ cos^y+l/^) 


_-KW*’' 

-^,2. ± (l+a!,)(H-y,)(l-a:.y,) 
Z' A(a;)A(y) 

■n[(l+^i)(l+y,)]Tr(i=^)' 
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We thus arrive at the same equation as for n 


L{x)L{y)J = 


L{x)L{y) r 
2A 




dT 


2v, namely 


1 


(U.7;3) 


11.8. The characters of the orthogonal group 

Let f{x) = 0 he the characteristic equation of an orthogonal 
matrix T. If , t. . 

then clearly \ is a character, simple or compound, of the orthogonal 
group, for it is the spur of an induced matrix of T. 


Let 


/(*) 


= l+29'r*’'. 


so that ][q = 1+2 

Put Zi = l+x^. Then the determinant 


\x] 


.F-1 /y.V~2^ «v-l| 

a i ^39 ^$9 •••» 1 


= n n (1— 

= A{x)L{x). 

Thus 

^{x)^x) == [1+ •••» 

The coeifioient of in this expression is clearly 

l?A,“a+l> ?A,—s“t“3X—a+2’ 9X“-a*'l”f~9X-“a+3> •••5 v--a+2”f”ffA«+J'--a!* 

( 11 . 8 ; 1 ) 

Theorem. Corresponding to every partition (A) into not more than 
V parts, there is a representation of the orthogonal group with charc^cter 

l?A.-s+l. ?A,-s+9'A,-«+2> •••» ?A.-v-«+2+9'A.+p-»1- 
The determinant is clearly a polynomial in the \ with positive 
or negative integral coefS.cients. It is thus a linear function of the 
characters of the orthogonal group with integral coefficients. 

4632 0 , 
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From ih.G above we have 

A(z)L{x) 2 

so that L{x) *?• j = 2 A}. (11.8; 2) 

Similarly, L(y) ~ 2 A}. 

Since from (11.7; 3) 

/ n (~ff) n (nf) " >/n (1-.,). 

we have 

4/2 f.}dT=^ 1+2 {*; aRj/; a}. 

It follows that 

1J ^^\TrdT = i, 

^^\T)^){T)dT = 0, (A)#(;a). 

Hence the expressions with a possible change of sign, are distinct 
simple characters of D\ We shall subsequently evaluate and 

since this will be seen to be a positive quantity, the change of sign 
is not required. 

Corresponding to each character which is not a double charac¬ 
ter, there is an associated character We shall show that these 
characters and x^^>* comprise the complete set of characters of D'. 

The double characters 

For n — 2v+l, the characters of D' are also simple characters 
ofi). 

For n = 2v, we have 

A J fi-fji-fv n 

Hence 

==[l+2{=>^;A}{2/;A}][l+n(^r2/r)] 

= [1+2{“=;AK2/; A}][l+{a:: P}{y; F}]. 
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Now {a;;A}{a;; P} = {a;; A^+l, Aj+l,..., A^+1} 

and {y, A}{y; !■'} == {y, Ai+1, A 2 +1,..., 

It follows that 

ij = 

= l forA, = 0i 

= 2 for Xy ^ 0. 

Thus if Ay = 0, is a single character of D' and a simple character 
of jD. But if Ay ^ 0, is a double character of D' and separates 
into two conjugate characters of D, 

The degree of the representation 

We shall now evaluate which is the degree of the repre¬ 

sentation corresponding to 
The characteristic equation of is 

Hence 

= l+2?ra^- 

Clearly 



Substituting in the determinant for and consecutively sub¬ 
tracting each column from the next, we obtain 

— Iffot* 9a,+2~^ia$-S> •••’ 9'a,+>—l~f"2a,->'+l 1 

\(n+a^—2\ /%+Og—3\ (n+a^—1 \ /«+a*—4\ 

-\[ n-2 j + i «-2 I’ [ n-2 j + \ 7 a-2 )’ 

(n+aA 6\ /ra+Og+v—3\ /ra+a,—j'—2\| 

i«-2j + \ n-2 I’ \ n-2 j + \ «-2 ji’ 

(11.8; 4) 

where = A^— s+l. 

Denote by the transformation in which, beginning at the ith 
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column, each column is subtracted from the 
making the consecutive transformations 

ni m rp m rp 
"^3? ”^3? 

and by making use of the formula 



it is easily seen that we obtain the determinant 


next column. 


By 



Consider this determinant as a function of a,, a^, treated 

as independent variables. It is zero if Op — a^, and also if 

= 2—71, 

for this would make two rows identical except for a possible change 
of sign in the latter case. 

Also, for n odd, it is zero if 2^^ = 2—n. 

If n is even, then the determinant is divisible by 

XT [(®2J 2)], 

P<Q. 

and if n is odd, by 


IT [K-®«)(« 7 .+“a+’^- 2 )] IT {2a +n~2). 

p<q 

In either case we obtain a polynomial in the a^’s of degree 
v{n —V—1), which is clearly the degree of the determinant. Any 
other factor is therefore numerical. 

By comparing the coefficient of 

we obtain, for n — 2v, 
x(A)(2) 


= 2>'n[K-“a)K+“4+»-2)]/[(»-2)! (77-4)!... 21], 
and, for ti = 2v+l, , 

!■ (11-8:6) 

= TI {{%—%){ap+%+n-2)\ IX (2a^+77-2)-4- 

-^[(7^-2)!(7^-4)!...l!]. J 
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In one case this result is incorrect. For the case n = = 0, 

the last row of the determinant in (11.8; 4) consists of zeros except 

for the last term, which is literally term 

(^""^ 2 ) but formal calculation gives +-1. 

Hence for n = 2v, \ = 0, the value of is one-half of the 

value given in equation (11.8; 6). 

Completeness of the sets of characters obtained for D and D' 

We now show that the sets of characters obtained for D and D' 
form the complete sets. It is only necessary to show this for D, by 
reason of the relations we have proved connecting these characters 
with those of D', 

Let Xi(>S) be any character of D. Then Xi(^) is clearly a class 
function of D. If it is not an even class function, there is a conjugate 
character xii^)^ Then Xi(^)+Xi(^) = x(^) is an even class function 
of D. It is thus an even symmetric function of the parameters of 8, 
i>i> poriod 27 t in each parameter. 

By Fourier analysis x(^) <^sin thus be expressed as the sum of a 
series of terms which are the monomial symmetric functions of the 
quantities 

cos ^US ^2> •••> GOS(py 

Clearly xi^) be expressed linearly in terms of the coefficients in 
the expansion of 

Yl "" 1 + 

Each character of D', xP^KT) is expressible linearly in terms of 
these coefficients. The corresponding equations may be ordered so 
that they may be solved consecutively to express the coefficients 
?ai?cx,linearly in terms of the characters of D', 

Thus xi^) expressed hnearly in' terms of the given set of 

characters ^^\8). It follows from the orthogonal relations that the 
characters obtained, namely 

xiHs) 

form the complete set of characters of D, 
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11.9. Alternative forms for the characters of the orthogonal 
group (7) 

We obtain first the expansions of six symmetric functions as sums 
of series of /S-functions of ascending weight. The jS-functions are 
those associated with the series 

!//(*) = 1/n (1—Or*) = 1+2 

The six expansions are as follows; 

n (1—= 1+2 (—1)^®W. (11-9; 1) 

l/n(l-«i«l) = l+2{|8}. (11.9; 2) 

n(i-“f)n(i-«i“i) = i+2(-inr}, (ii.9;3) 

i/n (i-oef)n(i-«i«i) = 1+ 2{8}> (11.9; 4) 

n (i-«i) n (i-«i“i) = 1+2 (-i)‘^+’->R (11.9;6) 

i/n (i-«i) TT (i-«i«i) = 1+2 {a (11-9; 6) 

in which p is the weight of the fif-function, and r is the rank of the 
partition. The extent of the summations in each case is as follows. 

{a} is summed for all partitions which in Frobenius notation are 
of the form 

/ a \ la, 6 \ la, b, c \ 

\o+l/’ \,®+l) b+lj’ \<*+lj b+1) c+1/ 

e.g. l-{l®}+{2 13}_{23}+{41‘}+{3 2^ 1}-...; 

{/3} is summed for aU partitions such that there are an even number 
of parts of any given magnitude, e.g; 

l+{l®}+{2*}+{l"}+{2n3}+{32}+{l'’}+{4®}...; 

{y} is summed for all partitions which in Frobenius notation are 
of the form 

/tt-f-l\ la-{-l, 6-bl\ /®+l> 6+lj c-|-l\ 

I « j’ [a, b r \ a, b, c r 

e.g. i_{2}+{31}-{4P}-{32}+{613}4-{431}-...; 

{8} is summed for all partitions into even parts only, e.g. 

l+{2}+{4}+{23}+{6}+{42}+{23}+{8}+...; 

{e} is summed for all self-conjugate partitions, e.g. 

l-{l}+{21}-{2*}-{3 l«}-t-{3 21}+{41*}-{33 2}-{4 21*}-..., 
and {{} is summed for ah fi'-funotions. 
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The methods of proof differ considerably in the different cases. 
In the first case we have 

i<j 

- n <'+“«-* n (ifrft) 

= [oi”-!, a”-2(l+6i|), o;”~®(l+a|)2, (l+a|)”-i[ 

= \ocs-\ 1+«M, 

by a simple transformation. Expressing this as a sum of 2^“^ deter¬ 
minants and removing the factor JJ (a^—a^-), we obtain 

n (l-«i«/) = {0}+{0,2}+{0.0, 4 }+... 

+{0,2,4}+{0,2,0,6}+... 

+{0,0,4,6}+... 

+{0,2,4,6}+{0,2,4, 0, 8} 

+.... 

Reducing the parts of these /S-functions to descending order, we 
obtain (1L9; 1). 

Again, multiplying the 5th row of the above determinant by (1+a,) 
and subtracting each column from the next, we obtain 

n (i+“i) n (1—“i“^) n 

= laj-i+a?, , 

Expressing this determinant as a sum of 2^ determinants, and 
removing the factor JJ (oci-aj-), we are led to 

IT (l+«i) n = {0}+{1}+{0,3}+{0,0,5}+... 

+{1,3}+{l, 0,6}+{1,0,0,7}+... 

+{0,3,6}+... 

+{1,3,6}+... 


+ ,.. . 

Reducing the parts in each 5^-function to descending order and 
changing the sign of the a/s throughout gives (11.9; 5). 

The expression 

is, fi:om §10.3, Theorem III, a generating function for the con¬ 
comitants of a quadratic in n variables. The irreducible concomi- 


tantst are of type 


(2), (22), (23), ..., (2^), 


t See Young (75), Part II. 
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and thus the complete set of concomitants correspond to all parti¬ 
tions into even parts only. We obtain (11.9; 4). 

The effect of replacing/(a?) by Ijfi—x) is to replace 

and to replace each /S-function by the conjugate /S-function. We 
may thus deduce (11.9; 2) from (11.9; 4), and (11.9; 3) from (11.9; 1). 
Lastly, 

i/Ti IT = IT (i+“i)/n n i^-ocioc,) 

-[i+imB+im- 

Since every ;8-fanction can be obtained in one and only one way 
as a term in a product 
equation (11.9; 6) follows. 

Denoting the character of the orthogonal group corresponding to 
the partition (A) by [A], we saw from (11.8; 2) in the last section that 

= 1+2 A}. 

ILJi 

Now l/n/i = l+2{AK*;A}, 

{A} being an /S-fanction of the characteristic roots of the matrix 
element of the group. 

Hence 

[L{x) n (1-«;|)][1+ I {AK^; A}] = 1+ 2 [A]{*; A}. 

L{x) li = n IT 
= 1+2 

by substituting in the above equation and equating coeiiicients of 
{a;; A} we obtain 


I- [A] = {A}+2(-lPfiry.AW, 

summed for all S-functions of the set {y} siich that {A} appears in a 
product {y]{r}} '^th coefficient (y) being a partition of p. 

Similarly, from the equation 


iL{x) n (1 -:k|)]-i[ 1+ 2 [A]{^;A}] =1+2 {A}{^«;; A}, 
we obtain 

n. {A} = [A]+2M^]. 

summed for S functions of the set {8}. 

These theorems give readily the reduction of the invariant matrices 
of orthogonal matrices as a direct sum of irreducible representations 
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of the group, or, equivalently, the expression of the <S'-functions of 
the characteristic roots of a matrix element of the group as a sum 
of simple characters of the group; and, conversely, the expression of 
the simple characters of the group in terms of the /S-functions. 

As an example take [A] = [3* 2], and apply Theorem I. Corre¬ 
sponding to the partition expressed in Trobenius notation as 

we have {y} = {2}, 2 = {32 1}, 

{y} = {3 1h 2M^} = {3 1}+{2«}, 

Thus [32 2] = {32 2}-{32}-{3 2 1}+{Z l}+{22}_{2}. 

Similarly, using Theorem II, 

for {S} = {2}, 2M’7] = [3W3 21]. 

{8} = {2‘“}. 2M’j] = [31]+[2n 

We thus have 

{32 2} = [32 2]+[32]+[3 2 l]+[3 l]+[2 
The analysis of the direct product of two representations of the 
orthogonal group into irreducible representations can be efiected 
quite easily by this means. Since the character of the direct product 
is the product of the characters, we have only to express the pro¬ 
duct of the characters as a sum of simple characters. The following 
example illustrates the method. 

[22][2i = [{22}-{2}][{2}-l] 

= {4 2}+{3 2 l}+{23}-{4}-{3 l}_{22}-{22}+{2} 

= [4 2]-t-[4]-f [3 l]-(-[22]-f-[2]-l-[2]-(-l 

+[3 2 l]-t-[3 l]+[22]+[2 l3]+[2]+[l2] 

+[23]+[22]-f[2]-t-l 

_[4]_[2]-1 

-[3 l]-[2]-[l2] 

— 2 [ 22 ]- 2 [ 2]-2 

+[2]+l 

= [4 2]+[3 2 l]+[23]+[3 l]+[22]-f-[2 l^]+[2]. 
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A simpler method of calculation is to make a similar use of 
Theorems III and IV which follow. The formulae are then obtained 
for the special case n == 2v for a matrix of negative determinant. 
But since such formulae are quite general, if they are true for such 
a special case they are true in the general case. 

The characters of the orthogonal group can also be expressed in 
terms of the iS-functions of the variable characteristic roots only. 

If n = 2v, all the characteristic roots of a matrix 8 of positive 
determinant are variable, and the case is covered by Theorems I 
and II. 

For a matrix U of negative determinant, however, we have 
f{x) = JJ 

= (1 —say. 

We express the characters in terms of the /^-functions {A}' of 


Since 


riM) 


L{^) 

Uf'M 




and L{x) = 14-2 

we obtain 


III. For a matrix U of negative determinant 

W = {A}'4-2(-i)'W^}'> 

{A}' denoting an S-function of the variable characteristic roots 

And from the equation 

l/i(a:) =1+2 

IV. If n ^ 2v, for a matrix U of negative determinant 

{A}' = [A]+2yMM- 

As we have mentioned, these theorems give an easier method of 
analysing the direct product of two irreducible representations. 

Thus for partitions into one part, since the set {a} contains no 
partitions into one part, we have, for p > q, 

MM = M'fe}' 

== {2’+2}'+{p+3'-l, 1}'+{2>+?-2, 2}'+...+{2J,g'}'. 

For partitions into two parts, the set {j8} inclaides the ;Sf-functions 
Hence 

{P.2}' = M9']+[i3-l,g’-l]+I>-2,g'-2]+...+[p—?]. 
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Thus 

WM = b+9'] 

+b+2—1, l]+[p+?-2] 
^b+9'-2,2]+[2)+g-3, l]+|>+g-4] 

+[P>9']+[P—1.3—l]+—+[p—<?]. 

This is a generalized form of the Clebsch-Gordan formula. 

For the case n = 2v-\- 1 we put 

f{x) = [l-Bx)r{x), 

where 0 = ± 1 is equal to the determinant of the matrix. 

In a similar manner, using equations (11.9; 5), (11.9; 6), we arrive at 

V. For n = 2v4-1 


[A] = {A}'+ 

8 being the determinant of the matrix element and {A}' denoting an 
8-function of the variable characteristic roots. 

VI, For n = 2i/+l 

{A}' = [A]+I(-^F3j,aW. 

We can also express the characters of the orthogonal group in 
terms of the parametric angles. We obtain formulae which closely 
resemble that which expresses the >S-function as a quotient of deter¬ 
minants (8). 

We must consider the four cases separately, taking jObrst the case 
of a matrix element S of positire determinant, for n = 2v. We have 

f{x) = U (1—2a;cos^^+a;^)* 

We make use of the expansion 


1— 

1—2g;cos^+g;^ 


1+2 2g;*'cosr^, 


and for convenience we put 

ao)=1, 1 

Cf’ = 2 cosr4>i (r ^ 0). / 

From Lemma III, § 11.7, we have 

1 2i<*''-*'>A(cos <l>)A{x)L{x) 

<i>i+x\ IJ (1—2a;jCos^^+x?) ‘ 


(11.9; 7) 
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Hence 

2«»'’->’)A(cos (t>)/!s. {x)L{x) JJ (1—a;|) 
~lt (1—2a;j-coS(^^+a:|) 


^ 1 —*® 

11—cos 1 

= 12 cm 

= 2 lCj^*+''“®^l{a;;A}A(a:). 


Thus, from (11.8; 2), 

i+ 2 [A]{x;A} 


tl/M 

^ |C^+''-«)|{a;;A} 
2«>'’->'>A(cos^) ’ 


and by comparing coefficients of {a:; A}, 

[A] = |q^*+>’-»)|/2«>'’-’'>A(cos^i) 

= \cm»)\l\cm. 

VII. For n == 2v, and for a matrix element of positive determinant^ 
[A] - 

But for a matrix U of negative determinant 

f(x) = (1—JJ (i_2a;cos0^4-i*j2)^ 

In this case we need the expansion 


1—2a;cos0+^^ 2i8in 


m$ 2 


sinrff. 


r=i 


Hence, from the equation 

1 2 ^<y'-^'>^{ooBl|;)^{x)L{x) 

l—2XgCOSilj^-{-xl JJ (l—2a;^.cos^^+a;|) 

we obtain 

1 + 2 MKA}— 

1 


1 — 2 x^cos 0 ^+^c| 


2 ^(^ “»')A(cos ^)A(a;) 


2^^2 4-2«*'’-*')A(oos^)A(a:) 

IJ 2 sin 2«>’’->’)A(cos ifi) 

_ y | 5 ^+»-»+«| 

Z, 15 j>'-s+i)| ^ 

where = 2 sin (11.9; 8) 
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VIII. For n = 2v, arid for a matrix dement of negative determinant, 
[A] = 

For n = 2i/+l we have for an element of positive determinant, 
f(x) = XI (l- 2 a;oos^,.+a; 2 ). 

We must use the expansion of 

_ I— __l-j-o? 

(1—a:)(l—-2a:cos^+a;2) {l--xe'^^){l—xe-'^^) 


_1_ 

(1—rce“'^^) 


_ 1 _ 

( 1 — 



g(r +^)i<l> _(r-j -<ff 

____ /^i* 


But for an element of negative determinant we obtain 

{l---xe'^'l^)(l--xe-'^^) 2cos <5os(r+|)^. 

By a procedure similar to that adopted for the case n = 2v yre 
obtain 


IX. If n = 2v+l, then for a matrix S of positive determinant 
FAi = 


and for a matrix U of negative determinant 

FAI - 

L -I )C7^>'-*+*)| ’ 


where 


= 2daj<f,i, 


CW = 2 COB jifff. 


The proof for the element U of negative determinant could have 
been obtained from that for the element 8 of positive determinant 
■by putting ^, = 7 r+^&,. 


11.10. The difference characters of the rotation group 

For the case n = 2v, the characters [A] of the orthogonal group, 
for which ^ 0, are double characters, and separate into two con¬ 
jugate characters of the corresponding rotation group. So far we 
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have found only the values of the double character, and not the 
values of the separate conjugate characters. 

Denote the difference between the two conjugate characters of the 
rotation group, corresponding to the partition (A),, by [A]'. The two 
conjugate characters of the rotation group will thus be 

H[A]+[A]'} and K[A]-[A]'}. 

[A]' is called a difference character of the rotation group (9). 

If the two conjugate characters are real, i.e. if v is even, then [A]' 
will be real. If the conjugate characters are complex, i.e. if v is odd, 
then [A]' will be pure imaginary. 

Trom the orthogonal properties of the characters it is clearly seen 
that the difference characters satisfy the equations 

iJ[A]'^d;S =(-!)% 

J[A]Wc?^ = 0, (A) #(/.). 

We obtain first the difference character [P]'. 

The character [P] of the orthogonal group is equal to the >S-funo- 
tion {I’'} of the characteristic roots 

which is equal to the sum of the products of these roots v at a time. 

The interchange of a pair of characteristic roots and has 
the effect of interchanging pairs of conjugate classes, and thus pairs 
of conjugate characters. The difference character is thereby changed 
in sign, and [A]' is an odd function of each parameter 

Clearly, then, the only products of v characteristic roots which 
appear in the difference character [P]' are those which involve all 
the V parameters. Thus the difference character is given by 

[p]' = 2 

summed for all combinations of the alternative signs in the index, 
the prefixed sign being plus or minus according as the number of 
negative signs in the index is even or odd. 

Hence [I*-]'= JJ 

= n (2ism^,). 

[!”]' = n (2isin^,). 


} ( 11 . 10 ; 1 ) 


I. 
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Now since the product of two characters of a group is a character, 
simple or compound, the product of a difference character of the 
rotation group and a character of the corresponding orthogonal 
group will give a difference character, simple or compound, of the 
rotation group. 

Hence, for every partition (A) into not more than v parts, the 
product 

is a difference character, simple or compound, of the rotation group. 

The simple difference characters are obtained from these by the 
following theorem (10). 

II. The values of the difference characters of the rotation group are 
given hy 

[Ai+1,A2+1,.-m\+1]' = [P]'[{A}+ 2 (— 
summed for those 8-functions {a} defined by (11.9; 3), such that {A} 
appears with coefficient product 

Clearly the right-hand side of this equation is a linear function of 
the difference characters with positive or negative integral coeffi¬ 
cients. Denoting this expression by we show first that 

which proves that is a simple difference character. When this is 
proved, consideration of the highest powers of taken 

in this order, which appear in the difference character, clearly in¬ 
dicates that it is the appropriate cfifference character for tho partition 
shown on the left-hand side of the equation. 

If 4v parametric angles of the given rotation S, let 

U denote the orthogonal matrix of negative determinant of the 
group Q of orthogonal matrices of order (2^+2)^, of which the para¬ 
metric angles are <l>y also. 

Let = J — J n (sin^^,.)A(cos0,.) d(j>i...d4^. 

Then, from Theorem III, § 11.9, 

[A]i = {A}+ 2 (-l)'W’?} 
is a simple character of (?, and 

^ J - J [A]" n d<h...d4, = 1 . 
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Hence 

^ J ... j ^ I - J H. n (-4smVr)A(cos<^,) d4,...d4,^ 

= (—iy2'’h'lh. 

By taking tke special case [Aj^ = 1 it is clear that 2'’h'lh = 1, and 
the proof of the theorem is complete. 

By comparison with the characters of U there is no difBculty in 
the deduction of the following theorems from Theorems IV and VIII, 
§11.9: 

III. [ITO = [Ai+1...., A,+l]'+ 2 gpnxbi+h..., 

IV. [A]' = 

11.11. The spin representations of the orthogonal group (11) 

If the group D' of orthogonal matrices of degree n has a repre¬ 
sentation of degree N, this implies that the group of unitary matrices 
of degree N has a subgroup simply isomorphic with D'. 

It may happen that, while this is not the case, yet the group of 
unitary matrices has a subgroup 0 possessing a seif-conjugate sub¬ 
group r of finite order p, and the quotient group OjV is simply 
isomorphic with D'. In this event, i>' will have a p-valued repre¬ 
sentation of degree if, i.e. to each matrix of D' there correspond 
p matrices of degree N such that the product of two matrices corre¬ 
sponding to S and T respectively is one of the_2? matrices correspond¬ 
ing to ST. 

This is not strictly a representation of the group, which is by 
definition single-valued, but it will be called e^p-valued representation. 
A one-valued representation, by contrast, wiU be called a true repre- 
sentation. 

Given a true representation ^ of degree N, a j}-valued representa¬ 
tion may be obtained by taking Q as the direct product of ^ and 
the finite group of order p which consists of the scalar pth roots of 
unity. Also, given a p-valued representation, a jpr-valued representa¬ 
tion may be obtained in the same maimer. Such representations are, 
however, trivial, and it is our purpose to examine the jj-valued 
representations which cannot be so generated. 

We shall show that non-trivial p-valued representations exist for 
every degree of Z)', for p = 2, but for no other value of p. 
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We may suppose that the representation of degree iV^ of 6^ is 
irreducible. Hence any matrix which commutes with every matrix 
of the representation is a scalar multiple of the unit matrix. Thus 
the elements of F are scalar multiples of the unit matrix. 

The scalar multipliers, by their nature, must be ^th roots of unity. 
We will show that they are also real. It will follow that the only 
possible values are ±1, and we must have = 2. 

The p elements of F correspond to the identical element of D\ 
Of the p elements of O which correspond to an infinitesimal rotation 
S, exactly one will diflEer infinitesimally from the unit matrix I^. 
Denote this by Z: Since 8 and are conjugate in D', clearly Z and 
Z-'^ will be conjugate in (?. It follows that the character of Z is real. 

Denoting by D the elements of D' with positive determinant, since 
every element of D can be generated by infinitesimal rotations, there 
is a matrix of O with real character corresponding to every element 
ofD. 

Ignoring the trivial case in which O has a subgroup which gives 
a ^-valued representation of D', for < p, we may assume that the 
characters of all elements of O which correspond to elements of D 
have real characters. This applies especially to the elements of F. 
It follows that the scalar multipliers are real, and equal to ±1- 

I. If a p-valued representation of the group of orthogonal matrices 
of degree n is 7iot trivial, then ^ 2. 

We show next that two-valued representations exist for all values 
of n. Such representations are called spin representations. The set 
of spurs of the corresponding matrices is called a spin character. 

The group G which is doubly isomorphic with D' is called the 
covering group. 

We consider first the special case == 3. The close connexion 
between quaternions and three-dimensional rotations has been well 
known since the discovery of the former by Hamilton, f In particular, 
there is an isomorphism between unimodular quaternions and three- 
dimensional rotations. 

Let i, j, h have their usual quaternion significance, so that 
~ j2 ^ ij = —ji = ]c, 

fk = —kj = i, hi = —ik = j, 

and {a~\-bi+cj-\-dky^ = {a--~hi--cj--dk)j{a^+h^+c^+d^). 

t See W. K. Hamilton, Lectures on Quaternions (Dublin, 1S53). 

R 


4632 
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With a given point in three-space with rectangular Cartesian 
coordinates x^, x^) we associate the vector (i.e. quaternion with 
real part equal to zero) 

X = ixj^+jx^+kx^^ 

Then, if A = a^+ia^+ja^+Jca^^ 

and 2 == transformation 

X' = A-^XA, 

where X' = ix^+jx^+Jcx^, 

corresponds to a rotation through an angle 2 cos“^(Zo about the line 

Uj (^2 ^3 

This result is obvious for the special case A = cos6+isin^, for 
we have 

X' =* (cos i sin k){GOQ 0-fi sin 6) 

= i+ ( 0^2 cos 20+Xq sin 20) j+ (x^ cos 26—x^ sin 2d)k. 

The general case may be transformed into this case by a change of 
axes, or may be verified directly. 

The only unimodular quaternions which commute with X are the 
real numbers ±1* Thus to each rotation X ->X' there correspond 
exactly two unimodular quaternions ±:A such that 

X' = A-'^XA, 

X' = {-A)-^X{-A), 

We have thus found a two-valued representation of the rotation 
group by the group of unimodular quaternions. 

But the quaternions 

A = ao+ia^-l-jag+iag 

are simply isomorphic with the two-rowed complex matrices 


A' == 


—aj-fiag 




( 11 . 11 ; 1 ) 


We thus obtain a spin representation of the rotation group of 
degree 3. Since the full orthogonal group is the direct product of the 
rotation group and the group (J, *—I), we have also a spin repre¬ 
sentation of the orthogonal group. 



11.11 


GROUPS OF UNITARY MATRICES 


251 


If the parametric angle of a rotation is (/>, then 

2 cos~%o = 

Uq = cos 

The character of the spin representation is the spur of A\ which is 

2aQ = 2 cos ^(l>. 

II. There is a spin representation of the orthogonal group of degree 3 
with character i 2 cos f 

For an orthogonal matrix of negative determinant with charac¬ 
teristic roots 

since ^ == 

the character can he expressed as 


±2cos|^= ±2sm|i/f. (11.11;2) 

We next obtain the characters of a spin representation of degree 
for the general case of the group of orthogonal matrices of degree 
= 2v, or 71 = 2v-f-l. This is called the basic spin representation. 
Consider a set of n anticommuting quantities (12) 

such that their squares are aU equal, and equal to ±1, i.e. 


{p ^ g)y \ n 1 11 * 

Ml^Ml=^±l. ) ( • > ) 

If now we make a linear transformation amongst these quantities, 

then, clearly, the necessary and sufficient condition that the set 
of matrices 


Ml Ml 




also satisfy the equations (11.11; 3) is that \a^ is an orthogonal 
matrix. 

If 71 == 2i/, the quantities M^^ ^ taken as algebraically 

independent. 

If 71 = 2 f-+- 1, then Jfj, Jfg?—» taken as algebraically 

independent, but we put 

Mn == M^Mi„M^ 

or the same quantity multiplied by a scalar ,^(—1) according to 
which of these gives M% = M\, 



252 GROUPS OF UNITARY MATRICES Chap. XI 

In either case we have 2v algebraically independent quantities 
Ml, Adding an identical element I and an element — / 

which corresponds to —1, these quantities generate a group of order 
22 V +1 Qf the general element is 

(oc^ == 0 or 1). 

We now examine the matrix representations of this group. 

There are clearly 22*'+1 classes of the group, which consist of the, 
identity element I, — I, and 2^^—1 other classes each of two elements. 

The quotient group by the subgroup {I, —I) is clearly Abelian 
and possesses 2^^ characters of degree 1. Hence, from § 9.6, the group 
generated by has 2^^ characters of degree 1, satisfying 

x(/) - X(~^) =-1- 

Since the number of characters of the group is equal to the number 
of classes, there is but one other character, which from the orthogonal 
properties must be of degree 2*'. 

There is thus one representation only of the group which dis¬ 
criminates I from —I, and this is of degree 2*'. 

In this representation let each element be represented by J5^, 
and each M'^ by Since the quantities M'i are simply isomorphic 
with the quantities M^, there is clearly a representation in which 
each matrix is represented by B'^. Since there is only one inde¬ 
pendent representation of the group which distinguishes I from — 
this must be equivalent to the first representation, i.e. there is a 
matrix T{A) such that 

The set of matrices T{A) clearly form a spin representation of the 
orthogonal group. 

This basic spin representation of degree 2^ is denoted by A. To 
find the corresponding character which we denote by x(A), we 
construct a specific representation of the group by means of the 
direct product of v quaternion algebras. By substituting a two- 
rowed matrix representation of each quaternion algebra we thus 
obtain a specific matrix representation of degree 2^. 

Let ij., jy, fc,. (1 < r < v) be the basic elements of v independent 
quaternion algebras. By allowing elements of different algebras to 
commute, the products of these quantities form the basal elements 
of an algebra which is the direct product of the v quaternion algebras. 
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Then the 2v elements 

H> jv ^ 1^24 ? ^1^2jsf •••> ^i^2‘-K-ijv 

are anticommuting. Adding a factor which is the scalar V(—1) when 
necessary to ensure that the square of each element is ± 1 as required, 
we obtain a representation of as a direct product of 

V quaternion algebras. 

The matrix representation (11.11; 1) of each quaternion algebra 
then gives the required matrix representation of the group of 
degree 2^. 

The matrix which corresponds to the direct product of v quater¬ 
nions of the form v 

r=i 


is clearly a rotation with parametric angles matrix 

representation of cosi^,+i,sini^i, 

fcosl^S^, ^sin|^^ 
li sin cos 

and the spur is 2 cos 

Hence, the spur of the direct product being the product of the 
spurs, the corresponding character of the spin representation of the 


is clearly 


:']• 


orthogonal group is 


n (2C0S 


For an orthogonal matrix of negative determinant, the two cases 
n == 2v and n = 2v+l differ. 

• For n = 2v+l we put Uq= —I, and the two matrices S and 
U = Uq 8 have the same representation and the same character. 

For ^ = 2v we replace <f>v-i ^ 2>***5 the 

vth quaternion cos sin 

is replaced by which corresponds to the orthogonal matrix 

[t 

The matrix representation of is 


[- 1 , J]’ 


and the spur of this matrix is zero. Thus for n — 2v the spin character 
of every orthogonal matrix of negative determinant is zero. 
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III. There is a basic sj^in representation A of degree 2^ of the ortho¬ 
gonal group of degree w = 2v or n = 2 p+1. The value of the corre¬ 
sponding spin character is given by 

x(^) =n(2cosiW. 

except in the case of a matrix element of negative determinant for 
n = 2v, in which case _ q 

Before proving that A is irreducible, and constructing other spin 
representations, we first express x(^)^ ^ simple characters. 

This gives the analysis into irreducible representations of the direct 
product of A with itself. 

We have 

x(A)* = n(2cosi^,)2 

, , 2 v 

== n = I {ll', 

{A}' denoting an >S-function of the variable characteristic roots. 

Bor n = 2v, for a rotation jS, we have 

{A}' = {A}, 

the >S-function of aU characteristic roots, and for 0 r ^ v, 

while for V < r < 2v, {F} = [!”'“'*]*, (11.11; 4) 

the star denoting the associated character, i.e. the character obtained 
by changing the sign of the characteristic of each matrix of negative 
determinant. 

Thus X(A)* = 

r «=0 

This expression is clearly self-associated, and is, correctly, zero for 
every matrix of negative determinant. 

Bor n == 2v-f-lj however, {A}' and {A} are respectively the jS-funo- 
tions associated with 


miii —ze^^)(l — 

and 1/(1-2) IT 

Thus = 

% 

where {y} is summed for the partitions {!}, {2}, {3},.... 

x(A)2==|{F}' = l+i{pr}, . 

0 1 


Hence 
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As for the case n = 2v, we have, for 0 ^2r 

{in=m 

but for 1 / < 2r ^ 2v, 

j^xw~2rj^ _ [^I2v-2r+lj*^ 

IV. For n = 2v^ 

, x(A)^=I {F} =Sm+m+[n 

arid for n == 2v+l, 

x(A)2 = I {F'-} = 2 2 [1'’'+^*. 

Since ^(A)^ includes the character exactly once, it follows that 
A is irreducible, for ^ 

J [AJdT = 0 

for every other character, and thus the mean Value of is the 
coefficient of which is unity. 

The fact that A is strictly a representation of the covering group 
rather than of the orthogonal group D', wiU not affect the mean value 
of x(^)^> for a given orthogonal matrix the two values of x(A) 
are equal in magnitude but opposite in sign, and give the same value 
for x(A)^. Thus the mean value of x(^)^ is unaffected. 

V. A is an irreducible spin representation of the orthogonal group. 

It follows immediately that for = 2v+l, A gives an irreducible 
spin representation of the rotation group. 

I'or n = 2v, however, since A is a self-associated representation 
of the orthogonal group, i.e. x(A) = 0 for every matrix of negative 
determinant, clearly the mean value of x(^)^ rotation group 

is 2, and A is reducible and equivalent to the direct sum of two 
conjugate spin representations. 

We can find the characters of these conjugate spin representations 
by the same method as that adopted to prove Theorem I, § 11.10. 

VI. If n = 2vy A gives a reducible spin representation of the rotation 
group, being equivalent to the direct sum of two conjugate spin repre¬ 
sentations Ai am? Ag with characters 

(cos^,)± IT (^sin*^,.)]. 

Besides the basic spin representation A, there is a series of spin 
representations corresponding to all partitions into not more than 
V parts. We now find the characters of these. 
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Clearly, from their nature, the direct product of a spin repre¬ 
sentation and a true representation will give a spin representation 
of the orthogonal group. Thus if {A} is an >Sf-function of the charac¬ 
teristic roots of the orthogonal matrix, 

will be tbe character of a spin representation, simple or compound. 
We obtain the simple spin characters from these by the use of the 
orthogonal relations. 

It is convenient to adopt the following nomenclature for the spin 
characters. Each true representation is associated with a partition 
(A), i.e. with a set of v integers A^, Ag,..., A^. Each spin representation 
is associated with a set of v numbers each of which is half an odd 
integer. 

The basic spin representation A is associated with the set of num¬ 
bers (d)^), and the corresponding character is written 

x(A) = [an 

This is consistent with the fact that the principal representation 
which appears in the direct product of A with itself is associated 
with the partition (P). 

The principal spin representation which appears in the direct 
product of A and the true representation associated with the partition 
(A), is associated with the sequence 

(Ai+^j A2+i')--j 

and the corresponding character is written 

[Ai+^, Ag+I,..., A^"f-|-]. 

The values taken by these spin characters are given by the follow¬ 
ing theorem (13). 

VII. [A,+iA,+i...,A,+i] = [(i)-][{A)4- 2 
summed for all S‘functions e which appear in (11.9; 5). 

Clearly the right-hand side of this equation represents a linear 
function of spin characters with positive or negative integral coeffi¬ 
cients. Denoting this by we show that 

which proves it to be a simple spin character. 
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Firstly^ for n == 2i/, let <f>v be the parametric angles of a 

given rotation 8. Let be an orthogonal matrix of negative deter¬ 
minant of degree and with characteristic roots —1, 

Let 

27r 27r 

A' = J - J IT ( 1 4-cos^,)A(cos^,) d4>^...dj>^. 

0 0 

Then from Theorem V, § 11.9, 

[A]i = {A}4-2(-l)i^+%AW 

is, for matrices of negative determinant, a simple character of the 
orthogonal group of degree 2^+1, so that 

2rc 2w 

J - / n (l+cos^,)A(cos^,) = h'. 

0 0 

Hence 

237 2rr 

i J ^ J - J [A]^n 2(14 cos<^,)A(oos<A.) 

0 0 
= 2^h'lh. 

From the special case [A]i == 1 it is clear that ^^h'jh = 1, and the 
theorem is proved for this case. 

The case n = is proved in a similar maimer. Let the charac¬ 
teristic roots of an element S of positive determinant he 

e±i4>i^ 

Let V be an orthogonal matrix of negative determinant of degree 
2v+2 with characteristic roots 

± 1 , 

Let 277 27 r 

A = J ... J XI (1—cos^,)A(cos^,) d4>x—d^v, 

0 0 
277 277 

^' = J J JJ (1—cos^^,.)A(cos^,.) d<f)i,.,d(j)y. 

0 0 

Ifow the values of the simple character of the orthogonal group 
of degree 2v+2, corresponding to the partition (A), for elements of 
negative determinant, are given by 

[X\i = {^V+li-mrrjx{vr^ 
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{A}" being an /S'-fanction of the quantities ±1, this 

expression being the coefficient of {x; A} in the expression 


IT ( 1 -*?) n 

UfM “■ ■ 




By taking the factor (l+x^) from the expression f(x^), we see 
clearly that if {A} is an /S-function of the characteristic roots of S, 


i.e. 


of 


1 , 


then [A]i = {A}+2(-l)i(^+^Vc,AW. 

The proof now follows that for the case n = Since 


2it 27r 

J - I [A]*n (l-C0sVr)A(C0S<^,) = h', 

0 6 

therefore 

2it 27 r 

^ J... J [A]® IJ 2(l+cos4) IJ (1—cos<^^)A(cos^y) d<l>^...d4^ = 2''h'lh, 
0 0 

and is a simple spin character. 

Again, for the case n = 2v-f:l, if we remove the factor (1— 
from/(a;^) in (11.11; 5), we see clearly that if {A}' denotes an /S-fmiction 
of the variable characteristic roots 


then [A]i = {A}'+ 2 

We obtain thus the following theorem. 

VIII. If n = 2v4-l cind {A}' denotes an S-function of 


then the values of the spin characters are given by 

[K+iA+h-.\+^] = [(I)’'][{A}'+ 2 
summed for all 8-functions {a} which appear in (11.9; 1). 

h’or the case n = 2v, by comparing Theorem VII with Theorems V 
and IX in § 11.9, we see that 


where 




C|h = 2 cosj^f. 
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Now 

n(2cosi^i,)iq—)| 

= 12 cos 2 cos{v~s)<f)i j 2 cos 

== |2 cos(v—s+|)^,+2 oos(v—s—: 2 cos 

= |2cos(v—5+|)^,l = |CJ''-s+«|. 

In two of the determinants shown s runs from 1 to (v—1) before 
the dotted line, the case s = v being given separately. Hence 

IX. For n = 2v, 

[A,+}A +1 .A,+l] _ 

»fae Ci* = f 0). 

I 1 0 = 0). 

For n = 2v+ 1, we compare Theorem VIII with Theorems III and 
Vin,§11.9. We obtain 

[Ai+i...,A,+i] = n (2cosi^,)J^^I 

where = 2 

Now 

= 12cos|.5i^2sin(y-5+J)^^l 
= |2sni(y—2sin(v-“5)^f| 

== 12sin(i/~-5+l)^;I = 

Hence 


X. Forn = 2v-i-l, 

nM>,i ^ 


where 


= 2smj(l>i. 


These two theorems are clearly consistent with the corresponding 
results for true representations, and this fact provides another justi¬ 
fication for the nomenclature for spin characters. 

For the rotation group, for the case n’= 2v, clearly the conjugate 
spin characters into which a spin character of the orthogonal group 
separates, are obtained by replacing A by and Ag respectively. 


The difference spin character is thus obtained from the spin character 
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by replacing JJ (2 cos by JJ (2i sin It can be obtained as a 

quotient of determinants by dividing the determinant 

iq.-s+i)l 

by n (2smi9^r)- We thus obtain 

XI. The difference spin characters of the rotation group are given by 
[Ai+i = n (2isinM{A}-- 2 

where ^ 2cosj4, {j ^ 0), 

CLo) = l, 

11.12. Complex orthogonal matrices and groups of matrices 
with a quadratic invariant 

The matrix representations of the real orthogonal group which 
have been obtained in the last two sections are algebraic. Hence 
if the real variables are replaced by complex variables, the results 
will be not at all affected. 

I. The irredwible matrix representations^ both true and spin^ of 
the group of real orthogonal matrices, give also irreducible matrix 
representations of the group of complex orthogonal matrices. 

Suppose that A is the matrix of the linear transformation 

Y = AX, 

where X and Y are column vectors. If A is orthogonal it leaves 
invariant the form v ^.2 

A more general group of matrices is that which leaves invariant the 
quadratic form 

<3 = 1 ^a*i.** = = 6®,). (11-12; 1) 

where B = [6^] and X is the transpose of X. 

B is clearly a symmetric matrix. Hence we may find an orthogonal 
matrix C such that 

G~^BC =. aBC - diag(Ai,A2,...A). 
where Ax,... , A^ are the characteristic roots of B, 

If Ai,..., A^ are all positive, we may put 

F = diag(A|,A|,...,A*), 

O^BO = = F'F. 


so that 
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Putting G == 

we obtain, clearly, G& = (11.12; 2) 

Now if A leaves Q invariant we have 

X^BX = Y^BY = XA^BAX, 

so that B = XBA. (11.12; 3) 

Provided that the characteristic roots of B are all positive, we 
may substitute from (11.12; 2) in (11.12; 3) and obtain 

A\&)~iG-^A, 

so that . G-^AG = I, 

The required condition is that is orthogonal. 

II. If the characteristic roots of a real matrix B are all positive, 
the group of real matrices which leave X^BX invariant may be obtained 
by transforming the elements of the group of real orthogonal matrices 
by a real constant matrix G satisfying 

G& = B-\ 

The characters of the group are the same as the characters of the ortho¬ 
gonal group. 

The same result holds if all the characteristic roots of B are 
negative, for B may clearly be replaced by — jB. 

If the matrix B has positive and negative roots, the matrix G 
may be obtained in the same way, but it will not be a real matrix. 

Referring, however, to Theorem I, we see that the group of com¬ 
plex matrices, with the quadratic invariant X^BX, is equivalent to 
the group of complex orthogonal matrices, and has the same algebraic 
representations as the group of real orthogonal matrices. This wQl 
give a set of representations of the group of real matrices with the 
quadratic invariant X^BX, for this is a subgroup of the group of 
complex matrices. 

Furthermore, since the reducibility of a representation is obviously 
unaffected if a real parameter is replaced by a purely imaginary 
parameter, the representations will also be irreducible. 

III. The simple characters, both true and spin, of the group of real 
orthogonal matrices give also the simple characters of the group of real 
matrices with the quadratic invariant 

XBX. 
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An example is the Lorentz group in space-time, which leaves 
invariant the form ,v. 2 _l .-2 i ^2 _ ^2 

For the cases which do not reduce to the orthogonal group, there 
are topological differences in the group manifolds which are worth 
noticing. 

Firstly, if the group manifold extends to infinity, so that it is 
unclosed, there exist transcendental representations besides the 
algebraic representations which we have obtained. 

Thus for the group of all non-singular real matrices of order rfi 
there is a representation in which a matrix 8 of determinant A is 
represented by jSlogA] 

^[ 0 , 1 j- 

For the group of matrices of order 2 ^ with the quadratic invariant 
a;| there is a representation in which the matrix 

[ cosh^, sinh(^"j 
sinh^, cosh^J 

, T T TcoshM, sinhibc^l 

IS represented hy . i 7 T 1.7 / • 

^ cosh^c^J 


This is transcendental if k is not integral. 

We shall not discuss the transcendental representations here, but 
merely mention them. 

Secondly, if the characteristic roots of B have not all the same sign, 
instead of the group manifold separating into two uncoimected 
portions as in the case of the orthogonal group, it separates into four. 

Clearly the group is equivalent to a group in which the quadratic 


inviiriant is 


xl+xl+,..+X^r 


—X 


2 

n* 


We shall refer to the jSrst r variables as spatial variables, and the 
last {ri'—r) as temporal variables in analogy with the Lorentz group. 

The group manifold then divides into four unconnected portions 
which depend upon the sign of the determinant of the minor cor¬ 
responding to the spatial coordinates, and upon the sign of the 
detomihant of the minor corresponding to the temporal coordinates. 
We shall call these four sets (?++, (?“+, G —, the first sign 

indicating the sign of the spatial determinant, and the second the 
temporal. 
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The subgroup of positive determinant consists of the sets (?+++ 

This corresponds to the rotation group except that the elements of 
G — cannot be generated by infinitesimal transformations. 

The distinction between and G~ leads to nothing new so far 
as the algebraic representations are concerned. 

Corresponding to a rotation between a spatial and a temporal 
variable, there will be a matrix of the form 

fcoshijS, sinh^l 
[sinh^, cosh^J’ 

Every algebraic representation of this matrix gives also a representa¬ 
tion of the matrix 

- cosh (f), —sinh <5^1 

—sinh^, —cosh^J* 

The extra generator here involved extends (?++ to G —, and (?+- 
to without affecting the representations. 

There exist, however, differences as regards the non-algebraio 
representations. 

It should be noticed, for example, that the obvious representation 
of the subgroup of positive determinant in which elements of 
are represented by +1, and elements of Q — by —1, is not an alge¬ 
braic representation. That is, there does not exist a polynomial in 
the elements of a matrix S which gives -f 1 for an element of G+-^ 
and — 1 for an element of G —. 
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Tables of Characters of the Symmetric Groups 


Degree 2 


Class 

1’ 

2 

Order 

1 

1 

[2] 

1 

1 

[1*] 

1 

— 1 


Degree 3 


Class 

1® 

12 

3 

Order 

1 

3 

2- 

[3] 

1 

1 

1 

t[21] 

2 

0 

— 1 

[1=] 

1 

-1 

1 


Degree 4 


Class 

1* 

P2 

13 

4 

2® 

Order 

1 

6 

8 

6 

3 

[4] 

1 

■1 

1 

1 

1 

[3 1] 

3 

■1 

0 

-1 

— 1 

t[2“] 

2 

0 


0 

2 

[2P] 

3 

Bl 


1 

-1 

[1*] 

1 

m 

Bl 

— 1 

1 


Degree 5 


Class 

IV 

1»2 

1®3 

14 

12® 

23 

5 

Order 

1 

10 

20 

30 

15 

20 

24 

[5] 

1 1 

1 

1 

1 

1 

1 

1 

[41] 

4 

2 

1 

0 

0 

— 1 

— 1 

[32] 

6 

1 

— 1 

— 1 

1 

1 

0 

t[31»] 

6 

0 

0 

0 

-2 

0 

1 

[2*1] 

5 

— 1 

— 1 

1 

1 

— 1 

0 

[21»] 

4 

—2 

1 

0 

0 

1 

— 1 

[1»] 

1 

— 1 

1 

—1 

1 

—1 

1 


*f Denotes a self-associated partition and cliaracter. 
S 
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Degree 6 


Class 

1 ® 

1*2 

i P3 

P4 

P 22 

123 

16 

6 

24 

2 ® 

32 

Order 

1 

16 

40 


46 

120 

144 

120 

90 

16 

40 

[ 6 ] 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 i 

1 

[ 61 ] 

5 

3 

2 

1 

1 

0 

0 

-1 

-1 

-1 1 

-1 

[ 42 ] ■ 

9 

3 

0 

-1 

1 

0 

-1 i 

0 

1 

3 

0 

[ 41 *] 

10 

2 

1 

0 ! 

-2 

-1 

0 i 

1 

0 

-2 

1 

[ 3 *] 

5 

1 1 

-1 

-1 

1 

1 

0 

0 

-1 

~3 

2 

t [ 321 ] 

16 

0 1 

-2 

0 

0 

0 

1 

0 

0 

0 

-2 

[ 2 »] 

5 1 

■“1 

-1 

1 

1 

-1 

0 

0 

-1 

3 

2 

[ 31 *] 

10 

-2 

1 

0 

-2 

1 

0 

-1 

0 

2 

1 

[ 2 « 1 >] 

9 

-3 

0 


■1 

0 

-1 

0 

1 

-3 

0 

[ 21 ‘] 

5 


2 


B 

0 

0 

1 

-1 

1 

-1 

[ 1 ‘] 

1 

-1 

IB 

BO 

B 

-1 

1 

-1 

1 

-1 

1 


Degree 7 


Class 

1 ’ 

P2 

1*3 

1»4 

P22 

1223 

P6 

16 

124 

123 

132 

26 

2^3 

m 

B 

Order 

1 

21 

70 

210 

105 

420 

604 

840 

630 

106 

280 

604 

210 

420 

720 

[ 7 ] 

1 

1 

1 

i | 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

[ 61 ] 

6 

4 

3 

2 

2 

1 

1 

0 

0 

0 

0 

-1 

~1 

-1 

~1 

[ 62 ] 

14 

6 

2 

0 

2 

0 

-1 

-1 

0 


-1 

1 

2 

0 

0 

[ 61 >] 

15 

5 

3 

1 

~1 

~-l 

0 

0 

-1 

-3 

0 

0 

-1 

1 

1 

[ 43 ] 

14 

4 

-1 

-2 

2 

1 

-1 

0 

0 

0 

2 

-1 

--1 

1 

0 

[ 421 ] 

35 

6 

- 1 ! 

-1 

-1 

-1 

0 

1 

i 1 

1 

-1 

0 

-1 

-1 

0 

[ 3 * 1 ] 

21 

1 

-3 

-1 

1 

1 

1 

0 

!~i 

-3 

0 

1 

1 

i-1 

0 

t [ 41 ’] 

20 

0 

2 

0 

-4 

0 

0 

0 

i 0 

0 

2 

0 

2 

0 


[ 32 *] 

21 

-1 

~3 

1 

1 

-1 

1 

0 

-1 

3 

0 

-1 

1 

1 

0 

[ 32 P ] 

35 

-5 


1 

-~1 

1 

0 

I-1 

1 

-1 

-1 

0 

~1 

1 

0 

[ 2 * 1 ] 

14 

-4 

-li 

2 

2 

--1 

-1 

0 

0 

Oi 

2 

1 

-1 


0 

[ 31 ‘] 

15 

~5 

3 

-1 

-1 

1 

0 

0 

-1 

3i 

0 

0 

-1 

1-1 

1 

[ 2 * 1 »] 

14 

-6 

2 

0 

2 

0 

-1 

1 

0 

- 2 ^ 

-1 

-1 

2 

1 0 

i 0 

[ 21 «] 

6 

-~4 

3 

-2 

2 1 

-1 

1 

0 

0 

0 

0 

1 

-1 

1 

-1 

[!’] 

1 

~1 

1 

-1 

1 1 

~1 

1 

L-1 

1 

-1 

1 

-1 

1 

-1 

1 


t Denotes a self-associated partition and character. 


Claas I 1*2 1«3 1«4 1 * 2 * 1»23 1»6 1»6 1«24 1 > 2 » 1 > 3 » 125 12*3 134 17 8 4 * 2*4 26 23 * 35 2 * 

Order 1 28 112 420 210 1120 1344 3360 2620 420 1120 4032 1680 3360 5760 5040 1260 1260 3360 1120 2688 106 
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Degree 9 


Class 

1 » 

P2 

1*3 

1*4 

1 * 2 * 

CO 

1*5 

1»6 

1*24 

1 * 2 » 

1 » 3 * 

1*25 

1 * 2*3 

1*34 

Order 


s 

S 

r-4 

<£> 

00 

fc- 

co 

o 

lO 

<M 

i 

10080 

s 

t - 

§ 

(M 

1 

18144 

8 

i " 

r«t 

*o 

11 

[ 9 ] 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

[ 81 ] 

8 

6 

6 

4 

4 

3 

3 

2 

2 

2 

2 

1 

1 

1 

[ 72 ] 

27 

15 

9 

5 

7 

3 

2 

0 

1 

3 

0 

0 

1 

-1 

[ 7P ] 

28 

14 

10 

6 

4 

2 

3 

1 

0 

-2 

1 

-1 

-2 

0 

[ 63 ] 

48 

20 

6 

0 

8 

2 

-2 

-2 

0 

4 

0 

0 

2 

0 

[ 621 ] 

105 

35 

15 

5 

5 

-1 

0 

-1 

-1 

-1 

-3 

0 

-1 

-1 

[ 6P ] 

66 

14 

11 

4 

-4 

-1 

1 

0 

-2 

-6 

2 

_1 

-1 

1 

[ 54 ] 

42 

14 

0 

-4 

6 

2 

-3 

-1 

0 

2 

3 

.-1 

0 

2 

[ 631 ] 

162 

36 

0 

-6 

6 

0 

-3 

0 

0 

0 

0 

1 

0 

0 

[ 62 *] 

120 

20 

0 

0 

0 

-4 

0 

1 

0 

4 

-3 

0 

0 

0 

[ 621 *] 

189 

21 

9 

1 

-11 

-3 

-1 

0 

1 

-3 

0 

1 

1 

1 

[ 4 * 1 ] 

84 

14 

-6 

-6 

4 

2 

-1 

1 

0 

-2 

3 

-1 

-.2 

0 

[ 432 ] 

168 

14 

-15 


4 

-1 

3 

2 

-2 

2 

0 

-1 

1 

-1 

[ 431 *] 

216 

6 

-9 

«-4 

-4 

3 

1 

0 

2 

-6 

0 

1 

-1 

-1 

t [ 5P ] 

70 

0 

10 

0 

-10 

0 

0 

0 

-2 

0 

4 

0 

2 

0 

t [ 3 *] 

42 

0 

-6 

0 

2 

' 0 

2 

0 

-2 

0 

0 

0 

2 

0 

[ 42 * 1 ] 

216 

-6 

-9 

4 

-4 

-3 

1 

0 

2 

6 

0 

-1 

-1 

1 

[ 3 * 21 ] 

168 

-14 

-16 

4 

4 

1 

3 

-2 

-2 

-2 

0 

1 

1 

1 

[ 32 *] 

84 

-14 

-6 

6 

4 

-2 

-1 

-1 

0 

2 

3 j 

1 

-2 

0 

[ 421 »] 

189 

-21 

9 

-1 

-11 

3 

-1 

0 

1 

3 

0 ! 

-1 

1 

-1 

[ 3 * 1 *] 

120 

-20 

0 

0 

0 

4 

0 

-1 

0 

-4 

-3 j 

0 

0 

0 

[ 3 . 2 * 1 *] 

162 

-36 

0 

6 

6 

0 

-3 

0 

0 

0 

0 1 

-1 

0 

0 

[ 2 * 1 ] 

42 

-14 

0 

4 

6 

-2 

-3 

1 

0 

-2 

3 

1 

0 

-2 

[ 41 *] 

56 

-14 

11 

-4 

-4 j 

1 

1 

0 

-2 

6 

2 1 

1 

-1 1 

-1 

[ 321 *] 

105 

-35 

15 

-6 

6 

1 

0 

1 

-1 

1 

-3 

0 

-1 

1 

[ 2 * 1 *] 

48 

-20 

6 

0 

8 

->2 

-2 

2 i 

0 

-4 

0 

0 

2 

0 

[ 31 *] 

28 

-14 

10 

-6 

4 

-2 

3 

-1 

0 

2 

1 

1 

-2 

0 

[ 2 * 1 *] 

27 

-15 

9 

-5 

7 

-3 

2 

0 

1 

-3 

0 

0 

1 

1 

[ 21 »] 

8 

-6 

5 

_4 

4 

-3 

3 

-2 

2 

-2 

2 

-1 

1 

-1 

[ P ] 

1 

-1 

1 

-1 

1 

-1 

1 

-1 

1 

-1 

1 

«-l 

1 

-1 


t Denotes a self-associated partition and character . 
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Tables of Characters of Transitive Subgroups, Alternating Groups 
The simple characters of the symmetric groups which are not self- 
associated are also simple characters of the alternating groups. 

Every self-associated character of the symmetric group (marked 
with a t in the tables) is the sum of two simple characters of the alter¬ 
nating group. These characters of the alternating group take exactly 
half the values of the character of the symmetric group, save for that 
class for which the character of the symmetric group is ± 1. This class 
splits into two for the alternating group, and it is for these classes alone 
that the two characters of the alternating group differ, the charac¬ 
teristics of the two classes being interchanged for the second character. 

We give the corresponding characteristics of these classes for the 
alternating groups of degrees up to 9, since this is all that is necessary 
to complete the table of characters, when the characters of the sym¬ 
metric groups are known. 

Degree 3. 


Character [21]. 

Class (3). 

Values |(—l±iV3). 

Degree 4. 

Character [2^]. 

Class (13). 

Values 

Degree 5, 

Character [31^]. 

Class (5). 

Values 

Degree 6, 

Character [321]. 

Class (15). 

Values |(1±V5). 

Degree 7. 

Character [41^]. 

Class (7). 

Values 

Degree 8. 

Character [4 21^]. 
Character [3^2]. 

Class (17). 
Class (35). 

Values |(—ld::iV7). 
Values J(—l±iVl5). 

Degree 9. 

Character [51^]. 
Character [3®]. 

Class (9). Values J(l±3) = 2 and 
Class (1 35). Values —l±iVl6). 


Jin ^ Ai- 1-A2+\+— is a self-associated partition of tt, then 


n — jPi+iP 2 +P 3 +-*> 
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where 


Pi = 

i ?2 = 2A2-3, 
!P^ = 2A3-~5, 


is a partition of n into odd numbers. The characteristic of the class 
iPiPi^Pz—) symmetric group, corresponding to the partition 

n = A 1 +A 2 +... 

of n, is given by Xp^ == (—1)K2?ijj 2P®.—i). 

The corresponding characteristics of the two classes of the alter¬ 
nating group into which this class separates are 

2 

Frobeniusf proves these properties, which may also be deduced 
from the orthogonal properties. 


General Cyclic Group of Order n 

Let 8 be any operation of the group whose order is and let a> 
be a primitive nth root of unity. 

There is a character x taking the value 0 / for the operation 8^. 
The n distinct powers of this character give the n characters of the 
group. 


Degree 4. 


Other Transitive Subgroups 


Subgroup of order 8. Compound character [4]+[2^]. 


Cycles 


P2 

4 

22 

22 

Order 

1 

2 

2 

2 

1 


1 

1 

1 

1 

1 


1 

— 1 


1 

1 


1 

1 

-1 

-1 

1 


1 

~1 

1 

-1 

1 


2 

! 0 

0 

0 

1 -2 


t Erobenius (35). 
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Self-conjugate subgroup of order 4. Compound character 
[4]+2[22]+[l4]. 


Cycles 

1^ 

22 

22 ! 

22 

Order 

1 

1 

1 1 

1 


1 

1 

1 

1 


1 

1 

-1 

-1 


1 

-1 

1 

-1 


1 

-1 

—1 

1 


Degree 5. 

Subgroup of order 20. Compound character 


Cycles 

1® 

14 

14 

. 

122 

6 

Order 

1 

5 

5 

5 

4 


1 

1 

1 

1 

1 


1 

— 1 

-1 

1 

1 


1 

—i 

i 


1 


1 

i 

—i 

-1 

1 


4 

0 

0 1 

0 

-1 


Subgroup of order 10 of above group. 


Cycles 


122 

5 

6 

Order 

■ 1 

5 

' 2 

2 


1 

1 

1 

1 


1 

-1 

1 

1 


2 

0 

-i(l + V6) 

-i(l-V6) 


2 

0 

-i(l-V6) 

-J(l+V6) 


Degree 6. 

Subgroup of order 120. Compound character [6]+[23]. 



This group is clearly simply isomorphic with the symmetric group 
of order 5!. The characters of subgroups of this group, then, may 
be obtained from the characters of groups of degree 5. 
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Subgroup of order 72. Compound character [6]+[42]. 



Subgroup of order 48. Compound character [6]+[42]+[25]. 


Cycles 

1* 

1*2 

P4 

P2* 

12 22 

6 

24 

23 

2« 

3* 

Order 

1 

3 

6 

3 

6 

8 

6 

6 

1 

* 


1 

1 

1 

1 

1 

1 

1 

1 

I 

1 


1 

-1 

-1 

1 

1 

-1 

1 

-1 

-1 

1 


1 

1 

-1 

1 

-1 

1 

-1 

-1 

1 

1 


1 

-1 

1 

1 

-1 

-1 


1 


1 


2 

2 

0 

2 

0 

-1 

0 

0 

2 

-1 


2 , 

-2 , 

^ i 

2 

0 

1 

0 

0 

1 ^2 

-1 


3 

1 

1 


1 

0 

-1 

-1 


0 


3 


-1 

-1 

1 

0 

-1 

1 

3 

0 


3 

1 


-1 


0 

1 

1 

-3 

0 


3 

~1 

1 

-1 

— 1 1 

0 

1 

-1 

3 

0 


Degree 7. 

Subgroup of order 168. Compound character [7]rf [4 3]+[2®l]+[l^* 


Cycles 

V 

1»2* 

124 

13* 

7 

! 7 

Order 

1 

21 

42 

56 

24 

24 


1 

1 

1 

1 

1 

1 


6 

2 

0 

0 

-1 

-1 


7 

-1 

-1 

1 

0 

0 


8 

0 

0 

-1 

1 

1 


3 

-I 

1 

0 

i(~14-^V7) 

i(-l-iV7) 


3 

-1 

1 

0 

4(-~l-tV7) 

i(-l+^*V7) 
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SubgroTlp of order 42. Compound cliaraoter 

[7]+[43]+[4 2 l]+[4 P]+[3 2 ^]+[ 2 ^ l]+[31‘]. 


’Cycles 

F 

16 

i 16 

12» 

13» i 

13* 

7 

Order 

1 

7 

1 7 

7 

7 

7 

6 


1 

1 

1 

1 

1 

1 

1 


1 

0} 

1 CO* 

1 

CO 

CO* 

1 


1 


CO 

1 

CO* 

CO 

1 


1 

— CO 

— CO* 

—1 

CO 

CO* 

1 


1 

— CO* 

— (a 

-1 

CO* 

CO 

1 


1 

-1 

-1 


1 

1 

1 


6 

0 

0 

0 

0 

0 

— 1 


(a» is a complex cube root of unity.) 


Subgroup of order 21 of above groups. 


Cycles 

F 

13* 

13* 

7 

7 

Order 

1 

7 

7 1 

3 

3 


1 

1 

1 

1 . 

1 


1 

CO 

CO* 

1 

1 


1 

CO* 

CO 

1 

1 


3 

0 

0 

J(-l+W7) 

i(-l-iV7) 


3 

0 

0 


i(-l+iV7) 


Degree 8. 

Subgroup of order 1344. Compoimd character [8]+[42]+[2^]4-[18]. 


Cycles 

1* 

1*2* 

2* 

2* 

1* 3* 

1*24 

26 

17 

17 

4* 

4* 

Order 

1 

42 

42 

7 

224 

168 

224 

192 

132 

168 

84 

(O) 

1 

1 

1 

1 

1 

1 

' 1 

1 

1 

. 1 

1 

(6) 

6 

2 

2 

6 

0 

0 

0 

-1 

-1 

0 

2 

(c) 

7 

3 

!~i 

-1 

1 

1 

-1 

0 

0 

-1 

-1 

(d) 

14 

2 


-2 

-1 

0 

1 

0 

0 

0 

-2 

(e) 

21 

1 

1-^3 

~3 

0 


0 

0 

0 

1 

1 

(J) 

7 

-1 

3 

-1 

1 

~1 

-1 

0 

0 

1 


(?) 

21 

-3 

1 

-3 

0 

1 

0 

0 

0 

-1 

1 

(A) 

7 

~1 

-1 

7 

1 

~1 

1 

6 

0 

-1 

-1 

(?) 

8 

0 

0 

8 

— 1 

0 

~1 

1 

1 ; 

0 

0 

(*) 

3 

~1 

-1 

3 

0 

1 

0 

: j{_i_iV7) 

M-H-*V7) 

1 

-1 

(J) 

3 

-1 

~1 

3 

0 

1 

0 

J(-l+iV7) 

i(-l-W7) 

1 

-1 
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Subgroup of order 1162. Compound character [8]+[62]+[4*]. 


Cycles 

1 * 

1*2 

1»3 

1*4 

1 * 2 » 

1 * 2 ‘ 

1*23 

1*24 

1 * 2 * 

1 * 3 * 

12*3 

134 

8 

4 * 

4 * 

2*4 

2*4 

26 

2 * 

2 * 

Order 

1 

12 

16 

12 

36 

6 

96 

72 

36 

64 

48 

96 

144 

72 

36 

144 

36 

192 

9 

24 


1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 


1 

-1 

1 

-1 

—1 

1 

-1 

1 

1 

1 

1 

~1 

-1 

1 

1 

-1 

-1 

1 

1 



1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

-1 

~1 

1 

-1 

1 


1 

—1 


1 

-1 

1 

“1 

“1 

1 

-1 

1 

1 

1 

1 

-1 

1 

~1 

1 

1 

-1 


1 

—1 


6 

4 

3 

2 

0 

2 

1 

0 

2 

0 

-1 

~1 

0 

0 

-2 

0 

-2 

0 

— 0 

0 


6 

-4 

3 

“2 

0 

2 

-1 

0 

2 

0 

-1 

1 

0 

0 

-2 

0 

2 

0 

-2 

0 


2 

0 

2 

0 i 

0 

2 

0 

-2 

-2 

2 

2 

0 

0 

0 

-2 

0 

0 

6 

2 

0 


18 

0 

0 

0 

0 

-6 

0 

2 

-2 

0 

0 

0 

0 

0 

-2 

0 

0 

0 

2 

0 


12 

2 

-3 

-2 

2 

4 

-1 

0 

0 

0 

1 

1 

0 

0 

0 

0 1 

-2 

0 

_4 

0 


12 

-2 

-3 

2 

-2 

4 

1 

0 

0 

0 

1 1 

-1 

0 

0 

0 

0 

2 

0 

—4 

0 


9 

8 

0 

-3 

-1 

-3 

0 

-1 

1 

0 

0 

0 

1 

1 

1 

-1 

1 

0 

1 

-3 


9 

-3 

0 

3 

1 

-3 

0 

-1 

1 

0 

0 

0 

-1 

1 

1 

1 

-1 

0 

1 

“3 


9 

8 

0 

-3 

-1 

~3 

0 

~1 

1 

0 

0 

0 

-1 

-1 

1 

1 

1 

0 

1 

3 


9 

-3 

0 

3 

1 

-3 

0 

-1 

1 

0 

0 

0 

1 

-1 

1 

1-1 

-1 

0 

1 

3 


4 

2 

1 

2 

2 

4 

~1 

0 

0 

-2 

1 

-1 

0 

0 

1 0 

0 

2 

0 

4 

0 


4 

-2 

1 

-2 

-2 

4 

1 

0 

0 

-2 

1 

1 

0 

0 

0 

0 

-2 

0 

4 

0 


4 

0 

-2 

0 

0 

4 

0 

d 

0 

1 

-2 

0 

0 

2 

i 0 

0 

0 

-1 

4 

2 


4 

0 

-2 

0 

0 

4 

0 

0 

0 

1 

~2 

0 

0 

~2 

0 

0 

0 

1 

4 

-2 


6 

2 

3 

4 

-2 

2 

-1 

0 

-2 

0 

-1 

1 

0 

0 

2 

0 

0 

0 

-2 

0 


6 

-2 

3 

1 

-4 

2 

2 

1 

0 

-2 

0 

~1 

-1 

0 

0 

2 

0 

0 

0 

-2 

0 


Subgroupt of order 192 of above group of order 1344. Compound 
character [8]+[6 2]+2[42]+[4 22]+[3* l**]+2[2<]+[221*]+[1®J. 


Cycles 

P 

P2* 

P22 

2* 

2* 

2* 

2* 

P3» 

P24 

26 

4* 

4* 

4* 

Order * 

1 

12 

6 

12 

6 

1 

6 

32 

24 

32 

24 

24 

12 


1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 


3 

1 

-1 

1 

-1 

3 

3 

0 

-^1 

0 

-1 

1 

-1 


2 

0 

2 

0 

2 

2 

2 

-1 

0 

-1 

0 

0 

2 


3 

-1 

-1 

-1 

_1 

3 ! 

3 

0 

1 

0 

1 

-1 

-1 


1 

-1 

1 

-1 

1 

1 

1 

1 

-1 

1 

-1 

-1 

1 


3 

-1 

3 


-1 

3 

__1 

0 

-I 

0 

1 

1 

-1 


3 

1 

3 

1 

-1 

3 

-1 

0 

1 

0 

-1 


-1 


3 

1 

-1 

1 

3 

3 

-1 

0 

-1 

0 

1 

-1 

-I 


3 

-1 

-1 

~1 

3 

3 

-1 

0 

1 

0 

-1 

1 

-1 


6 

0 

-2 

0 

-2 

6 

-2 

0 

0 

0 

0 

0 

2 


4 

2 

0 

-2 

0 

-4 

0 

1 

0 

-1 

0 

0 

0 


4 

-2 

0 

2 

0 

-4 

0 

1 

0 

-1 

0 

0 

0 


8 

0 

0 

0 

0 

8 

0 

-1 

0 

1 

0 

0 

0 


f This group is the positive group of the group of order 384 given below. The 
characters of the latter group may be found by the method given in the text, but an 
easier method is to find the self-a.ssociated characters of the symmetric group corre¬ 
sponding to the simple characters of the above group. These may be divided into two 
associated compound characters which correspond to simple characters of the group 
of order 384. The latter group is a maximal subgroup of the symmetric group. 
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Subgroup of order 384. Compound character 

[8]+[62]+[42]+[422]+[2^]. 



Subgroup of order 168 of above group of order 1344. Compound 
character [8]+[5 F]+[42]+[4 31]+[41^]+[3 2^ l]+[24]+[l8]. 


Cycles 

P 

2 * 

1232 

1232 

26 

26 

17 

17 

Order 

1 

7 

28 

28 

28 

28 

24 

24 


1 

1 

1 

1 

1 

1 

1 

1 


3 

3 

0 

0 

0 

0 

4(-1+W7) 

i(-l-tV7) 


3 

3 

0 : 

0 

0 

0 

i(-l-iV7) 

i(-14-4V7) 


7 

-1 

1 

1 


-1 

0 

0 


7 

-1 

<0 

0)2 

— o > i 


0 

0 


7 

-1 


<0 

— 0 )® 

—'(i) 

0 

0 


1 

1 

0 ) 


0) 

0)^ 

1 

1 


1 

1 

< 0 * 

(a 

0}^ 

0) 

1 

1 


(w is a complex cube root of unity.) 


Subgroupt of order 168 of above group of order 1344. Compound 
character [8]+[513]+2[42]+[422]+[4P]+2[24]+[l®]. 


Cycles 

1 « 

2 * 

12 32 

42 

17 

17 

Order 

1 

21 

66 

42 

24 

24 


1 

1 

1 

1 

1 

1 


6 

! 2 

0 

0 

-1 

-1 


7 

1 

1 

-1 

0 

0 


8 

0 


0 

1 

1 


3 

-1 

0 

1 

i(-14-W7) 

i(“-l-^V7) 


3 

-1 

0 

1 

i(~l--iV7) 



t This group is the positive group of the group of order 336 given below, of which 
the characters may be found by the same method as for the group of order 384. 
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Subgroup of order 336. Compound character 

[ 8 ]+[ 42 ]+[ 42 ^]+[ 41 ^]+[ 2 ^]. 


Cycles 

1« 

2^ 

12 32 

4a 

17 

P6 

1112a 

8 

8 

Order 

1 

21 

66 

42 

48 

56 

28 

42 

42 


1 

1 

1 

1 

1 

1 

1 

1 

1 


1 

1 

1 

1 

1 

~1 

-1 


— 1 


6 

2 

0 

0 

~1 

0 

0 

V2 

-V2 


6 

2 

0 

0 

-1 

0 

0 

~V2 

V2 


7 

-1 

1 

-1 

0 

1 

1 

~1 

— 1 


7 

-1 

1 

-1 

0 

~1 


1 

1 


8 

0 

-1 

0 

1 

-1 

2 

0 

0 


8 

0 

-1 

0 

1 

1 

-2 

0 

0 


6 

~2 

0 

2 

~1 

0 

0 

0 

0 


Degree 9, 

Subgroup of order 1512. Compound character 

[93+[4n]+[61*]+[32*]+[l»]. 


Cycles 

1* 

18 32 

l» 3 a 

127 

126 

126 

12* 

3* 

9 

9 

9 

Order 

1 

84 

84 

216 

262 

252 


66 

168 

168 

168 


1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 


1 

CO 

co^ 

1 

(O 

ft)* 

1 

1 

1 

ft) 

ft)* 


1 

a>a 

(O 

1 

(O^ 

ft) 

1 

1 

1 

ft)* 

ft) 


7 

•1 

1 

0 

-1 

-1 

-1 

-2 

1 

1 

1 


7 

<0 

co^ 

0 

— (O 

— ft)* 

--,1 

-2 1 

1 

ft) 

O)* 


7 

cu* 

(O 

0 

— ft)® 

— ft) 

-1 

—2 * 

1 

ft)* 

ft) 


8 

2 

2 

1 

0 

0 

0 

~1 

-1 

-1 



8 

2(0 

2a»* 

1 

0 

0 

0 

~1 

-1 1 

— ft) 

— ft)* 


8 

2(0^ 

2(0 

1 

0 

0 

0 

-1 

-1 

— fti* 

—ft) 


21 

0 

0 

0 

0 

0 

-3 

3 

0 

0 

0 


27 

0 

0 

-1 

0 

0 

3 

0 

0 

0 

0 


Subgroup of order 504 of above group. 
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Subgroup of order 1296. Compound character 

[9]+[7 2]+[6 3]+[6 22]+[42 1 ]. 



Subgroup of order 648 of above group of order 1296. 
Compound character J.+JS. 

































APPENDIX 


Subgroup of order 648 of above group of order 1296. 
Compound character 



Subgroup of order 648 of above group of order 1296. 
Compound character -4+J9. 


1 * 

1»8 

1 ‘ 2 * 

1»6 

1 » 2 ’ 

1 * 3 * 

1 * 2*3 

12*4 

3 * 

3 * 

3 * 

36 

36 

2*3 

2*3 

1 

0 

27 

*86 

18 

12 

54 

162 

4 

4 

72 

36 

86 

18 

18 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

-1 

-1 

1 

1 

-1 

1 

1 

1 

-1 

“1 

-1 

-1 

2 

2 

2 

0 

0 

2 

2 

0 

2 

2 

-1 

0 

0 

0 

a 

6 

3 

2 

2 

2 

0 

~1 

0 

~3 

-3 

0 

-1 

-1 

-1 

-1 

0 

3 

2 

-2 

-2 

0 

-1 

0 

-3 

-3 

0 

1 

1 

1 

1 

12 

0 

0 

1 


-3 

0 

0 

3 

3 

0 

1 

1 

-2 

- 2 , 

12 

0 

0 

-1 

2 

-3 

0 

0 

3 

3 

0 

-1 

-1 

2 

2 

3 

3 

“1 

1 

1 

3 j 


-1 

3 

3 

0 

1 

1 

1 

1 

3 

3 

-1 


-1 

3 

-1 

1 

3 , 

3 

0 

-1 

-1 

-1 

-1 

4 

-2 

0 

1 

-2 

1 

0 

0 

l + 3 ft > 

14 - 3 «* 

1 

ta 

eo* 

—2to 

— 2a»* 

4 

-2 

I 0 

1 

-2 

1 

0 

0 

l + 3 w » 

1 l -}- 3 co 

1 

m* 

CO 

\ —2(0* 

—2(0 

4 

-2 

0 

-1 

2 

1 

0 

! 0 

l - f - 3 tt > 

H - 3 co * 

1 

—to 

“< 0 * 

i 2oo 

2o>* 

4 

-2 

0 

-1 

2 

I 

0 

0 

l - fSw * 

1 + 30 * 

1 

—to* 

—(O 

2(0* 

2cti 

6 

3 

-2 

0 

0 

0 

1 

0 

-3 

-3 

0 

-V3 

V3 

V 3 

-V8 

6 

3 

-2 

: 0 

0 

0 

1 

0 

-3 

~3 

0 

V3 

-V3 

~V3 

V3 

8 

:-4 

0 

0 

0 

2 

0 

0 

2 + 6 o > 

2 + 001 * 

-1 

0 

0 

0 

0 

8 

-4 

0 

0 

0 

2 

0 

0 

2 + 0 «>> 

2 + 6 <o 

-1 

0 

r 0 

0 

0 
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Subgroup of order 324 of above group of oj:der 1296. 
Compound character ^+-B+(7+i). 


Cycles 

P 

P3 

P 2® 

P 3® 

P22 3 

3» 

3« 

3» 

3® 

9 

9 

9 

9 

Order 

1 

a 

27 

12 

64 

4 

4 

36 

36 

36 

36 

36 

36 


1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 


1 

1 

1 

1 

I 

1 

1 

a> 


CO 

CO 

CO® 

CO* 


1 

1 

1 

1 

1 

1 

1 


Ol 

co2 

CO® 

CO 

CO 


6 

3 

2 

0 

-1 

-3 

--3 

0 

0 

0 

0 

0 

0 


6 

3 

-2 

0 

1 

-3 

~-3 

0 

0 

0 

0 

0 

0 


12 

0 

0 

-3 

0 

3 

3 

0 

0 

0 

0 

0 

0 


3 

3 

-1 

3 

-1 

3 

3 

0 

0 

0 

0 

0 

0 


4 

-2 

0 

1 

0 

l-f-So) 

l+3a>2 

1 

1 

CO 

CO® 

CO 

CO® 


4 

-.2 

0 

1 

0 

l+3a»a 

l+3aj 

I 

1 

CO® 

CO 

CO® 

CO 


4 

-2 

0 

1 

0 

l+3a> 

l+Scu* 

Oi 


CO® 

1 

1 

CO 


4 

-2 

0 

1 

0 

l+3a>» 

l-}-3ct> 

a>* 

(ti 

CO 

1 

1 

CO* 


4 

-2 

0 

1 

0 

l+3£a 

l+3a>a 

a> 

a>® 

1 

to® 

CO 

1 


4 

-2 

0 

1 

0 

l+3ai» 

l+3co 


CO 

1 

CO 

CO® 

1 


Subgroup of order 324 of above group of order 1296. 
Compound character 


Cycles 

!• 

P 3 

i*e 

1 » 2 » 

1 » 2 » 

1 » 3 * 
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Subgroup of order 162 of above group of order 1296. 
Compound character 



Subgroup of order 81 of above group of order 162. 
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Metacyclic group of order 54, subgroup of above group of order 162. 
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Subgroup of order 432. Compound character 
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Subgroup of order 144 of above group of order 432. 
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Some Recent Developments 
Application to Invariant Theory 

A brief description is here given of some of the recent more sig¬ 
nificant applications of representation theory. Perhaps the most 
■important concerns invariant theory and is a development from the 
ideas contained in § 10.3, page 203. For conciseness the principal 
results are given without proofs for which the reader is referred to the 
original papers in the Supplementary Bibliography. 

The theory is most easily expressed in terms of tensors. A set of w 
variables are written with upper sufSxes instead of lower. 

They are supposed to be subject to a group of transformations 
x'^ = '£ojx^, = 

Similar sets of variables corresponding to different points in 

the coordinate space are transformed according to the same equations. 
Each set a:^ y^, is said to form a contragredient tensor of rank 1. 

A polynomial, say of degree 3, can then be written as 

2 aij^.x^x^afi 

where the coefficients may be supposed to satisfy 


a, 


ijk 


“ ^jik — ^ikj — ^kij — 


'jki 


= a 


'kji- 


These coefficients transform in the following way 

” 2 

This set of coefficients or any symbol with 3 lower suffixes representing 
a set of quantities which transform according to this equation, is 
called a cogredient tensor of rank 3. A oogredient tensor of rank r is 
similarly defined, and a contragredient tensor, say of rank 3 transforms 

The tensor of coefficients of a cubic, by reason of the symmetry 
of its suffixes, is called a symmetric tensor. Not all tensors, however, 
are symmetric, e.g. 


satisfies Cj^ 


c,j-, and is said to be skew-symmetric. 


A complete tensor hij of rank 2 has n^ independent terms. It may be 
expressed as a sum of a symmetric and a skew-symmetric tensor, i.e. 

hi = 

These have respectively ^(n+1) and 1) independent terms. 
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The terms of a tensor of rank 3 separate into a symmetric 
tensor with \n{nr\-l){n+2) terms, a skew-symmetric tensor with 
-2) terms, and other tensors which display symmetry 
with respect to some suffixes and skew-symmetry with respect to 
others. 

The complete tensor of rank r can be separated into subtensors by 
applying permutation operators to the suffixes and deriving from these 
-the Frobenius algebra of the symmetric group on the r symbols. 
Each irreducible idempotent of the subalgebra corresponding to the 
partition (A) of r, of the Frobenius algebra, when operated on the 
tensor yields a subtensor with independent terms, 

being defined as on page 126. Such a subtensor is called a 
tensor of type {A}. It has been provedf that the'matrix of transforma¬ 
tion of these terms is the invariant matrix corresponding 

to the partition (A) of the matrix of transformation {6f]. Its spur is 
the >S-function {A} of the latent roots of this matrix. The whole theory 
of invariant matrices may be developed in this way from the properties 
of tensors. 

The idempotents of the Frobenius algebra are usually taken from 
the appropriate Young tableaux. Thus corresponding to the respec¬ 
tive taweaux U .■ 


j 


the complete tensor of rank 3, is separated into the following 
subtensors for each of which the type is given on the left-hand side. 

{I^} 3 ^ijk'^^jki'^^kij "^jik ^ikj- 

ff { 21 }, ^kji 

{ 21 }; 

The symmetric tensor always corresponds to a partition of the form 
{w}, the skew-symmetric to a partition of the form {1^}. There are/<^^ 
linearly independent tensors of type {A}. 

A tensor may have both upper and lower s uffix es. A tensor with r 
lower and s upper sufSxes is called a mixed tensor and is said to be of 
rank r-j-s. The important properties of tensors are as follows. 

1. The product of two tensors is a tensor. 

t See Littlewood (10). References are to supplementary bibliography. 
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2. In a mixed tensor if one upper suflSx is put equal to one lower 
suffix and the summation is taken for all values of the common suffix, 
then the result is a tensor of lower rank. Thus if is a tensor, so is 

It is usual to omit the 2 assume a summation with respect to every 

pair of equal suffixes. 

3. A tensor of rank zero is an invariant. 

These properties give a ready method of constructing the varidus 
concomitants of a system of ground forms, since the tensors of the 
coefficients can be multiplied and contracted completely with tensors 
of variables so as to produce such invariant forms or concomitants. 
However, there is a great variety of ways of so multiplying and con¬ 
tracting, and sometimes different ways lead to the same concomitant, 
while sometimes the contracted form turns out to be identically zero. 
The group character method is here very useful since it gives a precise 
prediction of the linearly independent concomitants. 

Polynomials in one set of variables correspond to symmetric tensors. 
For a tensor of another type the appropriate algebraic form must 
introduce two or more sets of variables. The first set of variables, 
can be introduced alone. The second set, is introduced only in 
the determinantal form 

y\ 

while the third set, is introduced in forms of the type 


1 


X^ 

II 


yk 

1 

zK 



and so on for determinantal forms of any order. 

Thus a tensor of variables of type {421} may be obtained from the 
product 

This corresponds to the Young tableau 

( ’i p T s\ 

r ) 

The symmetry of the form corresponds to the product NP && obtained 
from the tableau, rather than Young’s form PN. The skew-symmetry 
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of the columns results from the determinantal forms involved. The 
symmetry of the first row follows from the common value of the vari¬ 
able which appears in each determinantal form, and the set of 
variables is responsible for the symmetry of the second row. 

An algebraic form of type {421} is obtained by contracting this 
tensor with a tensor of coefficients, e.g. , 

The same Young tableau indicates the symmetrizing relations which 
hold for the coefficients a^jkpqra- Such an algebraic form is called a 
Olebsch form. 

In n variables there is a unique tensor of rank n corresponding to 
{1^}, It is called the alternating tensor and is denoted by 

Since it is skew-symmetric the suffixes must all be different and 
consist of 1,2,3,..., nin some order. Corresponding to any permutation 
the value of the tensor is the same, save for a change of sign for a 
negative permutation. There is a corresponding contragredient tensor 

The following fundamental theorem has been proved.f 

Every concomitant of a system of ground forms can be obtained by 
multiplying and contracting tensors of the ground forms ^ Olebsch variable 
tensors^ and alternating tensors. 

For concomitants linear in each of two or more ground forms the 
multiplication of the corresponding /^-functions gives the types of the 
concomitants which appear. Further, the tableaux actually obtained 
in the use of the multiplication theorem for /S-functions give the corre¬ 
sponding concomitants explicitly. 

Thus, consider the concomitants which are linear in each of three 
ground forms which consist of a quartic x'^x^z^x^, a cubic x'^x^z^ 

and a quadratic x'^’x^. The concomitants correspond to the product 

{4}{3}{2} = {{7}+{61}+{52}+{43}){2} 

= {9}+2{81}4-3{72}+{712}-f3{63}+2{621}+ 
+2{54}+2{531}+{522}+{421}+{432}. 
Consider the two terms {531}. One is obtained from the product 

t Littlewood (10). 
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{52}{2}, the other from the product {43}{2}. The tableaux obtained in 
the multiplications are respectively as follows: 

OL a a oi P \ I (X a a a y 

P I i PP P 

y I \ y 

The symbols in the same column correspond to suffixes which are 
skew-symmetric and are therefore contracted with a variable tensor 
such as x^, or Thus the two concomitants are respectively 

Ks x^^^x'f^x^^x^x^ and x^^x^^x^x^x^. 

For readers familiar with the symbolic notation the interpretation is 
equally facile. If the ground forms are aj, ^8^, y|, the concomitants are 

(Oi^y; xyz){oL^\ xy){oiy\ and {apy; xyz){ocp; xy)^oc^y^. 

For concomitants of degree 2, 3, 4 in the same ground form of type 
{A} the appropriate product of /S-functions is replaced by 

{A}® {2}, {A}®{3}, {A}®{4}. 

The appropriate tableaux are a selection of those which occur in the 
products {A}{A}, {A}{A}{A}, or {A}{A}{A}{A}. 

There is usually little difficulty in selecting the correct tableaux. 
An example will illustrate. For the concomitants of a cubic the follow¬ 
ing expansions are obtained: 

{3}®{2} = {6}+{42} 

{3}®{3} = {9}+{72}+{63}+{522}+{441} 

{3}®{4} = {12}+{10,2}+{93}+{84}H-{822}+{741}+ 

-f-{732}+{62}+{642}+{623}+{5421}-f{43}. 

Corresponding to the term {5421} is obtained the following sequence 
of terms in {3}, {3}® {2}, {3}® {3}, and {3}® (4), 

{3}, {42}, {441}, {5.421}. 

The corresponding tableau is thus 

oc a oc P 8 

^ P y Y 

y 8 
8 

This tableau gives the appropriate concomitapt. 

The operation denoted by ® is called the plethysm of /5-functions, 
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and the expression {A}(8){/a} is read as ‘A plethys ix. The operation 
satisfies the following laws. 

I. A ®{BC) = [A ®B){A 0(7). 

In arithmetical expressions it is usually assumed that if, without 
any brackets, the symbols x and + appear in an expression then the 
operation X should precede the operation +. Similarly it is assumed 
that 0 precedes ordinary multiplication. Hence the right-hand side 
of the above could be written without brackets A ®BA 0(7. 


IL A®{B-^C) = A®B^A®C, 

III. {A+B) 0{A} = 2 ®{v} 

where is the coefficient of {A} in 

IV. (^-JS) 0{A} = 2 .(-irr^.A-^ ®{v} 

where {v} is the 'partiticm of r conjugate to {v}. 

V. (^jB) 0{A} = 2 9'^vA^ 

where = 2 

VI. (J. 0J5) 0C = 0(J50(7). 


As an example of V: 

({A}{m})0{3} = {A}0{3}H0{3}+{A}0{21}{^}0{21}+ 

• +{A}0{PK^^}0{P}. 

Various techniques have been developed for the evaluation of 

{A}0{fx}. 


Method /. The method of generating functions is described on 
pages 207-8. Its main use is confined to the binary case. 

Method II, Let A' be the direct sum of a matrix A and a scalar 
term x. Denote iS-functions of A and A^ respectively by {A} and {A}'. 

{1}' = {1}+X 


and, e.g. {4}' = {4}+{3}a;+{2}a:2+{l}a:»+a:*. 

If the two sides of this equation are operated upon by ®{r} various 
relations may be deduced which are useful in deducing the expansion 
of{4}0{r}. 

Firstly suppose that the expansions {4} 0{r} are known for binary 
forms, and assume that JL is a 2>rowed matrix. The expansion of 
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{4}' 0(3} is found as follows. The term independent of x on the right is 
{4}0{3} = {12}+{10.2}+{93}+{84}+{62}. 

Hence {4}' 0(3} contains the terms 

{12}'+{10.2}'+{93}'+{84}'+{62}'. 

The coefficient of re is 

{4}0{2}{3} = {11}+{10.1}+2{92}+2{83}+2{74}+{65}. ^ 

All these terms except for {74} are accounted for by the expansions of 
the known terms in {4}'0{3}. To account for the extra term {74}, 
{4}'-0{3} must also contain the term {741}'. 

Similarly, expanding the coefficient of which is 
{4}®{2}{2}+{4}{3}0{2}, 
the terms unaccounted for are 

{82}+{64}. 

Hence {4}' 0{3} includes 

{822}'+{642}'. 

Continuation of this procedure gives 

{4}' 0{3} = {12}'+{10.2}'+{93}'+{84}'+{62}'+{741}'+{822}'+ 

+{642}'+{43}'. 

When the expansions are known for ternary forms the same pro¬ 
cedure gives the results for quaternary forms. 

Alternatively, by commencing with the highest power of a: the same 
procedure gives the expansions for n-ary forms directly. 

Method III, Let it be supposed that the number of variables is always 
large enough so that no /S-functions are identically zero. Consider 
the matrices A, A' as in Method II, with 

{i}' = {i}+a;. 

Then generally {A}' = {A}+2 

where is the coefficient of {A} in Suppose that {A}0{»—1} 

is k nown. Then the coefficient of * in {A}' 0 {tc} is 

If , {A}' 0{w} = 2 

then the coefficient of a? in this, which is equal to 

{A}®{«—1}(2 Ti^W) 

is also equal to 2 
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For small degrees if ^ is known then J W may easily be in¬ 
ferred, and this is the required expansion of 

As an example the expansion of {3} ® {4} will be found, it being given 

{3}0{3} = {9}+{72}+{63}+{522}+{4n}. 

In {3}®{3}{2}, S-funotions occur corresponding to the following 
partitions: 

11,10.1, 92, 92, 83, 83, 821, 74, 74, 731, 731, 722, 722, 65, 641, 641, 
632, 632, 6221, 542, 542, 5411, 5321, 5222, 443, 4421. 

These are associated with S-functions of weight 12 in the correspon¬ 
dence {v} -» 2 in til® following way; 

{12} ^ {11}, {10.2} ^ {10.1}+{92}, {93} ^ {92}-^{83}, 

{84}->{83}+{74}, 

{822} ^ {821}-|-{722}, {741} {74}-(-{731}-f {641}, 

{732} {731}-t-{722}-f{632}, {66} -> {65}, 

{642}{641}4-{632}-f-{542}, 

{6222}-^{6221}-t-{5222}, 

{5421} -> {542}-l-{5411}-f{5321}-(-{4421}, {444} -» {443}. 

Thus 

{3}®{4} = {12}+{10.2}+{93}+{84}+{822}+{741}+{732}+ 

+{62}+{642}+{623}+{5421}+{4^^}. 

As the degrees get larger certain alternatives present themselves 
and it becomes difficult to select the correct {v}. However, the method 
may still be valuable if used in conjunction with some other method 
which would indicate the correct choice when difficulty arises. 

Concomitant Ty]>es'\ 

Consider the concomitants which are linear in each of three ground 
forms, each of the same type {A}. The concomitants correspond to the 
terms in the expansion of 

{AKAKA} = {A}0{1}^ = {A}0{3}-1-2{A}®{21}+{A}®{P}. 

The concomitants corresponding to the terms in {A}®{3} are sym¬ 
metric in the ground forms. If the ground forms were made identical 
they would become the concomitants of degree 3 in a single ground 
form. In fact these concomitants linear in the three ground forms 
can be obtained from the concomitants of degree 3 in the first ground 
t Littlewood (12). See also Todd (22). 
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form by polarization with respect to the second and third ground forms. 
Separate concomitants which can be obtained from one another 
by polarization with respect to different ground forms are classed 
together to give a single concomitant type. The terms in {A}(8){3} 
correspond to those concomitant types which are symmetric in the 
ground forms. They are said to be of class {3}. 

The terms in {A} 0{1^} are alternating in the three ground forms. 
They would become zero if two ground forms were made equal. These 
give the alternating concomitant types or the concomitant types of 
class {1®}. 

Similarly the terms in {A}<g){21} give the concomitant types of 
class {21}. Such terms appear twice in the full list of concomitants 
linear in the three ground forms. But for each term the two con¬ 
comitants belong to the same concomitant type and caii be obtained 
from one another by permuting the ground forms. If the ground 
forms are /, A, then if standard Young tableaux are formed with 


these symbols 



to the left tableau correspond concomitants which are symmetric in 
/ and g, and skew-symmetric in / and h, while for the tableau on the 
right the roles of g and h are reversed. 

More generally the complete set of concomitants linear in n ground 
forms each of type (A) may be analysed into concomitant types, the 
concomitant types of class {)u,} where {y) is a partition of n correspond¬ 
ing to the terms in {A} ®{p}. 

The invariants of systems of quadrics have been analysed in 
this way.f 


Invariant-theory under Restricted Groups% 

The full linear group of transformations on n variables possesses 
various sub-groups, each leaving a given system of forms invariant. 
Such a system of forms must be infinite since all powers of an invariant 
form are invariant and indeed every concomitant of a set of invariant 
forms. However, a finite set called the fundamental forms may be 
found such that every invariant form is a concomitant of these. A 
fundamental theorem for such restricted groups is as follows. J 
Every concomitant of a set of ground forms under a restricted group 
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may be obtained by multi'plying and contracting ground form tenscyrs, 
fundamental form tensors^ variable tensors, and alternating tensors. 

The most important restricted group is the orthogonal group, for 
which the one fundamental form is a non-singular quadratic called 
the metric. For the rotation group the alternating tensor also is in¬ 
variant. 

The method of characteristic analysis can be applied to the ortho¬ 
gonal group by the use of plethysm with respect to the characters of 
the group. In the calculation use is made of /S-functions and the laws 
of plethysm. Thus the concomitants of a ternary quadratic under the 
orthogonal group may be found as follows. 

[ 2 ] ®{ 2 } = ({ 2 }-{ 0 }) ®{ 2 } = { 2 } ®{ 2 }-{ 2 } 

= {4}+{2^}-{2} = {4} 

= [4]+[2]+[0]. 

The term [4] corresponds to the square of the ground form and is 
reducible. The quadratic and invariant are irreducible. 

[2]®{3} = ({2}-{O})0{3} = {2}0{3}-{2}0{2} 

= {6}+{42}+{23}-{4}-{2^}. 

It will be shown that 

{42} = [4]+[3]+2[2]+[0]. 

Hence ~ 

Reducible concomitants correspond to [6]+[4]-l-[2]. The irreducibles 
are a cubic and an invariant. 

It is necessary sometimes in this analysis, when there are n = 2v 
OTn = 2v+l variables, to express an ^S-function corresponding to a 
partition with > v parts in terms of orthogonal group characters. 
Theorem II, page 240, is only available when there are < v parts. 
The following method may be used for > v parts. 

If = 2y express the >S-function in the form 

{r +Ai, r+X^,..., 

OT if n = 2y+1 in the form 

{r -fAp r+Ag,..., r+A^, r, r—y^,..., r—juj. 

Ignoring a change of sign for a transformation of negative determi¬ 
nants the value of such an iS'-function is independent of r and is 
denoted by {A; fj,}. The following formulaf allows {A; y} to be 

t Littlewood (11). 
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expressed in terms of smaller partitions, so that repetition of the 
procedure allows the required expansion to be obtained. If (8) denotes 
any partition of any number d, and (e) is the conjugate partition, 
the formula is 

{A;= {XM+J, (-l)‘*r„sx WaM. 

The summation is with respect to all partitions S of all numbers d 
such that {A} appears with coefficient ^ W 

efficient in 

Thus for ternary orthogonal forms 

{42} = (2; 2} = {2K2}-{1K1} 

= {4}+{31}+{2^}-{2}-{12}. 

{31} = (2; 1} = {2}{1}-{1} 

= {3}+{21}-{P}. 

{21} = {l;l} = {lHl}-{0}=[2]+[l]. 

Tills {31} = [3]+[2]+[l], , 

and {42} = [4]+[3]+2[2]+[0]. 

The Symplectic Oroup'\ 

The group which leaves invariant a non-singular linear complex, 
of type {1^}, is called the symplectic group. For the linear complex to 
be non-singular n must be even, say n = 2v. The invariant form is 
usually expressed in canonical form as 

(a;i 3/2-X2 2/1)+(a;3 2/4—3^42/3)+-+ Vn—^n Vn-i)- 

The group has properties very similar to those of the orthogonal 
group, but it is simpler, for the alternating tensor is a concomitant of 
the fundamental tensor and hence the determinant is always +1- 
No discrimination need be made then, as between orthogonal group 
and rotation group. Also there is nothing corresponding to spinors. 

As with the orthogonal group there is a character corresponding 
to every partition (A) into < v parts. This character is denoted by 
(A). /S-functions with < v parts may be expressed in terms of these 
characters and conversely by the formulae 

{A} = 

(A) = {A}-f-2 

The partitions (a) and (^) are summed for all the partitions indicated 
on page 238, (11*9; 1) and (11*9; 2), a being a partition of 2p. 

t Ibid. 
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Concomitants under the symplectic group are then obtained in the 
same way as for the orthogonal group. Thus for a quadratic 
{2)®{2} = {4}+{22} ^ (4)+(22)+(12)+(0). 

The irreducible concomitants correspond to (2^), (P), (0). 

8pi7iors’\ 

Consider once again the orthogonal group. The spinors are not 
associated with algebraic forms in the same way as are the tensors. 
The theory of concomitants, however, need not refer to algebraic 
forms at all. The concomitants could be tensors which are polynomials 
in the components of the ground form tensors. The theory is unaltered. 
But from this point of view it is possible to regard a spinor as a ground 
form. 

The concomitants of a basic spinor may be obtained from first 
principles from the latent roots of the transforming matrix. 

3 Variables, If [1] = l+2cos.5, then [i] = Hence 

= [i»]. 

The square of a basic spinor may be expressed as a vector. It is con¬ 
venient to regard this concomitant of degree 2 and type [l] as redu¬ 
cible. The ternary basic spinor, then, has no irreducible concomitant 
apart from the ground form itself. 

The above result may be used as follows to find the concomitants of 
any ternary orthogonal form if the concomitants of binary forms are 
known. Thus for a ternary orthogonal p-ic 

[p] ® w = [1] 0{2p} ^{n}, 

and this may be calculated if {2p}®{7i} is known. The concomitants 
of a ternary orthogonal cubic, for example, may be deduced from 
those of a binary sextic. Since for binary forms 

{6}(8){3} == {18}+{16.2}+{15.3}+{14.4}+{13.5}+2{12.6}+{10.8} 
= {18}+{14}+{12}+{10}+{8}+2{6}+{2}, 
therefore for ternary orthogonal forms 

[3]8){3} = [9]+[7]+[6]+[5]+[4]+2[3]+[1]. 

The correspondence is complete and irreducible concomitants in the 


t Littlewood (13). (16). 
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binary case correspond to irreducible concomitants in the ternary 
orthogonal case. 

There is, in fact, a complete isomorphism between the binary group 
with unit determinant and the ternary orthogonal group. It is not 
simple but is a 2 :1 isomorphism because of the 2-valued nature of 
spinors. 

4 variables. It is convenient to deal with the rotation group. The 
full orthogonal character [^, g] with > 0 separates into two rotation 
group characters which are conveniently denoted by and 

[i >5 The two parts of a basic spinor are [J, J] and [|, — 

If [1] = 2 cos 0+^ cos ^ 

then [\, i] == 2 cos [h —i] = ^ cos i(0—^). 

It may be deduced that 

[h [h --i] == 

and more generally 

[hm{p}Lh-i]m = [Up+^)>iip-^)i 

The concomitants under the quaternary rotation group can then 
be shown to correspond to concomitants of a corresponding form xmder 
a dovble binary group. 

Let {X} denote an >S-function of the latent roots of the 2-rowed basic 
spin matrix of type [J, ^], and {fi}' similarly for the type [^, — J]. 
Then the characters of the double binary group correspond to the 
products {A}{ja}'. 

Thus, since 

{3K1}' ®{2} = {3} ®{2}{iy ®{2}+{3} 0{PK1}' 

= ({b}+{42}){2}'+({51}+{33}){l^}' 

= {6}{2}'+{2K2}'+{4}+{0}, 
thence for the quaternary orthogonal group 
[21] ®{2} = ([i, i] 0{3B, -i] ®{1}) 0{2} 

= [h -i] ®{2}+[i, i] ®{2B, ^{2}+ 

= [42]-f[2]4'[2^]+[0]. 

There is a 2 :1 isomorphism between the quaternary rotation group 
and the double binary group. The correspondence is complete as 

4632 XT 
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between reducible or irreducible concomitants, provided that reduci- 
bility is suitably defined. A concomitant is reducible if it is the 
principal part of the product of two concomitants, or is a linear com¬ 
bination of such principal parts. It is convenient then, to define the 
principal part of the product of two forms of types [A^, Ag] and [fx^, /xg] 
as a form of type [A^H-Ag+ftg]* This definition is quite conventional 
if Ag and ftg are of the same sign, but may appear unusual if they are 
of opposite sign. Thus the principal part of the product of the two 
irreducible parts of a 6-vector, of types [1,1] and [1, — I] respectively 
is just a quadratic of type [2]. Such a definition, however, is the only 
one which gives consistent results. 

For the full orthogonal group, results may be calculated in terms 
of the rotation group characters. Thus using [A]' to denote a character 
of the full orthogonal group, then for a form of type [21]' 

[ 21 ]'®{ 2 } = ([ 21 ]+[ 2 , ■- 1 ])®{ 2 } 

= [21] 0{2}+[21][2, ~ l]+[2, ^ 1] 0{2}. 

The product [21][2, —1] corresponds to 

- ({4}+{31})({4y+{31}') 

= {4X4}'+{4H31}'+{31}{4}'+{31}{31}'. 

Thus — 1] = [4]+[31]“h[3, —1]+[2]. 

Hence 


— [42]4-[22]+[2]+[0]+[4]+[31]+[3, —1]+[2]+ 
+[4,-^2]+[2,-2]+[2]+[0] 
==[42]'+[2^]'-f[31]'+[4]'-f3[2]'+2[0]'. 

5 variables 

- [l]+[0]- 

The last equation implies that a form which is a linear complex in 
the 4 components of a basic spinor, i.e. a form of type {1^} in these 
components, possesses an invariant. There exists an invariant form 
of type {1^} in the components of basic spinors. This implies that the 
group of transformation of these 4 components is either the symplectic 
group or a subgroup thereof. It is therefore valid to use the symbol 0 
followed by a symplectic group character. Thus • 

• • ■ ft.4]®(2> = [1^], [ii]®(l^) = [1]. 
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More generally 

= [•|(^+^), i(m-%)]. 

There is a 2 :1 correspondence between the 5-variable orthogonal 
group and the 4-variable symplectic group. The forms under the 
two groups are in complete correspondence, a form of type (m, n) 
corresponding to a form of type [i(m+n), |(m—n)]. Any knowledge 
of concomitants under the one group implies a similar knowledge of 
concomitants of the corresponding forms under the other group, 
d variables 

The 6“variable rotation group proves in a similar way to be isomor¬ 
phic with the 4-variable full linear group. Thus 

[h h i] ®{2} = [111], [h h i] 0{1^} = [1], 

[h h h] ®{in = [i h -4], Ih h 4] 0{1*} = [0]. 

More generally 

[4>4,4]0{i>«»‘} = \(:p-q+r), \(p-q-r)'\. 

8 variables 

A similar procedure with the 8-variable rotation group leads to an 
unusual automorphism of this group for which spinors and true repre¬ 
sentations are interchanged. Denote [i,i,i] and [|,4, J,—'i] by 
A and A' respectively. Firstly 

A0{2} = [14]+[O]. 

The 8 components of one conjugate part of a basic spinor therefore 
possess a quadratic invariant. It is valid therefore to follow 0 by a 
character of the orthogonal group. Thence 

A®[2] = [1*], 

A®[P] = [P], 

A 0[1®] = [f, i, —i], 

A0{D} = [2]+[111,~1]. 

For the 8-variable rotation group {1^} separates into two conjugate 
parts as ^ —1]. 

The choice as to which of the two symbols shall correspond to which 
of the two conjugate parts is arbitrary. It may therefore be assumed 

A (8)[1111] = [111,-1], 

A®[111,-1] = [2]. 
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Again, since the spin space is orthogonal, it will have its own spinors 
and the symbol (g) may be followed by a basic spinor. This gives 

A® A = A', 

and A'® A = A® A' = A®A®A = [1]. 

For the most general partition (into integers or into 4 halves of odd 
integers) 

= 

The automorphism corresponding to A ® is of index 3. There is also 
an automorphism which interchanges with 

This is, of course, of index 2. The 8-variable rotation group has, 
therefore, a group of outer automorphisms simply isomorphic with the 
symmetric group on 3-symbols. 

The automorphisms may be employed to obtain the concomitants 
of a spinor from those of a true tensor. Thus if concomitants of a form 
of type [1^] are known, the concomitants of a spinor of type [|, J] 

may be deduced, corresponding to the relation 

[h h h i] == 
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